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Abstract

The Moore-Penrose metric generalized inverse Tt of linear operator T' in Banach space
is systematically investigated in this paper. Unlike the case in Hilbert space, even T is a
linear operator in Banach Space, the Moore-Penrose metric generalized inverse T is usually
homogeneous and nonlinear in general. By means of the methods of geometry of Banach Space,
the necessary and sufficient conditions for existence, continuity, linearity and minimum property
of the Moore-Penrose metric generalized inverse Tt will be given, and some properties of T+
will be investigated in this paper.
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¢1. Introduction

Let X,Y be normed spaces, T : X—Y a linear operator. In order to get the best
approximate solution (i.e. least extremal solution) for the ill-posed linear operator equation
Tz =y, Nashed and Votrubal'=3! introduced the metric generalized inverse T of operator
T, and the orthogonal partial inverse T; of operator by means of the concept of orthogonally
complemented subspace in normal linear space, while T; is a single value linear selection
of T?. By the orthogonal partial inverse Tp+ , the best approximate solution to the equation
Tx = y can be obtained easily. However, in general, in normal linear spaces, the orthogonally
complemented subspaces are rarel’> P39 so that the existence problem of the orthogonal
partial inverse T;r of linear operator 7' is difficult to answer. Therefore, the problem of
obtaining selections with nice property for the metric generalized inverse merits study, as
Nashed and Votruba indicated in [1, 2].
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The purpose of this paper is to answer partly the above problem. Since the metric
projectors on closed subspaces in Hilbert spaces are not only linear projectors, but also
orthogonal projectors, and the orthogonal generalized inverse of linear operator T in Hilbert
spaces!? is just the linear metric generalized inverse. Such problems have been discussed by
many authors='2/, While the metric projectors on closed subspaces in Banach space are
no longer linear, and then the linear generalized inverse and the metric generalized inverse
of linear operator in Banach spaces are quite different. The problem on linear generalized

1-3,13, 1] Qeveral special

inverse in Banach space have been discussed by several authors!
single valued metric generalized inverses of bounded linear operators or densely defined
closed linear operators with closed range in Banach spaces and their applications have been
investigated by Yu-Wen Wang et all'=19 and Holmes!?%!.

In this paper, the single valued Moore-Penrose metric generalized inverses of linear op-
erator in Banach space are investigated by means of the methods of geometry of Banach

spaces.

§2. Existence of Moore-Penrose Metric Generalized Inverse

Throughout this paper, let X and Y be Banach spaces, and T be a linear operator from
X to Y. On the definition of geometric properties of Banach spaces X and Y, we can find
them in [20-22]. Let (z*, z) denote the value of functional z* € X* at element € X,
where X™* is the dual space of X.

Let D(T), R(T), N(T) denote the domain, range and null space of T, respectively.
xg € D(T) is called the best approximation solution (b.a.s.) to the operator equation
Tx =y, if

[Tzo — yll = inf{[|Tz —y ||x € D(T)},
ol = int {llol o € D), [Tv =yl = int 7oy},
where y € Y.

Definition 2.1. Let T be a linear operator from X to'Y, N(T) and R(T) be the Chebyshev
sets in X and Y, respectively. If there exists a homogeneous operator T : Y — X such that

() TTTT =T,

(i) TTTTY =TT;

(iii) 77T = Ipry — P

N(T)?
(iv) TT+ = "ROT)
then T is called the Moore-Penrose metric generalized inverse of T, where Ip(ry is the
identity operator on D(T), and PW’ PTT) are the metric projectors onto N(T), R(T)
respectively.

If N(T) and R(T) are closed, T is the same as Definition 2.9 in [17].
Theorem 2.1. Let X and Y be strictly convex Banach spaces, T be a linear operator
from X toY. Then there exists a Moore-Penrose metric generalized inverse T if and only

if
D(T) = N(T) + C(T), (2.1)
where C(T) = {z € D(T) | Fx(z) N N(T)" # ¢}.
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Proof. Necessity. Suppose T' has a Moore-Penrose metric generalized inverse TF given

by Definition 2.1. Then N(T') and R(T') are Chebyshev subspaces in X and Y, respectively.

For any x € D(T), by (i) in Definition 2.1, we have TT+Tx = Tx, and hence TTTx € D(T).

