Chin. Ann. Math.
24B:4(2003),501-508.

ON THE HYPER ORDER OF SOLUTIONS OF
HIGHER ORDER DIFFERENTIAL EQUATIONS**
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Abstract

The author investigates the hyper order of solutions of the higher order linear equation, and
improves the results of M. Ozawal!®!| G. Gundersen®! and J. K. Langley(12].
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¢1. Introduction and Results

For second order linear differential equation

ff"He?f +Q(2)f =0, (1.1)
where Q(z) is an entire function of finite order, it is well known that each solution f of
Equation (1.1) is an entire function, and that if f; and fs are any two linearly independent
solutions of (1.1), then at least one of fi, fo must have infinite orderl® PP-167-168]  Hence,
“most” solutions of (1.1) will have infinite order. But Equation (1.1) with Q(z) = —(1+e~ %)
possesses a solution f = e® of finite order.

Thus a natural question is: what condition on Q(z) will guarantee that every solution
f #£ 0 of (1.1) has infinite order? Many authors, M. Frei, M. Ozawa, G. Gundersen and J.
K. Langley have studied the problem.

M. Frei proved the following result in [4].

Theorem 1.1.4 If the equation

ff+e?f +Cf =0, (1.2)
where C(# 0) is a complex constant, possesses a solution f # 0 of finite order, then C = —k?,
where k is a positive integer. Conversely for each positive integer k Equation (1.2) with
C = —k? possesses a solution f which is a polynomial in e* of degree k.
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M. Ozawal'®!, I. Amemiya and M. Ozawal!l, and G. Gundersen[®! studied the case when
Q(2) is a particular polynomial. J. K. Langley proved the following result for the case when
Q(z) is a general polynomial in [12].

Theorem 1.2.1'2 Let Q(2) be a non-constant polynomial. Then all nontrivial solutions
of

[+ AT+ Q) =0 (13)
have infinite order, for any nonzero constant A.

For the case that Q(z) is a transcendental entire function, G. Gundersen proved the
following theorem.

Theorem 1.3.50 If Q(2) is a transcendental entire function with order o(Q) # 1, then
every solution f £ 0 of (1.1) has infinite order.

Here o(f) denotes the order of growth of meromorphic function f(z). We assume that
the reader is familiar with the fundamental results and the standard notations of the Nevan-
linna’s value distribution theory of meromorphic functions (e.g. see [9, 13]). In addition, we
will use the notation oo(f) to denote the hyper order of f(z) (see [17]), which is defined to
be

o>(f) = Tm loglog T'(r, f)

T—00 log r

The example in front shows that when o(Q) = 1, Equation (1.1) can have a solution of
finite order. Theorems 1.2, 1.3 show that if ) is a non-constant entire function and o (Q) # 1,
then every solution of (1.1) has infinite order. What condition on Q(z) when ¢(Q) =1 will
guarantee every solution f # 0 of (1.1) has infinite order? The author investigates the
problem and obtains the following results in [3].

Theorem 1.4.1 Let a,b be nonzero complex numbers and a # b, Q(2) be a non-constant
polynomial or Q(z) = h(z)e®* where h(z) is nonzero polynomial. Then every solution f( 0)
of the equation

f +ef +Q(2)f =0 (1.4)
has infinite order and oo(f) = 1.

In this paper, we concern with the higher order differential equations and obtain the
following results that greatly extend and perfect results of M. Frei, M. Ozawa, G. Gundersen,
J. K. Langley and the author.

Theorem 1.5. Suppose that a; (j =0,--- ,k — 1) are complex numbers. There exist as
and a; such that s <1, as = dse’®, a; = —die’, d, >0, d; >0, and for j # s,l,a; =
dje'? (d; > 0) or aj = —dje?, max{d;|j # s,l} = d < min{ds, d;}. If H; = hje%?,
where h; are polynomials, hsh; # 0, then every transcendental solution f of the differential
equation

FO) 4 Hy o fOD 4 H O o HofS) 4 Hof =0 (1.5)

satisfies o(f) = oo and oo(f) = 1.

