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Abstract

The authors define the directional hyper Hilbert transform and give its mixed norm estimate.
The similar conclusions for the directional fractional integral of one dimension are also obtained
in this paper. As an application of the above results, the authors give the LP-boundedness for a
class of the hyper singular integrals and the fractional integrals with variable kernel. Moreover,
as another application of the above results, the authors prove the dimension free estimate for
the hyper Riesz transform. This is an extension of the related result obtained by Stein.
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§1. Introduction

For n > 2, let S"~! be the unit sphere in R” with normalized Lebesgue measure df. The
classical directional Hilbert transform is defined, initially on the test space S(R™), by

Hf(z,0) = p.V.% /R sgn(t)|t| ™1 f(x — tO)dt, (1.1)

where (x,0) € R" x S"~1. Since the Hilbert transform plays a significant role in studying
several different fields in mathematics, it, as well as its related maximal operators, has been
well studied. Among many features of the Hilbert transform, one of the important properties
is the boundedness of its mixed norm

1l ={ [ ([ seopmas)ac) ™ (12)
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(see [6] for more details). For 0 < o < 1, we can formally define a hyper Hilbert transform
H,,

1
H,f(z,0) =p.v.— / sgn(t)|t| 71 f (x — tO)dL. (1.3)
T JR
However, for the practice reason, we will study a modified operator H,, defined by
1 o0
Hof(w,0) =+ [ 7o~ 1)~ (@), (1.4)
0

Similarly to the case of a = 0, first we can easily obtain the following lemma.
Lemma 1.1.

[HafCDLr@ny < CllfllLz@ny, 1<p<oo,

where || f|| 1z is the homogeneous Sobolev LP norm of f, and the constant C' is independent
of 8, f and n.

Proof. For fixed 6, pick a rotation R such that R =1 = (1,0,---,0). Let R~! be the
inverse of R. For any function f, we denote the function fr by fr = f(Rz) so that

[z —10) — f(z) = fr-1(Rx — t1) — fr-1(Rx).
Let
r=(r1,7) R xR"L.
Then

o Oy ~ [ ] [ U (B = 01) = s (R}t o

| nsta =)= et o

I
——

. /OO{fR Wz —6,7) — fro (o, T) O‘dt‘ de

fo Lo

Then it is easy to see that

/O (h(u— ) — h(u)}—1=dt — —/O /O W (u — styt=Cdtds = CJro(H)(w),

where

/{fR (1 —t,7) — fpr(z1,T) 17 O‘dt‘ dx,dz.

Let
h(lL’l) = fR—l(l’l,T).

Ta(h) () = /0 T b — 1o,

By checking the Fourier transform, we can see that, up to a constant, 7, is the one-dimension
Riesz potential (see [13]). Thus

H / (=)= byt <O

Lr(RY) Lra®) F 17l s 1)

Therefore, we have
[Haf GO gy < C/R 1RlIZs 1) 4T

Now by [17], we can obtain
HHaf('a H)HII),p(Rn) S C”fR*l ”Z[)Jg(]Rn C”fHLP (R™)? (1'5)
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and obviously, the constant C' is independent of n and 0, and f.

In the second section, we will study the mixed norms of H, f, as well as the mixed norm
of the directional fractional integral Z,f. Some applications will be obtained in Sections
3 and 4. Parts of our arguments will be based on the ideas in [6], with some non-trivial
computations.

§2. Mixed Norm Estimates

First we establish the following L? estimate.
Lemma 2.1. For g < % + «, we have

HHafHL?(L;) < Ol fllzz ®n)-
Proof. Following the idea in [6], since L% (S™~1) is a Hilbert space, we have

[Hafllz2zz) = Hafllz222)
with

o0 = [

Thus we have

e—27ri(m,.f)xHaf(x, H)dx — f(g) / t—l—a{€27rit(§,0) _ 1}dt.
0

n

HoF(€,0) = CHE)IEII(E0)|*sgn (€, 0),
where £ = £/|¢| and

/ lmegemi _yar i (€,0) > 0,
C=C(.0) =1 "
/ tTimefem ™ _qYdt,  if (¢,0) <O0.
0
Now to prove the lemma, it suffices to show that

sup [Csgn(€’, 0)I(&", 0)|*[l 12 (5m-1) < o0 (2.1)

For each &' fixed, we need to find the spherical harmonic development of Csgn(¢’, 0)[(¢’, 6)|“.
Let {Y, ;} be the spherical harmonic polynomials. By the Funk-Hecke formulal'!, for large
m,

