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ON CONE D.C. OPTIMIZATION
AND CONJUGATE DUALITY
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Abstract

This paper derives first order necessary and sufficient conditions for unconstrained cone
d.c. programming problems where the underlined space is partially ordered with respect to a
cone. These conditions are given in terms of directional derivatives and subdifferentials of the
component functions. Moreover, conjugate duality for cone d.c. optimization is discussed and
weak duality theorem is proved in a more general partially ordered linear topological vector
space (generalizing the results in [11]).
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¢1. Introduction

Convexity is one of the well developed mathematical structures since 1950s and it plays
an important role in optimization. An increasing number of problems arise from application
that cannot be solved successfully by standard methods of linear or nonlinear programming.
But a great many of these can be described by using difference of two convex functions called
d.c. functions for short. One can utilize the concepts and tools of convex analysis to solve
such problems. Many practical methods have been developed by several researchers to solve
a d.c. optimization problem in a scalar case (see for example [2, 4, 10] and the references
therein).

A natural generalization of this concept to vector optimization is named simply as cone
d.c. programming (where cone refers here the ordering cone of the image set). A function is
said to be cone d.c. if it can be described as the difference of two cone convex functions. The
class of cone d.c. functions is very rich. For example, cone convex, cone concave functions
and the combination of them fall under this category. On finite dimensional spaces one
can easily verify that the extension of Hartman’s theorem holds true also for vector valued
functions, i.e., every locally cone d.c. function is globally cone d.c. Since convexity is present
twice (in the reverse sense) in the decomposition of d.c. functions, many concepts and results
from convex analysis will be used also for cone d.c. programming.
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The generalization of the results for scalar d.c. programming to Cone d.c. optimization
was studied by Yin Zhiwen and Li Yuanxil'!). However, their result is valid only for the case
where the underlined space is an order-complete, finite dimensional vector space. Moreover,
they used *-difference to give the minimality conditions. But this difference produces a set
which is empty too often and may not give any information when the point is not efficient.

In this paper, we extend the results in [11] to a more general case and present some
minimality conditions also using the conjugate duality. The duality case, here, is discussed
on a more general partially ordered linear topological vector space extending Toland’s duality
theorem for scalar d.c. problems.

The paper is organized as follows. In Section 2 some necessary definitions and preliminary
concepts, which are useful in the next part are discussed. In the third section the necessary
and sufficient local weak optimality conditions are given. The last section contains the
conjugate duality for cone d.c. programming. It gives some generalizations of Toland’s
duality theorem, which was given for scalar d.c. programming case in [9].

§2. Some Definitions and Preliminary Concepts

Let Y be a real topological vector space which is partially ordered by a pointed, closed,
convex cone D with nonempty interior in Y. The following notations will be used in the
sequel:

y<py iff ¢y —-yeD and y<py iff Yy —ycintD.

The next definition of weak Supremum and Infimum of a set in partially ordered linear
topological vector spaces was given by Tanino in [8]. This definition, which is on the basis of
weak efficiency, is used to obtain the strong conjugate duality result in vector optimization
(see [8] and [6]).

Let Y denote the extended space of Y (i.e., Y := Y U {£o00}). Given a set Z C Y, we
define the set A(Z) of Y by A(Z) = {y € Y|y <p y for some y’ € Z} which is the set of
all points above Z and the set B(Z) of Y by B(Z) = {y € Y|y >p y for some y/ € Z}
which is the set of all points below Z. Clearly A(Z) CY U {400} and B(Z) CY U {—o0}.

Definition 2.1. A point z € Z is said to be a D-minimal point of Z if there is noy € Z
with y <p z. The set of all D-minimal points of Z is called the D-minimum of Z and is
denoted by D-Min Z. The D-mazimum of Z, D-Max Z, is defined analogously.

Definition 2.2. Let Z be a nonempty subset of Y such that Z # {+oc}. A pointp €Y
is said to be a D-infimal point of a set Z, if there is no y € Z such that y <p p and if
the relation y' >p p implies the existence of some z € Z such that y' >p z. The set of all
D-infimal points of Z is called a D-infimum of Z and is denoted by D-InfZ. If Z = 0
and Z = {+oo}, we define D-Inf Z = {4+o00}. The D-Supremum of Z, D-Sup Z is defined
stmilarly.

As an easy consequence from the definition we deduce the following

(i) =D-Max (=Z) = D-Min Z and — D-Inf (-Z) = D-Sup Z,

(ii) D-Max @ = @ and D-Sup ) = {—o0}.