Theorem 1.6. Suppose that Hj (j =0,--- ,k — 1) satisfy additional hypotheses of The-
orem 1.5, g; (j = 0,--- ,k—1) are polynomials. Then every transcendental solution f of the
differential equation

FO 4 (Hyoi+ge-) fE Vo (H+g) fO 4 (Hy+g5) S 4+ (Ho+g0) f =0 (1.6)



No.4 CHEN, Z. X. ON THE HYPER ORDER OF SOLUTIONS 503

satisfies o(f) = oo and o2(f) = 1.
Corollary 1.1. Suppose that hj(z) (j = 0,1,2) are nonzero polynomials, g; (j = 0,1,2)
are polynomials. Then all nontrivial solutions of the following differential equations

J" 4 hae® f" + hie  f' + hof =0, (1.7)
F" 4 (hae® + g2) f" + (hie™* + g1) f' + hof =0, (1.8)
I+ haf" + hie* f' + hoe * f =0, (1.9)
F" + haf" 4+ (hie* + g1) '+ (hoe™ + go)f = 0, (1.10)
S+ ho€® [+ ha f 4+ hoe * f =0, (1.11)
F" + (hoe® + g2) " + ha f' + (hoe™ + go)f =0 (1.12)

have infinite order and oo(f) = 1.

62. Lemmas for the Proofs of Theorems

Lemma 2.1.21  Let g(2) be an entire function of infinite order with the hyper order
o2(g) = o, and let v(r) be the central index of g. Then
o loglog v(r) .,
r—oo  logr
Lemma 2.2. Let f(z) be an entire function with o(f) = oo and o3(f) = a < 400, let
set E C [1,00) have finite logarithmic measure. Then there exists {z, = re?*} such that
|f(zi)| = M(rg, f), 0k €]0,27), klim 0 =0y €[0,27), 1. ¢ E, 1, — 00 and for any given
— 00
e > 0, for sufficiently large ri, we have
Tim log v/(rk)
k—oo logry
exp{ry =} < v(rg) < exp{ri*e}, (2.2)
where v(r) is the central index of f(z).
Proof. By Lemma 2.1 and o2(f) = «, we have

= 00, (2.1)

— logl
T B8 _ o) — o < oo
r—oo  logr

There is a sequence {r},} (1, — 00) satisfying

lim log log V/(?“;C) _

ri—oo  logry

Set the logarithmic measure of E, Im E' = ¢ < oc. Then there is a point 7y € [r},, (§+1)r]\E,
so that since

loglog v (r) - loglog v(r},) __ loglog v(ry,)
- / log(d+1)1"’
log 7, log[(8 + 1)ri] ~ logry, [1 + &l41]
we have
lim loglog v (1) W

re—oo  logTy
Therefore, (2.2) holds. And (2.1) obviously holds. Now we take z = rye'®*, ) € [0,27),
such that |f(zx)| = M(rg, f). There is a subset {0} of {6}, such that lim 0y, = 6y €
J—00

[0,27). Thus {zx; = 7y, "%} satisfies our assertion.
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Lemma 2.3. Suppose that H = he®, where h is a nonzero polynomial, a = de'?,p €
[0,27), d > 0 is a constant, z = re®, 6 € [0,2m). Then for any given € (> 0), we have as
r sufficiently large,

(1) if cos(¢ + 6) > 0, then
exp{(1 — e)drcos(p + 0)} < |H(re)| < exp{(1 + &)dr cos(p + ) }; (2.3)
(ii) if cos(p +6) <0, then
exp{(1 +¢&)drcos(p + 0)} < |H(re")| < exp{(1 — e)drcos(p + 0)}; (2.4)
(iil) if cos(p +6) = 0, then
|H(re'?)) <M, (2.5)

where M (> 0) is a constant.

Proof. Since |e®*| = exp{dr cos(y¢ + 0)}, we can easily prove Lemma 2.3.

By using the similar proof as that of Lemma 4 of [6], we can obtain the following Lemma
2.4.

Lemma 2.4. Let f(z) be an entire function and suppose that |f*)(2)| is unbounded on
some ray arg z = 0. Then there exists an infinite sequence of points z, = rpe* (n=1,2,--+),
where r, — 00, such that f*)(z,) — oo and

f(j)(zn)

f®) (z)

Lemma 2.5.7) Let f be a transcendental meromorphic function with o(f) = o < 0o, H =

{(k1,71), (k2,42), -+ » (kq,Jq)} be a finite set of distinct pairs of integers which satisfy k; >

ji >0 fori=1,---,q. And let € > 0 be a given constant. Then there exists a set E C

[0,27) which has linear measure zero, such that if ¢ € [0,2m)\E, then there is a constant