From (iii) in Definition 2.1, we obtain Pypyr = o — T*Tx € D(T). Thus, we get that
T(PWJL‘) =T(x—-T"Tz) =Tz —TT Tx =0,

ie.

Py € N(T) for any x € D(T). (2.2)

—_ —
Because N(7T) is a Chebyshev subspace in X, and Fy'(N(T) ) = Fgl(N(T)J‘), from
Lemma 3.2 in [28], for any « € D(T') C X, there exists a unique decomposition

v = Pygye+12, w2 € FY (N(T)Y). (2.3)

Hence x5 = — Pz € D(T), and therefore x5 € D(T') ﬂFgl(N(T)J‘) = C(T). Thus, we
obtain

D(T)=N(T)+C(T). (2.4)
For any z € N(T)NC(T), since Fx (z)NN(T)" # ¢, we may choose an z* € Fx ()N (T)".
Hence 0 = (z*, z) = ||x||?> = ||z*||*. This implies that z = 0, i.e. (2.1) is true.

Sufficiency. We first show that 7 is one to one mapping from C(T") to R(T). In fact,
for any y € R(T), there exists an x € D(T) such that y = Tz, (2.1) implies that =
1+ 2, 1 € N(T), a9 € C(T). Hence y = Ta = Txq, i.e. T is surjective mapping from
C(T) to R(T). For any x1, 2 € C(T), if Txy = Txa, then 1 —x9 € N(T'). By the definition
of C(T'), we have

Fx(z)NN(T)" #£¢, i=12
Choose z* € Fx(x;) N N(T)* (i = 1,2), then 2} — 23 € N(T)™*, and
(2] — a3, x1 —x9) = 0. (2.5)
Since X is strictly convex, by Proposition 2.14 in [22], Fx is strictly monotone. Hence (2.5)
implies that x1 = x5, i.e. T is injective.

Let T|c(r) denote the restriction of the operator T' to the set C(T'). Since the dual map-
ping Fx is homogeneous, so the set C(T') is also homogeneous and ((T'|c(ry)) "
geneous operator from R(T) to C(T). Let D* = R(T) —i—F;l(R(T)J‘)7 where F;l(R(T)J‘) =
{y € Y | Fy(y) N R(T)*" # ¢}. It follows from the homogeneity of Fy that the set DT is
also homogenous set. Define an operator T from D to C(T') as follows: for any y € DT,
y has an unique decomposition y = y1 + y2, y1 € R(T), y2 € F;l(R(T)J‘). Define

T*y = (Tlem) 'y (2.6)
On the other hand, since y —y; = y2 € F;l(R(T)l)7 we have Fy (y —y1) N R(T)" # ¢. For
any y € D* and y ¢ R(T), we may choose yi € Fy(y —y1) N R(T)™. Let y* = yi/|ly — v .
We have ||y*|| =1, and

W'y =)= Wiy —y)/lly =l = ly = wull?/ly =yl = lly — v
— —

Since yf € R(T)" = R(T) ", we have y* € R(T) . By Lemma 3.1 in [28] and strict convexity
of the space Y, we have

is a homo-



512 CHIN. ANN. MATH. Vol.24 Ser.B

It follows from (2.6) and (2.7) that

T%y = (Tlew)  ‘Prgy.  yeD*. (2.8)
By the homogeneity of (T|c (7))~ " and Prery (see [20]), we know that 7't is a homogeneous

operator from Dt to D(T'). For any y € D, by (2.7), we have P myY € R(T'), and hence

TT y = T(T|C(T))_1PW = Prayy,
Le. TTT = Py R(Ty O D™ . Therefore, (iv) in Definition 2.1 follows.
For any « € D(T'), by (2.1), x has an unique decomposition = z1+xz2, x1 € N(T), z2 €
C(T), where C(T) = D(T) N Fgl(N(T)L) C F;l(N( )L) Since the space X is strictly

convex, by the same argument as (2.7), we have x; = Pr7=2 € N(T). Hence

N(T)
T = Pyt + o2, xq € C(T). (2.9)
It follows that

TYTz =TYT(P 3T + x9) =TV Ty

N(T
= (T|C(T))71PWT‘IE2 = T2 = (ID(T) - PWT))SC, (210)
ie. TTT = Ip(ry — Py on D(T), thus (iii) in Definition 2.1 follows. TTTT =T on D(T)

is obvious.
For any y € DT, by (2.8), Tty € C(T) C D(T). It follows from (2.10) that

Since Tty € C(T) C F)}l(N(T)J_)7 we obtain

— 1
Fx(Ty) nN(T) # 0.
Take 2% € Fx(Ty) N N(T)", and write z* = 2% /||T*y|, then
[z*| =1, (a, Ty —0) = (27, THy)/II T yll = IT"y - 0]|.

