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Abstract

The authors establish some uniform estimates for the distance to halfway points of minimal
geodesics in terms of the distantce to end points on some types of Riemannian manifolds, and
then prove some theorems about the finite generation of fundamental group of Riemannian
manifold with nonnegative Ricci curvature, which support the famous Milnor conjecture.
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¢1. Introduction

Let (M,g) be a complete noncompact n-manifold with nonnegative Ricci curvature or
even Ricci curvature bounded from below. The topological properties of (M, g) have received
much attention recently. Numerous works have been done under the same title “curvature
and topology”. We can see, for example, [1, 7, 8]. In this paper, we study the fundamental
group of complete Riemannian manifolds M of nonnegative Ricci curvature Ricys > 0.

Recall that if M is compact (without boundary), then its fundamental group 71 (M) is
finitely generated, and if M is compact with Ricps > 0, then by Myers Theorem 71 (M)
is finite. If M is noncompact, then the most basic question is whether 71 (M) is finitely
generated. In 1968, Milnorl® conjectured that every complete noncompact manifold M™
with nonnegative Ricci curvature must have finitely generated fundamental group. There
have been many works supporting this conjecture, see [2, 3, 4, 6] etc.
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Recently, in C. Sormani’s paper [9], she studied the relation between fundamental group
m1(M) and the diameter growth of a complete Riemannian manifold M with nonnegative
Ricci curvature Ricy; > 0, which supports Milnor conjecture strongly. In this paper, we
will show that the universal constant obtained in [9] can be improved greatly. We also get
a kth-Ricci version of the estimate and give a similar theorem. Furthermore, we show that
nonnegative Ricci curvature is not a necessary condition for such an estimate. For example,
we have a similar estimate for complete Riemannian manifold with Ricci curvature bounded
below by a negative constant, which improves Sormani’s correspondent lemma in [10].

§2. Basic Estimates

In this section we will establish some uniform estimates for the distance to halfway points
in terms of the distance to end points on some types of Riemannian manifolds.

First let us recall the concept of the excess function. The excess function ep,(x) is defined
as

epg(x) = d(z,p) +d(x,q) —d(p,q), Yz e M,

where p,q € M and d denotes the distance function on M induced from the metric.

In their pioneering work!*!, Abresh and Gromoll give an important excess estimate for
“thin” triangular, which was used by them and many others to prove many topological finite
results on many types of Riemannian manifolds. To be precise, they proved

Lemma 2.1.[L9100 Let M be a complete Riemannian n-manifold with Ricci curvature
Ricpyy > —(n — 1)k, n > 3. Denote r9 = d(x,7(0)) and r1 = d(z,v(D)), where v is a
minimal geodesic with length L(y) = D. Suppose I = d(x,v) < min{rg,r1}. Then

@) ro - D22 ()"

where
(1) if k=0, then

ngn—1< 1 n 1 )7

n ro—1 r1—1
(2) if k>0, then
n—1 (sinh Vkl
Vkl

Now we can give our main estimate.

Cs = )nilx/g[coth Vk(ro — 1) 4 coth VE(ry —1)].

n

Lemma 2.2. Let M™ be a complete Riemannian n-manifold with Ricci curvature Ricyy >
—(n—1)k, wheren > 3. Let~y be a minimal geodesic from v(0) to v(D) with length L(y) = D.
If x € M is a point with d(z,v(0)) > (5 +€1)D and d(z,v(D)) > (5 + &2)D, then

d(xvfy(D/2)) Z a(517€2)D7

where
(1) if k=0, then

( ) ,{1 (51+62)%(1 n (n72>"—1)%}
= m - —_
B WL dn—1\n—1 ’
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(2) if k>0 and D < 1, then

e =3 (52) 7 627 (i () )Y
<

(61, EQ)D

»\k

Proof. Suppose on the contrary, d(z,v(D/2))
First, by definition, we can get
ex(0),4(p)(2) = d(z,7(0)) + d(z,7(D)) — D = (1 + &2)D.
On the other hand, we have
l=d(z,vy) <d(z,v(D/2)) < a(e1,e2)D < min{rg, r1 }.
Thus by Lemma 2.1, we have
n—1y/1 _, \1/n-1
exoam @) £ 2(7=5) (560")
Note that ro — I > D/4.
(1) If Ricps > 0, together with a(er,eq) < % and Lemma 2.1, we have