Ry = Ro(v) > 1 such that for all z satisfying arg z = 1 and |z| > Ro and for all (k,j) € H,
we have

<|zn* (14 0(1), j=0,---,k—1. (2.6)

‘f@(z) ] < |o|(k=i)o=14e), (2.7)
o) | =

Lemma 2.6."%P2M  Let f(2) be analytic in the region D = {z|a < argz < B,7 <
|z] < oo}, and continuous on D = DU C (C is the boundary of D). If for any given small
£ > 0, there exists R(¢) > 0 such that for |z| > R(),z € D, we have |f(z)| < exp{e|z|7= },
and for z € C, we have |f(z)] < M(M > 0 is a constant), then |f(z)] < M holds for all
z€D.

Lemma 2.7. Let f(z) be an entire function with o(f) = o < oco. Suppose that there
exists a set E C [0,27) which has linear measure zero, such that for any ray argz = 0y €
[0,2m)\E, |f(re'®)| < Mr* (M = M(6y) > 0 is a constant, k (> 0) is a constant indepen-
dent of 0y). Then f(z) is a polynomial with deg f < k.

Proof. Since E has linear measure zero, we can choose points 0; € [0,27)\E (j =

1,---,n,n+ 1) such that

0<b, <ty <--- <0, <2m, 9n+1:91+27r,

. i
max{@H_l —9J|1 <7< n} < m
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For any given € > 0, by o(f) = o, there is an R(¢) > 0, such that
‘f

| < expfelst1).
In the sectors
H; ={z210; <argz<6,11,|2| >R}, j=1,---,n,

‘ f(z)

. 2| %7 }
z

hold, and on the rays argz = 0;,0,,1, |fz(f)| < M holds. By Lemma 2.6, \%\ < M holds in
each H;. Hence |f(z)] < M|z|* holds in whole plane. Therefore f(z) is a polynomial with
deg f < k.

Lemma 2.8."V Let f be a transcendental meromorphic function, and let o > 1 be a
given constant. Then there exist a set E C (1,400) which has a finite logarithmic measure
and a constant B > 0 depending only on o and (m,n) (m,n € {0,--- ,k} and m < n) such
that for all z satz'sfymg |z\ =r¢]0,1] UE we have

f(m 2= (D o tog (e 1) (28)

Lemma 2.9. Let f(2) be a transcendental entire function. Then there is a set & C
(1, +00) having finite logarithmic measure such that when we take a point z satisfying |z| =

r ¢ [0,1]JUF and |f(2)| = M(r, f), we have

00 ‘ <2*, seN. (2.9)

Proof. From the Wiman-Valiron theory (see [10, 11, 13, 16]), we have
IR vr)ye
o (57) @+ow), (2.10)
where |z| =r ¢ [0,1]JE, E C (1,400) is of finite logarithmic measure such that |f(z)] =
M (r, f) and v(r) denotes the central index of f(z). Since f is transcendental, v(r) — oo (r —
00). Hence when z satisfies |z| =r ¢ [0,1] | F and |f(2)| = M (r, f), by (2.10) we get (2.9).
Lemma 2.10. Let H;(j = 0,--- ,k — 1) be entire functions with o(H;) < 0 < oo. If
f(2) is a solution of the differential equation

PO+ HoafS7D 4o Hof =0,

then oo(f) < o.
Proof. Using the Wiman-Valiron theory, we can easily prove Lemma 2.10.

§3. Proofs of Theorems 1.5 and 1.6, Corollary 1.1

Proof of Theorem 1.5. Assume that f(z) is a transcendental solution of (1.5). First
we show that o(f) = co. Suppose to the contrary that o(f) = o < co. By Lemma 2.5, there
exists a set E7 C [0,27) which has linear measure zero, such that if § € [0,2x)\E1, then
there is a constant R = R(#) > 1 such that for all z satisfying arg z = 6 and |z| > R and for
j=s+1,---,k, we have

‘f(J) z

i) < Y (3.1)
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where M (> 0) is a constant. Set
Ey = {0| cos(¢ + 0) = 0}.
Then Fj is a finite set. For any 0 € [0,27)\(E1 | E2), we have cos(¢+6) > 0 or cos(p+6) <