Since x7 € N(T)l we have z* € N(T )l Since X is strictly convex, by Lemma 3.1 in [28],
we have 0 = Proy )T y. Hence, (2.11) shows that T+TT+ = T+ on D, ie. TV is the
Moore-Penrose metric generalized inverse.

The main result in [17] can follow easily from above Theorem 2.1. We have

Corollary 2.1.0'7) Let X and Y be reflexive strictly convex Banach Spaces, T be a bounded
linear operator or densely defined closed linear operator from X to Y. Then there exists the
Moore-Penrose metric generalized inverse TT of operator T. Furthermore, if the range R(T)
is closed, then Dt =Y.

Proof. If T is a bounded linear operator or densely defined closed linear operator, the
null space N(T') is a closed subspace of X. Since X is reflexive, strictly convex, closed
subspace N(T) is Chebyshev. By Lemma 3.2 in [28], we have D(T) = N(T) + C(T), where
C(T) =D(T)nN F)}l(N(T)l). It follows from Theorem 2.1 that there exists the Moore-
Penrose metric generalized inverse 7.

Furthermore, by the proof of Theorem 2.1, we get

DY = R(T) + Fy Y (R(T)™).
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If R(T) is a closed subspace of Y, while Y is reflexive and strictly convex, then R(T) is a
Chebyshev subspace of Y. By Lemma 3.2 in [28], we obtain

Y = R(T) + Fy Y(R(T)") = D*.
Remark 2.1. If X,Y are Hilbert space, then the Moore-Penrose metric generalized
inverse 7T is the Moore-Penrose generalized inverse under usual sense since the metric

projector is linear orthogonal projector.
Denote DT = D(T™).

§3. Properties of Moore-Penrose Metric Generalized Inverse

Theorem 3.1. Let X and Y be strictly convex Banach spaces, T be a linear operator
from X to Y. If T has the Moore-Penrose metric generalized inverse TT, then

(1) T is unique on DV, and TTy = (T|C(T))*1Pmy, y € DY, where D* = R(T) +
Fy ' (R(T)T);

(2) there exists a linear inner inverse TY) from R(T) to D(T) (i.e. TT™MWT = T) such
that

Try = (Ipery — PW)T(”PW, ye Dt

Proof. (1) Since T exists, by Definition 2.1, we have that N (T) and R(T) are Chebyshev
sets. It follows from Theorem 2.1 that D(T) = N(T) + C(T), where C(T) = D(T) N
F);l(N(T)J‘). Take DT = R(T) + F;l(R(T)J‘). By the proof of sufficiency in Theorem 2.1,
we have Prry € R(T) for any y € D* and homogeneous operator T# = (T|C(T))*1Pm
from Dt to C(T) is a Moore-Penrose metric generalized inverse of T'. Let Tt be any Moore-
Penrose metric generalized inverse of T. For any y € DT, we shall prove that (2.8) is true.
First of all, by (iv) in Definition 2.1, for any y € DT, we have

Since Tty € D(T), by (iii) in Definition 2.1, we also have TTTT Ty = Ty — PWT"‘y. By
(ii) in Definition 2.1, we know that
P Ty = 0. (3.2)

N(T)
On the other hand, since N(T') is a Chebyshev subspace of X, by Lemma 3.2 in [28],
)
T*y € D(T) has a unique decomposition Ty = PWT+y + 29, 2 € Fx'(N(T) ). By
(3.2), we get
B —
Try =2y € F{'(N(T) )N D(T) = C(T).
From the proof of sufficiency in Theorem 2.1, T' is a one to one operator from C(T') to R(T)
and Premy € R(T) for any y € DT. Hence, by (3.1), we obtain
THy = (T|C(T))71PW for any y € DT.
(2) Since T is linear operator from X to Y, it follows from Proposition 1.3 in [1] that
there exists a linear inner inverse 7 from R(T) to D(T') such that