IN

< : + : )
3 n (% +e1 —aler,e2))D (% +ter—alee))D
n—-18
n D’

Thus by Lemma 2.1,

@ +e)p <25 (3 8( <sl,az>>"D")#

So we get

g1 +egn—2 n =1\
a@“®)>( 2 n=&<ﬂn—”) )

B (51 +52)"T_1 (1 n (n — 2)n—1)
SN2 4n—1\n-1 ’
which is a contradiction to the definition of a(eq,e2).

(2) Now suppose Ricys > —(n—1)k. Noting that S22 and coth(r —1) are both increasing
functions of [ and that D < 1, from Lemma 2.1 we know that

C = " (SR eoth VE(ro — 1) + coth VE(ry 1)

3=

n Vi
< n; L (Sm\}{}\f)nd\/@@coth g)
Thus
(e1+e2)D < 2< ;) (; n; ! (Sin\};;{f )nil\/E(Q coth ?)(a(ehag))"D") ﬁ
4
<233 (M () VR Yt o)

vk
4
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and

(c1.e0) > (51 +€2>*";1(n—2)";1( n vk ( —‘{f >n71)%
al\&1,E&2 s
2 n—1 n—1coth —‘{f sinh —\{f

which is a contradiction.

We can see that the excess estimate is crucial to our lemma. Note that Shen!® gives
a kth-Ricci version excess estimate, thus in the same way, we have a similar estimate for
complete Riemannian n-manifold with k-th Ricci curvature Ricﬂ“w > 0.

Lemma 2.3. Let M™ be a complete Riemannian n-manifold with k-th Ricci curvature
Rick, > 0. Let y be a minimal geodesic from (0) to (D) with length L(vy) = D. If x € M
is a point with d(z,v(0)) > (3 +¢)D and d(z,v(D)) > (3 +¢)D, then

d(z,~7(D/2)) = ax(e)D,

where

1
ag(e) = ngiﬂ.

Proof. Suppose on the contrary, d(x,v(D/2)) < ax(e)D.
Obviously we have
€(0),7(p) (%) 2 2¢D.
On the other hand,

. 1
s(x) = min{d(z,7(0)),d(z,/(D))} = (5 +¢)D,
h(z) = d(z,7) < ar(e)D.
Thus by the excess estimate for Riemannian manifold with Ricg > 0 (cf. [8]), we can get
Ozk(€)D 1/k
< Bl et
2eD < 6,\{(0),,\/([))(1’) < 80£k(€)D((% n E)D) s

and

which is a contradiction.

§3. Fundamental Group and Nonnegative Ricci Curvature

Now we can give a constant better than Somani’s in [9], and thus support Milnor conjec-
ture more strongly. First we need a lemma.

Lemma 3.1.951 Let M be a complete Riemannian n-manifold with fundamental group
m1 (M, xg), where zg € M. Then there exists an ordered set of independent generators
{91,92, 93, } of mi(M,xg) with minimal representative geodesic loops vy of length dy,
such that

dar(7k(0), v (dr/2)) = dy /2.

Now we give a uniform cut lemma which is superior than Somani’s correspondent one.

Lemma 3.2. Let M"™ be a complete manifold with nonnegative Ricci curvature, n > 3
and 7y be a noncontractible geodesic loop based at a point xg € M™ with length L(v) = D,
such that the following conditions hold:
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(1) If o based at xq is a loop homotopic to v, then L(o) > D.