One observes that in the above definitions the D-infimum and the D-minimum are defined
for the weak Pareto minimality (by using the order >p). The following proposition which is
proved in [8, Proposition 2.5] shows how a set can be partitioned by using the above defined
concepts.



No.4 M. SEMU ON CONE D.C. OPTIMIZATION AND CONJUGATE DUALITY 523

Proposition 2.1. Y = (D-Sup Z) U A(D-Sup Z) U B(D-Sup Z) and the above three sets
in the right-hand side are disjoint.

Let X and Y be real locally convex topological vector spaces and let L(X,Y) denote
the space of all linear continuous operators from X into Y. Then we define the conjugate
mapping and the subdifferential of a mapping F : X — Y. Hereafter by domain of F, dom F
we mean the effective domain of F' which is given by

domF = {z¢ X|F(z) # 0, F(x) # {+oc}}
for a set-valued mapping F' and by
dom f = {z € X|f(z) <p +oo}
for a vector valued function f.
Definition 2.3. For a vector valued function f : X — Y, its conjugate map is a set
valued mapping f* : L(X,Y) — Y defined by
f*(T) = D-Sup{Tz — f(z)lx e X} for TeL(X,Y).
Moreover, its biconjugate mapping is a set-valued mapping f** : X — Y defined by
/() = D-Sup U [Tz — f*(T)] for x¢&domf.
TEL(X,Y)
Definition 2.4. For a set-valued mapping F : X — Y, its conjugate map is a set valued
mapping F* : L(X,Y) =Y defined by
F*(T)=D-Sup | J [Tz~ F(T)] for T e L(X,Y).
zeX
Moreover, its biconjugate mapping is a set-valued mapping F** : X —'Y defined by
F**(z) = D-Sup U [Tx — F*(T)] for x€dom F.
TeL(X,Y)

Assume that dom f # 0.

Definition 2.5 (Subgradients and Subdifferentials). Let g € X. An operator T €
L(X,Y) is said to be a subgradient of a vector valued function f at xo if

f@) £p f(xo) + T(x —x0) foral ze€X,

or equivalently
f(zo) = Txg € D-Min{f(z) — T(z)| z € X}.
The set of all subgradients of f at xg is called the subdifferential of f at xo and is denoted
by Of (xg). More precisely
Of(x0) ={T € L(X,Y)|f(z) — f(z0) £p T(z — z0) for all x€ X}.
For a set-valued mapping F : X — Y, let xg € X and yo € F(xg). An operator T €
L(X,Y) is called a subgradient of F at (xg, o) if

Txzo — yo € D-Max U [Tx — F(x)].
zeX
The subdifferential of F at (xo,yo) is denoted by OF (xo,yo). Moreover, we let
OF (zo) = U OF (z0,y).

yEF (x0)
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Unlike to the scalar case, the subdifferential of a vector-valued function may not be a
closed convex set even when f is a finite D-convex function (see [5, p.172]).

If the subdifferential of f at z( is nonempty (or if OF (zg,yo) # 0 for every yo € F(zg)
when F is a set-valued mapping), then f is said to be subdifferentiable at xg.

It is obvious from the definitions of conjugate maps and subgradients that T' € df(z) iff
Tx— f(z) € f*(T) and immediately from the definition of the subgradients one can see that

f(z*) € D-Min{f(x)|z € X} if and only if 0¢€ df(z").

Moreover it is well known that f(xg) € f**(z¢) for any g € X.

A vector valued function f : X — Y is said to be D-convex iff its D-epigraph, D-epi
f={(z,y) € X xY|y € f(x)+ D} is a convex set in X x Y, or iff for every 2!, 2% € X and
for any a € [0, 1],

af(xh) + 1 —a)f(z?) - flaz' + (1 — @)2?) € D.

Similarly a set-valued mapping F : X — Y is said to be D-convex iff its D-epigraph, D-epi
F={(z,y) € X xYl|y € F(x) + D} is convex, or iff for all ¢ € [0,1] and z!,2? € X,

tF(zY) + (1 —t)F(z?) C F(taz* + (1 —t)2®) + D.

§3. Optimality Conditions

Let X be a real linear topological vector space and we assume for this section that Y = RP.
Let D C Y be a pointed, closed, convex cone which has a nonempty interior in Y. Assume
that Y is partially ordered by the cone D.

Now consider the following unconstrained vector minimization problem

(P1) minimize f(z) s.t. z € X.