/S - C((€',0))sen(€’, 0)[(€", 0)|*Yin,;(0)d0 = A Yo 5(€7) (2.2)
with
1
A = / C(t)sgn(t) Py (n, t)|t| (1 — t2)"=/2 4t (2.3)
-1
where
/ sTimefe?ms _ 11ds, if ¢t>0,
ct)y=q""

/ s e —1}ds,  if t<0.
0
Moreover, by the Rodrigues representation,
Po(n,t) = (=1)" Ry (n)(1 — t2)B=/2(d Jdt)™ (1 — 2)m+(n=3)/2 (2.4)
with the Rodrigues constant
Ry(n)=2""T((n—1)/2)/T(m+ (n—1)/2).
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Now we need to estimate \,,. Write A, = C( fo + f (2.3). Clearly we only need to
estimate

1
/ P, (n, t)t*(1 — t2)(=3)/2 gy
0

since the estimate of another term is the same. By the definition of P,,(n,t) and integration
by parts,

‘/ P (n, t)t%(1 —t2)("_3)/2dt‘
= Rt [ @ fatyea = o=
<CR,, ‘/ o~ 1 d/dt m 1( )m—l-{-(n—l)/Zdt‘

= CRu(n) /Rm_1(n+2) ] / Y1 =) V2 P (4 2,t)dt|.
0

By the definition of R,,(n), it is easy to check that R,,(n) /Rm-1(n+2) < C, and C is
independent of m. Therefore, let

N=n+2, ~v=1-a.

Without loss of generality, we may write
1

Al <| / (N6 (= ) 2 [ (N )

=1+ Is.
From [11, Chapter 8], we know that
[P (n,t)] < Cm2m/2(1 —¢2)2—)/2, (2.5)
Thus we have a constant C independent of m such that
I, < Cm~ N2 = om /2,

By (2.4), using integration by parts, we have

I < CRm(N)mVH<i)mil(1 _ tz)m+<N—3>/2}

dt t:l/m‘

+ CRm(N)‘ /11 -1 (%)m*1(1 _ t2)m_1+(N_1)/2dt‘

= Ji + Jo.
By the definition of Py,

Jo < CRy(N) /Rpm—1(N +2) ’/ 1 —¢2)(V/2 p (N+2tdt’

So using (2.5), we have

1
Ja < Om*N/Z/ T — )7V 24 < OmT N/ = om /2, (2.6)

1

By the definition of P,,(n,t) and (2.5),
J1 = C[Ru(N) /Rin-1(N +2) | m"| Pt (N +2,1/m)(1 — 1/m?)N=1/2]

< Cm’y—N/Z — Cm—n/2—(x.
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From the estimates for Iy, .J; and J, we now have the estimate
Am| < Cm—/27e, (2.7)
By the spherical harmonic development and (2. ) we have for each fixed &',
sgn(¢’,0)] Z Z i (0),
N(m)
where N(m) = O(m"~2), and Y. |V, ;(£)]> = O(m™2) (see [11] or [16]). Thus
j=1
oo N(m)
Isgn (e’ YK, O) Nz 5n1) = D D Al Imf? Vom 5 (€
m=1 j=1
o~ Z m—n—2a+25m —
m=1
_ Z m—2-20426 o
m=1
since § < % + a. The lemma is proved.
Next, we define the directional fractional integral Z, f by
Tof(x,0) = / t* Lz —th)dt, 0<a<l.
0
Then following the same proof of Lemma 2.1, we have
Lemma 2.2. For0<[3<%foz 0<oz<l
1 Za(f )HL?(L y S Cllfllzz @ny-
Theorem 2.1. Let1 <p < 2.
(i) For0 < a < 1/2 and 0 = 2n/(n + 2a),
1Za(Nl2ry < CllfllLe (2.8)
for any r with 1 <r <2(n—1)/(n — 2+ 2a).
(ii) For0<a<1/2,1<qg<p<2withl/p=1/q— a/n,
1Za (e < Cliflize (2.9)

for any r with

l<r< 2(n—1)
- 2(n—1)(1-=0)+B(n—2+2)’

where
1/p) —a/n
1/2 —a/n

(iii) For0 <a <1 andy < (1+2a)/p,
[Ha(llLezy < CllfllLe @ny-

8=

Proof. (i) is obvious from Lemma 2.2, by using the Sobolev theorem. For any s >



n/(n — «), we have
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0 s 1/s
1Za (f)] / e — t&)dt‘d&) dx}

Ls(LY) = {/]R" (/Sn—l 0
<{[([Teme [ i wasar) ac}”
= C||Ja(IfD]

where Jo(f) = [ f(x —y)|y|~"T*dy is the classical fraction integral with order a and it is
known that

Ls(R™)»

| JafllLs@ny < CllfllLrmny
with 1/s = 1/r — a/n. This shows for any s > n/(n — «) that
1Za(lLe @y < Cllf e (2.10)

Thus (ii) comes from an interpolation between (2.8) and (2.10). By Lemma 1.1, it is easy
to see that for any 1 < ¢ < o0,

[Ha (W Loy < [1f1L @n)- (2.11)

Thus (iii) follows by an interpolation between (2.11) and Lemma 2.1.
Two applications of Theorem 2.1 on the singular and fraction integrals will be studied in
the following section.