0. We divide it into two cases: (a) cos(¢ + 6) > 0, and (b) cos(¢ + 6) < 0.
Case (a) cos(¢ +0) > 0. By hsh; £ 0 we have hy £ 0. By Lemma 2.3, for any given

e( dji:d), we obtain for sufficiently large r,
exp{(1 — &)dyrcos(p + 0)} < |Hy(re'?)| < exp{(1 + €)dsr cos(¢ + )}, (3.2)
|[H;(re”)| < exp{(1 +e)dreos(p +0)}, j#s. (3.3)

Now we prove that | f(*)(re'?)| is bounded on the ray arg z = 6. If | f(*) (re??)| is unbounded
on the ray argz = 60, then by Lemma 2.4, there exists an infinite sequence of points z, =
ree?® (g =1,2,---) such that as r, — 0o, f*)(z,) = oo and

FU9)( zq
e
Substituting (3.1)—(3.4) into (1.5), we obtain

exp{(l —&)dsrqcos(p +0)} < [H,(z)|

< (L+o0(1)]zg)*7, j=0,---,5-1. (3.4)

f(s+1)(z )
<|foreg |+ e S )
Fe 1)(zq) f(z)
+ ’qu(zq)m +ot ‘Ho(zq)f(T(zq)‘
< kexp{(1 + ¢€)dry cos(p + )}z, |™. (3.5)
y (3.5), we obtain
exp {%(ds — d)rgcos(y + 9)} <M. (3.6)

This is a contradiction. Hence |f(*)(re??)| < M on arg z = §. We can easily obtain
|f(re’)| < Mr* (3.7)
on argz = 0.
Case (b) cos(p + 6) < 0. We can use the same reasoning as in Case (a) by replacing H,
with H; to prove that
|f(re’)| < Mr* (3.8)

on the ray argz = 6. By Lemma 2.7, combining (3.7), (3.8) and the fact that F;y |J Es has
linear measure zero, we know that f(z) is a polynomial which contradicts our assumption.
Therefore o(f) = co.

Secondly, we show that oo(f) = 1. Assume o2(f) = @ < 1. By Lemma 2.8, we know that
there is a set E3 C (1,400) which has finite logarithmic measure, and there is a constant
A > 0, such that

2]{: > N >
f(d) ‘_ %, k>j>d>0 (3.9)
hold for |z| = r ¢ E3 and for sufficiently large r.
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By the Wiman-Valiron theory, we have basic formulas

fI() _ vy ,

o (572) o) =1k, (3.10)
where z satisfies |f(z)] = M(r, f),|z] = r ¢ [0,1]|J E4, E4 C (1,00) has finite logarithmic
measure, v(r) is the central index of f(z).

By Lemma 2.2, we can choose a point range {z, = r,e»} such that f(z,) = M(rp, f),
0, € [0,2m), nh_)n;<> 0 = 0o, 1 ¢ [0,1]U E3J E4, mn — o0 and for any given 1 (0 < 3g1 <

min{l — «, dj;d ), for sufficiently large r,,, we have
m w = o, (3.11)
n—oo logr,
exp{r® '} < v(r,) < exp{roter}. (3.12)

For 0y, we have Re{asz} = dyrcos(¢ + 6p), Re{aiz} = —d;r cos(p + ). For cos(p + o),
there are three cases: (i) cos(¢ + 0g) > 0; (ii) cos(p + bp) < 0; (iii) cos(p + bp) = 0. We
consider the three cases respectively.

Case(i) cos(p + 6p) > 0. By (1.5) we have

(k) (k—1) (s+1)
hseasz = (7:];'(5) + hkilea’“*lz ff(s) 44 hs+1eas+12 ff(s) )
+(h eds—1% f(s_l) +---4+h ealzil + hoe®? f (3 13)
o / S e |

For sufficiently large n, cos(p + 60,,) > 0 hold since 6,, — 6y and cos(y + 6y) > 0. Hence for
sufficiently large n, by Lemma 2.3, we know that 6,, satisfies

|hse®®| > exp{(1 — e1)dsrp cos(p + 0,)}, (3.14)
|hje®® | < rMexp{(1+e1)dr, cos(¢ + 6,)} for j #s. (3.15)
By Lemma 2.9, we know that when z, = r,e? satisfies | f(2,)| = M(ry, f), we have
f(zn) ‘ k
<rk 3.16
FO )| = Tn (3.16)

For the point range {2z, = r,e*"}, substituting (3.9), (3.14)—(3.16) into (3.13), as n suffi-
ciently large, we obtain
exp{(1 — e1)dsrp cos(o + 0,)}
< AkrM exp{(1 + &1)dr,, cos(p + 0,) Y (T (2r,, f))**. (3.17)
Hence
exp {3 (0 — d) cos(ip + 0u)r } < Akr (T(2r,, ) (3.18)

By (3.18), we get oa(f) > 1.