(2) The loop 7 is minimal on [0, D/2] and is also minimal on [D/2, D).

Then for any € > 0, there is a universal constant a(e) = ale,e), such that if x €
OBy, (RD), where R > (3 +¢), then

dar(z,7(D/2)) > (R - %)D + (a(e) — €)D.

Similarly, if M has nonnegative k-Ricci curvature Ricg > 0, then

1
At (2,7(D/2) = (R = 5)D + (an(e) — €)D.

Proof. Note that by Lemma 3.1, such loop + exists.

First we suppose that R = (5 + ¢).

Let M be the universal covering of M, Ty € M be a lift of xg, and g € w1 (M, x¢) be the
element represented by the given loop . By conditions of ~, its lift 4 is a minimal geodesic
running from Zo to gZo. Thus d37(Zo, g%0) = D. Obviously we have

rg = d]’\‘/[“({,f7f0) > d]u(x, (ﬁo) = (5 + ]./Q)D7
r1 = dg7(9%0, %) > da (2, 20) = (6 +1/2)D.

Now we lift the minimal geodesic C : [0, H] — M™ from v(D/2) to # to a curve C in the

universal cover, which runs from 4(D/2) to a point & € M. Note that L(C) = L(C) = H.
Thus by applying Lemma 2.2 to £ and v in M, we have
d(w,7(D/2)) = L(C) = L(C) = d(#.7(D/2)) Z a(e)D.
For R > § + ¢, take © € 9B,,(RD) and suppose that y € 8By, ((3 + £)D) lies in the
minimal geodesic from z to v(D/2). Now we have
dyr (2,7(D/2)) = das(,y) + du (y,7(D/2))
1
> _(Z
> (RD (2 + 5>D> + afe)D
1
- (R - 5)D + (ale) — €)D.

The last assertion can be proved in the same way by using Lemma 2.3 and we omit the
proof here.

Recall that the ray density function D(r) is defined as

D(r)= sup inf d(z,y(r)).
£€D By, (r) Fays 7,7(0)=z0

Now we can give our main theorems which improve Sormani’s theorems and support
Milnor conjecture strongly.

Theorem 3.1. There exists a universal constant

1 1 n—2\n-1
Sn_Zn—l( n ) ’

such that if M™ is complete and noncompact with nonnegative Ricci curvature and has small
linear diameter growth,

D
lim sup (r) < 28,,
r

T—00

then it has a finitely generated fundamental group.
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Proof. First let f(¢) = a(e) —e. By elementary calculus we can see that the maximum
point of f is g9 = (%) (525 (2=2
11 (n=2yn-1
4n—1\ n .
Now we assume that M™ has infinitely generated fundamental group. Thus by Lemma

)"~1) and the maximum value of f is f(g9) = S, =

3.1, there is a sequence of generators gi, whose minimal representative geodesic loops
based at xg, satisfying the hypothesis of Lemma 3.2. Let dy, = L(y%). Note that dj diverges
to infinity.
Now for any x we choose a ray « such that
d(ye(dr/2),7(dr/2)) = inf — d(yi(dr/2),7(dr/2)).
rays v,7(0)=z¢
Take x, = v((1/2 + €0))dy, and yr = v((1/2)dy). Then we have
d(yr, Ve (di/2)) > d(zk, vi(di/2)) — d(zr, yx) > (a(eo) — €0)dk = Sndk.

So

D(r)

lim sup ——= > lim sup
r—00 r k— o0

d(yr, vi(dr/2)) .
— = L 22> ] =285,
Qo2 S msup g =25
which is a contradiction.
Similarly, for Ricy > 0 we can get

Theorem 3.2. There exists a universal constant

1 k k
- e )
4(k+1)\4(k+1)
such that if M™ is complete and noncompact with nonnegative Ricci curvature and has small
linear diameter growth,

lim sup < 285k,

T—00

diam(0B,(r))
r
then it has a finitely generated fundamental group.
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