TTWT =T (3.3)
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We shall show, for any y € R(T),
(Tlow) ™'y = (py — Py Ty (3.4)

Indeed, for any y € R(T), Ty € D(T). Since N(T) is a Chebyshev subspace of X, by
Lemma 3.2 in [28], we have

1 1
TWy = PynTWy + 20, @2 € FY'(N(T) ). (3.5)
It follows from D(T) = N(T) + C(T) and (3.5) that
Py Ty € N(T). (3.6)

— 1
Hence x5 € Fx'(N(T) )N D(T) = C(T). From the proof of the sufficiency in Theorem 2.1,
condition (2.1) implies that operator T' is one to one from C(T) to R(T'). Hence, there exists
a unique 29 € C(T) such that y = T'zo = T'|¢(r)zo. Combining (3.3), (3.5) and (3.6), we
obtain
y=Txo=TTWTwy = Ty = T(PyT My + z2) = T,
Since T is one to one from C(T) to R(T), we have
w2 =10 = (T|om) 'y (3.7)
It follows from (3.5) and (3.7) that (T|c(r)) 'y = 22 = (Ipr) — PW)T(l)y for any
y € R(T). For any y € D, since D¥ = R(T) + Fy Y (R(T)™), we have Pr memyY € R(T).
Hence, from (3.4) and (1) we get
+,, — -1 —
Tty = (Tlow) ™ Prayy = Upery — Prg) T Py
Theorem 3.2. Let X, Y and T be the same as in Theorem 3.1. Suppose that
D(T) = N(T)+C(T) and Dt = R(T) + F; " (R(T)™"),
where C(T) = D(T) N F)El(N(T)L). If T* is a homogeneous operator from DV to D(T),
then the following statements are equivalent:

(1) T is the Moore-Penrose metric generalized inverse of T}

(2) For anyy € DY, xo =TTy is the best approzimate solution to the operator equation
Tr =y;

(3) For any y € DY, mg = Ty is the minimal norm solution to the metric projector
equation T'x = PR(T)y, i.e. TTy = Pp- P 0 where Pp- P O is the metric projection
of 0 onto T PR(T)

Proof. (1)=(2) Let T be the Moore-Penrose metric generalized inverse from DV to
D(T). For any y € D%, take o = Ty, then xy € D(T). Definition 2.1 shows that

Tag =TT y = Premyy, (3.8)

and Prrmy € R(T). For any « € D(T), since Tz € R(T), we get that ||y — Tao| =
ly — Pregy RO y|| < |ly —Tz||, i.e. o is an extremal solution to Tz = y. For any « € D(T') with

Tz = Py, from (3.8) we have
xo—x € N(T). (3.9)

Hence, by (ii), (iii) in Definition 2.1, we obtain that zog =TTy = TTTT y = T Txo = xo—

Thus Px—=7¢ = 0. Since N (T') is a Chebyshev subspace of X, by Lemma 3.2 in [28],

Pyy®o- N(T)



No.4WANG, H. & WANG, Y. W. METRIC GENERALIZED INVERSE OF LINEAR OPERATOR 515

2o has a unique decomposition xg = meo + xo, 19 € Fgl(N(T)J‘). Since meo =0,
2o = w3 € FXH(N(T)"), ie. Fx(zo) N N(T)*" # ¢. Taking zf € Fx (o) N N(T)™, it follows

from (3.9) that (z{, zo — z) = 0. Therefore, by the definition of Fx, we get
lzoll* = {5, z0) = (w5, ) < [l - Izl = llzo]l - lll,

ie. ||zol] < ||z|| for any x € D(T') and Tx = Pryy. Thus 20 = Tty is the best approxima-
tion solution to Tz = y.

(2)=-(3) It is obvious.