§3. Singular and Fractional Integrals

A function Q(z, ) defined on R™ x R™ is said to belong to L>(R™) x L"(S"™1), r > 1,
if it satisfies the following conditions:
(1) Q(z,Az) = Q(=, 2) for all A > 0 and all z,z € R™.
(i) | zoexrr == sup (fgn 1 [z, 2")|"do(2"))/" < 0o, where 2’ = z/|z].
rcR”

For 0 < a < 1, we define the operator T, f(x) with variable singular kernel by

T.f(z) = pv. / e,z — e — 4|~ f(y)dy,

Rn

where f € S(R") and Q € L*(R") x L'(S"~1) satisfies
/ 1 Qz,y)do(y') =0 for any z € R". (3.1)
Similarly, the fractional irftegral with variable kernel is defined by
o)) = [ ez —yle—y )y for 0<a<n,

where 2 does not need to satisfy (3.1) (see [4, 5, 8, 10] for more information). We recall the
following theorem by Calderén and Zygmund.

Theorem A.23 Let 1 <p <2 IfQ e L®R") x L"(S" 1), r > p/(n—1)/n satisfying
(3.1), then there is a C > 0 such that

ITofllzr@ny < CllfllLewny  for all f € SR™).

As an extension of the above theorem, we will establish the following theorem.

Theorem 3.1. Let0<a<1,1<p<2andr>p(n—1)/(n+2a). If Qe L®(R") x
(H™ N LY)(S™™1), where H" is the Hardy space if r < 1 and H" = L" if 1 < r < oc.
Additionally, assume that Q) satisfies (3.1). Then there exists a C > 0 such that

1Tafllze@ny < ClfllLr @n)-
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Proof. The case o = 0 is well known (see Theorem A). For a > 0, by changing to the
spherical coordinates, we have

L@l =| [ W7 - ) - 1)
- C" /SM Q(m,&)’}{a(f)(x,ﬁ)dﬁ‘.

Thus for any 1 <p<2and 0 <~ < (1+2a)/p/,
I Taf (@) < Csup [, ) (gns) [Ha(F) @)Lz gsn-n).

By (iii) of Theorem 2.1, to prove the theorem, it suffices to show

< Q.

Sl,l‘p ||Q<.’17, .)”L’il,y(Sn*l)

Let J, be the Riesz potential on S”~'. By [7], we know that

~ ~ ' 1/[7/
196l oy = ([ 15000 )" < e Y csn

where 7 > p’(n — 1)/(n + 2«). This proves Theorem 3.1.
Using the exactly same argument, by (i), (ii) of Theorem 2.1, we have the following result
for the fractional integral F,.
Theorem 3.2. Let 0 < a < 1/2 and Q € L>®(R") x L"(S"~1).
(1) If r > 2(n = 1)/(n = 2a), then || Fo(f)|lL2®n) < C fllLo®n), where o = 2n/(n + 2).
(i) If r > 26(n — 1)/(n — 2a), where 6 = (1/2 — a/n)/(1/p' — a/n), then

[Fa(PllLr@ny < Cllfllagny with 1/qg=1/p+ a/n.

For a larger range of a, we have the following theorem which is an improvement of
Theorem 4 in [10] for the unweighted 1 < p < 2 case.

Theorem 3.3. Letn/(n—a)<p<2, 1/¢g=1/p+a/n and Q € L=®(R"™) x L"(S"71).
Ifr=q¢ =p'n/(n—p'a), then

”]:oz(f)HLP(]R") S C”f”Lq(]Rn).