Case (ii) cos(¢ + 6p) < 0. We can use the same reasoning as in the case (i) by replacing
hse®* with hje®? to prove that if 6, satisfies the case (ii), then oo(f) > 1.

Case (iii) cos(¢ + ) = 0. Since z,, = e satisfies r,, — 00,6, — 0y as n — oo, the
ray argw = ¢ + 6y is an asymptotic line of {a;z,}(j = 0,--- ,k — 1). Hence there is an
N > 0, such that when n > N, by Re{a;r e’} =0, we have for j =0,--- ,k —1,

. 1
~1 < Re{ajrpe} <1, o< e | < e, M < |hjetin| < pM2, (3.19)
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where M7, My are two positive integers. By (1.5), (3.10) and (3.19), we have

v(rn)\* v(ry)\ k-1
(=220 (14 01)) = Hica (o) (A7) 0 4 00)) -+ Hoz),

n n (3.20)
v(r,)(1+0(1)) < rM. (3.21)
(3.21) contradicts (3.11). This shows that the case (iii) can not occur. In the cases (i) and

(ii), we have proved that o3(f) > 1. Combining this and Lemma 2.10, we have o2(f) = 1.
Proof of Theorem 1.6. Using the similar proof as that of Theorem 1.5, we can prove

Theorem 1.6.

Proof of Corollary 1.1. Since any nonzero polynomial does not satisfy each of Equa-
tions (1.7)—(1.12), by Theorems 1.5 and 1.6, we know that Corollary 1.1 holds.

REFERENCES

[1] Amemiya, I. & Ozawa, M., Non-existence of finite order solutions of w" +e~*w’+ Q(z)w = 0, Hokkaido
Math. J., 10(1981), 1-17.

[2] Chen Zongxuan & Yang Chungchun, Some further results on the zeros and growths of entire solutions
of second order linear differential equations, Kodai Math. J., 22(1999), 273-285.

[3] Chen Zongxuan, The growth of solutions of the differential equation f” + e #f + Q(z)f = 0 (in
Chinese), Science in China, Series A, 31(2001), 775-784.

[4] Frei, M., Uber die subnormalen losungen der differentialgleichung w’’ 4+e~*w’+(konst.)w = 0, Comment.
Math. Helv., 36(1962), 1-8.

[5] Gundersen, G., On the question of whether f”/ +e~%f'+ B(z)f = 0 can admit a solution f Z 0 of finite
order, Proc, R.S.E., 102A(1986), 9-17.

[6] Gundersen, G., Finite order solutions of second order linear differential equations, Trans. Amer. Math.
Soc., 305(1988), 415-429.

[7] Gundersen, G., Estimates for the logarithmic derivative of a meromorphic function, plus similar esti-
mates, J. London Math. Soc., 37:2(1988), 88-104.

[8] Hille, E., Ordinary differential equations in the complex domain, Wiley, New York, 1976.

[9] Hayman, W., Meromorphic function, Clarendon Press, Oxford, 1964.

[10] Hayman, W., The local growth of power series: a survey of the Wiman-Valiron method, Canad. Math.
Bull., 17(1974), 317-358.

[11] He Yuzan & Xiao Xiuzhi, Algebroid functions and ordinary differential equations (in Chinese), Science
Press, Beijing, 1988.

[12] Langley, J. K., On complex oscillation and a problem of Ozawa, Kodai Math. J., 9(1986), 430-439.

[13] Laine, I., Nevanlinna theory and complex differential equations, W. de Gruyter, Berlin, 1993.

[14] Markushevich, A. I., Theory of functions of a complex variable, Vol. 2, translated by R. A. Silverman,
Englewood Cliffs, N. J. Prentice-Hall, 1965.

[15] Ozawa, M., On a solution of w”’ + e~ *w’ + (az + b)w = 0, Kodai Math. J., 3(1980), 295-309.

[16] Valiron, G., Lectures on the general theory of integral functions, Chelsea, New York, 1949.

[17] Yi Hongxun & Yang Chungchun, The uniqueness theory of meromorphic functions (in Chinese), Science
Press, Beijing, 1995.