(3)=(1) Let zp = Ty be the minimal norm solution to the metric projector equation
Tx = Pmy for any y € D*. By the definition of metric projector and strictly convexity

of X, we have

T+y = a(T~ Prgsyl0) = Proip__ 0, (3.10)

PR(T)y

where T 'P——y = {z € D(T)|Tz = Pﬁy}. It remains to verify (i)—(iv) in Definition

R(T)
2.1.
For any y € DV, from (3.10), we have Ty € Tflpmy, and hence
TT y = Preryy forall ye DT, (3.11)

i.e. (iv) in Definition 2.1 is true. It follows from (3.11) that (i), (ii) in Definition 2.1 are
obvious. Since D(T) = N(T) + C(T), where C(T) = D(T) N F);l(N(T)L), it follows from
Theorem 2.1 and Theorem 3.1 that there exists a unique Moore-Penrose metric generalized
inverse of T. By Definition 2.1, N(T') and R(T) are Chebyshev subspace. Hence, by the
same argument as (2.9), we have that for any x € D(T), « has a unique decomposition
@ = Pyy@ + 22, where Pymz € N(T), 22 € C(T). Hence Tw = Tas, ie. 2 € T Tz,
where T~'Te = {x € D(T)|Tx = Tz}. For any z; € T~'Tx, we have z; — x5 € N(T).
Take xg = 1 — @2, then 1 = 2o + x2 and xo € N(T'). Since z2 € C(T) C F);l(N(T)l), ie.
Fx(z2) N N(T)* # ¢, we may choose an x} € Fx (z2) N N(T)". Thus, by the definition of
Fx, we get

(23, x1> = (23, .’[7()> + <£U§, T9) = <$§7 T2) = ||.%'§H2 = ||:,C2||2,
moreover
lz2l® = (23, 1) < ll23]l - ]l = llz2ll - l21]).
Thus ||z2|| < ||z1]| for any x; € T~ 'Tx. In other words, x5 € w(T~Tx|0). It follows from
the strict convexity of X and (3.10) that

THTz = n(T™' PyyTz|0) = n(T™'T2|0) = 22 = (In(r) — Pygy)e

for any x € D(T), i.e. (iii) in Definition 2.1 is also true. Thus, T'" is just the Moore-Penrose
metric generalized inverse of T.

§4. Necessary and Sufficient Conditions for Continuity and
Linearity of the Moore-Penrose Metric Generalized Inverse

The Moore-Penrose metric generalized inverses of linear operators in Banach spaces are
generally homogeneous and nonlinear, so that it is important to discuss the necessary and
sufficient condition for continuity and linearity.
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Banach space Y is said to have property H, if for any sequence {y,} C Y and element
Yo €Y, yn — yo weakly and |lyn|| — |lyo|| (n — oo0) implies that y,, — yo (n — 00) in Y
(see [21]).

Theorem 4.1. Suppose that X and Y are reflexive, strictly convex Banach spaces, and
have property H, T is a densely defined operator from X and Y. Let

Dt = R(T) + FyY(R(T)") and C(T) = D(T)N Fx'(N(T)"),

where Fx, Fy are the dual mappings of X and Y. Then there exists a continuous Moore-

Penrose metric generalized inverse T™ from DT to C(T), such that R(T) C DT and N(T) C
D(T) if and only if T is a closed operator with closed range.

Proof. Necessity. Suppose that there exists a continuous Moore-Penrose metric gener-

alized inverse Tt such that R(T) C D and N(T) C D(T). For any y € R(T) C D™, by
Definition 2.1, we get

y = Pryy =TTy € R(T),

ie. R(T) is closed. Let {z,} C D(T), xo € X, yo € Y such that z, — zo, Tz, = yo (n —
o0). Take y, = Tx,,. Then y, € R(T) (n =1, 2, ---) and y, — yo (n — o0), and hence
yo € R(T) C D*. Tt follows from the continuity of 7% that

Tn =Ty, -T=T"yy (n— ).
Since T exists, it follows from Theorem 2.1 that D(T) = N(T) + C(T), where C(T) =

D(T)n F)}l(N(T)L), and N(T) is a Chebyshev subspace of X. From above decomposition,
by the same argument as (2.9), we have that for any = € D(T'), x has a unique decomposition

T = Pymz + 2, (4.1)

where Prma € N(T), ' € C(T). Hence for z,, € D(T), we have
T = Py@n + T, (4.2)
where Prrmzn € N(T), x, € C(T) (n =1, 2, ---). Let T|¢(r) be the restriction of T’

onto C(T'). From the proof of sufficiency in Theorem 2.1, T'|¢(7y is one to one operator from
C(T) to R(T). By (4.2), we obtain
Yn = Ty = T, = T|c(r)yT,, n=1,2 -
On the other hand, we obtain also that
Yn = PW" =TT y, =17, = T|c(r)Tn, n=1,2, ---.
Hence z/, =%, (n=1, 2, ---). Thus
=T "y, T yy=7 (n— ), (4.3)

and T € C(T). It follows from (4.2) and (4.3) that

x
PRipyTn = Tn — = xo— Ty (n— o).