Remark 3.1. In Theorem 4 of [10], one needs the condition r > ¢'.
Proof. We may assume both 2 and f are non-negative. Write

[Fa(f)(@)] < L(z) + I2(2)
with

I(x) = /| 2l

Be) = [ Q) )y,
ly|>R
where R is a number to be chosen. Choose a small positive € < o. Then
Li(z) < R F(f)(x).
By Holder’s inequality, we have

B < e ([

’ ’ 1/ !
2z, y)|7 lyl” @ dy)
ly|>R
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It is easy to check that ¢'(n — ) > n. Thus by the condition assumed on 2, we have
Ir(z) < CR*(”*aHn/q/Hf”Lq(Rn).
Combining the estimates for I; (z) and I»(z), we obtain
[Fa () (@) < CRHF () @) R | fllpagn)}-
Letting Re—"+7/7" = F.(f)(x) /£l za(rn), we obtain that
FalF)@) < CIED @I
where
A=(a—e)/(e-n+n/¢)=—(a—e)/(a—e+n/p),
1+ A=n/(n+pla—re¢).
Now for any n/(n — a) < p < 2, choose small € > 0 such that
r=q¢ >2((n—-1)/(n— 2¢)
with ¢ = (1/2 —¢/n)/(1/p’ — ¢/n). Then by (ii) in Theorem 3.2, we have
_ 142 - 14X
1Fa()llzo@ny < CIAI L mm IFD @I @y < CME I paem LIS G
where 1/o =1/(p(1+\))+¢/n=n+pla—¢))/pn+e¢/n=1/p+ a/n. Thus o = ¢, which
implies
[Fa(Hllze < ClIf]lzo-

The theorem is proved.

¢4. Dimension Free Estimate

Forn >2,j=1,2,---,n, the j-th Riesz transform R; defined on the test space S(R™)
is given by

Ry(D)(a) = v du | spla ™ e = )iy (1)

with A, = I'((n +1)/2)a~*Y/2 where f € S(R?) and y = (y1,Y2, - ,yn). It is well
known that Riesz transforms play a very important role in studying Harmonic Analysis, as
well as in the studying many different topics related to Harmonic Analysis (see [16, 13, 14]
among numerous references). Consider the vector valued Riesz transform

R(F)(@) = (Bi(D@). - Bl ). ®
Then for fixed f and z, the norm of R is
RN = (LB N@E)" (13
j=1

E. M. Stein established an interesting dimension free estimate

RO e @ey < Cllfll e @ny, (4.4)

where 1 < p < oo and C' = C(p) is a constant independent of n and f. For the details, readers
can see [15], also [9] for an extension of (4.4) to the more general harmonic polynomials. In
this section we will consider the Hyper Riesz Transform, for 0 < a <1l and j=1,2,--- ,n,

Raj(f)(x) =p.v. Apa . yilyl " f (2 — y)dy, (4.5)

where
Apo=T((n+a+1)/2)x=+D/2,

)
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Clearly R, ;(f)(x) exists for each x, since f € S(R"™) and the kernel of R, ; satisfies the
cancellation condition. The vector-valued hyper Riesz transform now is defined by

Ra(f)<x) = (Ra,l(f)(x)f" 7Ra,n(f)(x))' (4'6)

Theorem 4.1. For 1 < p < oo and 0 < a < 1, there ezists a constant C = C(p, ),
independent of n and f € S(R™), such that

[ 1R () lr < ClIfllLn @) (4.7)

Proof. We will adapt a method of Pisier? (see also [1]). For f € S(R"), 0 < a < 1
and 6 € S"!, recall that the hyper Hilbert transform acting in the direction 6,

@) = [ = 10) - f@)e (48)
0

Now following the argument in [12], also see [1], we equip R™ with the Gaussin proba-
bility measure dvy,(y) = (27T)_"/2e_‘y‘2/2dy and introduce the orthogonal projection @ of

n
L?(R™,~,) onto the space of functions of the form Y a;y; in which the coordinate functions
j=1
{y;}j=, form an orthogonal basis. Then we can establish the following formula.
Lemma 4.1. For almost all x € R",

Q{Hof(x CZ Rojf(x (4.9)

Proof. Let § =y’ =y/|y|. We need to prove for each f € S(R™) and = € R™,

/n 2)y;dvn(y) = (2/7)?Ra ; f (2).

By the definition and polar coordinates,

oo
HY f(@)ydm(y) = (27) "/ / Y, / grbag—s/2g
R Sn—1 0

: / T e — ty) — f(@)}dtdo(y)

o l-a x — x oy’
c/s/ ey F (o — ty') — f(z) bdtdo(y)
~ Ry, f(x)

Lemma 4.1 is proved.

Let 1 < p < oo and v(p) = ((2)/2 [;* tre=t/2dt) Y We can find the following identity
n [12],

n
|2 e
j=1

- i
LP(R™ ym) ’y(p)H; ]yJ’ L2(R",v,)

(> lk)”, (4.10)
j=1

By Lemma 4.1 and Lemma 2.1 and following the same argument in [12], we obtain Theorem
4.1.
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