Since Py € N(T) (n =1, 2, --+), thus 2o — Ty, € N(T). Taking = = 2o — T yg, we
have

xTo = T + CZ—'—~_?J()7 (44)
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where € N(T) and Ttyo € C(T). By the condition N(T) C D(T), it follows that z €
D(T). From the uniqueness of decomposition in (4.1) (replace & by x) and (4.4), we get
To = PW:I;O + T+y0,

where Pgrmzo € N (T'). Hence

Txo = T(Prppywo + THye) =TT yo = Prayyo = Yo,
i.e. T is closed operator.

Sufficiency. Let T be a closed linear operator with closed range R(T). It follows that
N(T)=N(T)c D(T) and R(T)=R(T)C D™.

By Corollary 2.1 there exists a Moore-Penrose metric generalized inverse 7. It remains to
show that T'F is continuous. It follows from Theorem 3.2 that

+,, —
T Yy = PT?lPR(T)yO'

(4.5)

In order to prove that T'" is continuous on DT, it is sufficient to show that

(i) For any y, € DT (n=0, 1, 2, ---) with y, = yo (n — 00), we have

(ii) For any y, € R(T) (n=0, 1, 2, ---) with y, — yo (n — 00), we have

PTflynO — PT71y00 (Tl — OO)

For (i), since Y is reflexive, strictly convex and Y have property H, it is just the result
from Corollary 4 in [23].

Next, we want to prove (ii). Define a norm on D(T') by ||z||p(ry = [|z||+[|Tz||, 2 € D(T).
Since T is closed linear operator, the (D(T'), ||-||p(r)) is a Banach space, denoted by D(T")**.
R(T) is a closed subspace of Banach space Y, so that R(T) is also a Banach space. It is
easy to see that T is surjective and continuous linear from D(T)** to R(T). By the open
mapping theorem(®4, there exists [ > 1, such that for any y, z € R(T), x € Ty, there
exists w € T~z such that

Iz = wllpery < Uy — =] (4.6)

By Theorem 2.2.1 in [24], the proper convex functional p(y) = inf{||z| pr)|z € T 'y}, y €
R(T) is lower semicontinuous. For any y € R(T), Ty € T~'y and for any € Ty, from
(4.5), we have ||[T"y| < ||z| and Tz = y, hence

1T ylpery = 1Tyl + 17Tyl = 1Tyl + lyll < llell + [ T2[ = llzllper).-
Thus
IT*yllper) = nf{||zllper) - = € T~ y} = p(y) (4.7)
for any y € R(T). In (4.6), take z = Tty, 2 = 0, then there exists a w € T~10 such that
p(y) =T yllpr) < llwlper) +lyl < oo forany ye R(T).

Hence R(T) is the effective domain of p(y). It follows from the lower semicontinuity of p(y)
on R(T) and Propositioon 1.6 in [22] that p(y) is continuous on R(T). Let y, € R(T) (n =
0, 1, 2, ---) with y, = yo (n = 00). We get

1T yullpery = P(yn) = (o) = 1T vollper)-
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It follows from the definition of || - || p(ry that [Ty, | = |[TTyol| (n — c0). Noticing that
Tty, = Pr-1,,0 (n=0, 1, 2, ---), we obtain
| Pr-1,, 0] = || Pr-1,,0] (n — 00).

Take x,, = Pp-1, 0 (n =0, 1, 2, ---), then

y’VL
[zl = [lzoll - (n = o0). (4.8)

Since X has property H, from (4.8), in order to prove that x,, — x¢ (n — ), it remains
to show that

T, Sz (n— 00). (4.9)

Suppose that (4.9) were not true. Since X is reflexive, and {x,} is bounded, without lose
of any generality, we may suppose that
T, ST #x0 (n—00). (4.10)

Since D(T) = X, and X, Y are reflexive, T* is well defined and D(T*) = Y*. Hence T** is
also well defined and T = T**. For any w* € D(T*), we get

(W*, yn) = (W*, Ta,) = (T W", ©,), n=1,2 -
Letting n — oo, by (4.10), we obtain (w*, yo) = (T*w*, T), but (w*, yo) = (w*, Txp) =
(T*w*, xp). Hence
(T*w*, xg—%) =0  forany w* e D(T™).

It follows from Banach closed range theorem that zo — % € R(T*)" = N(T), i.e. Txo = TZ.
In other words, T € T~ 'Tzg = T 1yg. Since the norm is lower semicontinuous weakly, it
follows from (4.8) and (4.10) that

[Z]] < liminf [z, || = Tim {lz,|] = {zol|
n—oo n—oo

Because X is strictly convex, T 1yq is a convex closed set, the minimal norm element is
unique, and hence T = xg, which contradicts (4.10). Thus (4.9) is true.

Theorem 4.2. Under the conditions in Theorem 4.1, TT is a linear operator if and only
if both C(T) = D(T) N F)}l(N(T)J') and F;l(R(T)J‘) are linear subspaces.

Proof. Necessity. If 7" is a linear operator, then its range R(T") = C(T) must be
linear. In the following, we shall show that N(T") = F;l(R(T)J‘). From the linearity of

T+, F;l(R(T)J‘) is linear. By Theorem 3.1, we get
T* = (Tlew) ™ Prays

where T'|¢(r) is one to one operator from C(T') to R(T'). Hence

N
N(TF) ={y € DF|Pgzyy = 0} = Pﬁo. (4.11)

For any y € F;l(R(T)J‘) = F;l(R(T)L), we have
—l
Fy(y)NR(T) # 0.
Take yi € Fy (y) N R(T)L and write y* = y§/|lyol|- Then

* * 7t *
Iy =1, y*e€R(T)  and (y*, y—0)=|yll*/llyl = lly - Ol
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By Lemma 3.1 in [28] and the strict convexity of Y, it follows that 0 = Pmy, and hence,
by (4.11), y € N(T™), i.e.
FyY(R(T)™) € N(TH). (4.12)

Suppose on the contrary, for any y € N(T7"), from (4.11), Prayy = 0. Since R(T) is a
Chebyshev subspace, by Lemma 3.2 in [28], we have

y:Pw—i-yz, Yo € F;l(R(T)J_),
Hence y =y, € F;l(R(T)J‘), ie.

N(TT) c FyY(R(T)™). (4.13)
Thus, it follows from (4.12) and (4.13) that
N(T*) = Fy Y (R(T)™). (4.14)

Sufficiency. Let C(T) and F;l(R(T)J‘) be linear. Then T|c(r) is one to one linear
operator from C(T) to R(T), so is (T|c(r))~' from R(T) to C(T), and DT = R(T) +
F;l(R(T)J‘) is a linear subspace of Y. For any y € D, by the same argument as (2.7), we
obtain Pry € R(T). Tt follows from (4.11) and (4.14) that

- - L
Pﬁo =N(T") = F, Y (R(T)™).

1 . . . g . . s e
Hence, PWO is a linear subspace of Y. Proposition 4.7 in [25] implies that Pry is a

linear operator from D to R(T). Hence, by Theorem 3.1, T+ = (T|C(T))_1Pm is a linear
operator from DT to C(T).

Corollary 4.1. Let X and Y be Hilbert spaces, T be a bounded linear or densely defined
closed linear operator. If R(T) is closed, then there exists an unique bounded linear operator
T+ from Y into X such that

(i) TTYT =T,

(i) TTTT+ =TT;

(iii) T+T = Ipry — Pn(1);

(IV) TT+ =1 PN(T*))
where Py(ry, Pn(r-) are the orthogonal projectors.

Proof. If R(T) is a closed subspace of Y, by Riesz orthogonal decomposition theorem, we
get I = Pr(r) + Pppy+. By Banach closed range theorem, we know that R(T)* = N(T%).
Hence

The others follow from Corollary 2.1, Theorem 4.1 and Theorem 4.2.
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