Definition 3.1. A function f : X — Y is said to be locally D-Lipschitz if for every
x € X, there exist a neighborhood B(x, ) of x with radius 6 >0 and L € D such that

—Lllz —yll <p f(x) = f(y) <p Lllx —yll. Vz,y € B(x,5).
Here, L is called Lipschitz constant.
For a vector valued function f : X — Y the directional derivative of f at a point zog € X
in the direction u € X is given by
iy flwo 4 tu) — f(xo)
Faoju) = tgr(I)lJr t
if the limit exists. It is clear that for D-convex functions this is always the case.

Lemma 3.1. Suppose that f is directionally differentiable vector-valued function. Then
T € 0f(xo) tff f'(xo;u) £p Tu for any u € X.

Proof. Let T € 9f(xo). Then we have tf'(zo;u) + o(t) = f(zo + tu) — f(xo) £p T (tu)
for all ¢t > 0 and for all u € X, where o(t)/t — 0 as t = 0, or f'(zo;u) + o(t)/t £p Tu for
all ¢ > 0, which in turn implies that f'(xo;u) £p Tu for all u € X.

The proof of the other side is obvious.

Note that for a D-convex function f, we have a stronger condition

F(wo;u) = T, flxo + tut) (o)
which together with the above lemma gives us

I/ (wo;u) € D-Max{Tu|T € 0f(xo)}. (3.2)

<p f(zo+u) — f(zg) foral welX, (3.1)
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A point 2y € domf is said to be a local efficient point for (P1) if there exists a neighbor-
hood of zg such that f(z) £p f(zo) for all 2 in the neighborhood.

Using the above two definitions we give the following optimality condition for (P1) which
is a necessary condition for local weak efficiency.

Proposition 3.1. Let f be directionally differentiable at xqg € X. If xq is a local efficient
point for (P1), then

f(xo;u) £p 0 forall ue X.

Proof. Since f is directionally differentiable at the point xzg, we have f(xg + tu) =
f(xo) +tf (xo;u) +o(t), Vt > 0,Vu € X, where o(t) := o(t, xg,u) and lir(§1+ t=o(t, o, u)] =
t—

0, Yu € X. Then f'(xo;u) =t~ [f(zo + tu) — f(xo)] — o(t)/t. Since zg is a local minimum
point of f, the assertion of the proposition follows.

A slight modification (i.e., adding a local D-Lipschitz criterion) to the above necessary
condition will make it also sufficient as the following proposition shows.

Proposition 3.2. Let f be a function which is directionally differentiable at a point
zo € X. If f is locally D-Lipschitz in a neighborhood of zo and if f'(xo;u) £p O for all
u € X and u # 0, then xg is a local efficient point of f.

Proof. Suppose the contrary. Then there exists a net of vectors {u;} with ||u;|| = 1, Vi
in a neighborhood of xy and a sequence {t;} with ¢; > 0, t; — 0 and w; — w as i — oo
such that f(xo + tiu;) <p f(zo). But f(zo + tiu;) — f(xo) = f(xo + tiu) — f(xo) + f(xo +
tiu;) — f(zo + t;u) <p 0. Since f is locally D-Lipschitz, there exists L € D such that for
sufficiently large 1,

—Ltillu; — ull <p fl@o + tius) — fxo + tiw) <p Ltillu; — ul|.
Then [f(zo + tiu) — f(x0)]/t: <p L||u; — u|| for sufficiently large i. Hence
f(@o + tiu) — f(z0)

f(zo;u) = lim <p lim Lllu; —ul =0,
31— 00 tz i—00

ie., f'(xo;u) <p 0, contradicting the assumption. Therefore, the conclusion of the proposi-
tion is true.

A D-convex function f is said to be proper if f(z) >p —oo for all x € X.

Definition 3.2. A wvector valued function f : X — Y is said to be a D-d.c. function
if and only if it can be written as a difference of two proper cone-convexr functions, i.e.,
f(x) = g(x) — h(z), where g and h are D-convex and proper vector valued functions.

Let g,h : X — Y be D-convex proper vector valued functions. Then the function
f:X =Y given by f(z) := g(x) — h(z) is a D-d.c. function on X and it is easy to verify
that f is locally D-Lipschitz at each points of X and is directionally differentiable on X
with f/(zo;u) = ¢'(zo;u) — b (xo;u), Yu,zo € X.

Consider the following D-d.c. optimization problem

(P) minimize f(z) s.t. z€ X,
where f = g — h and g and h are as above. We adopt in the sequel the convention +oo —
(+00) = +o0. To state the necessary condition for minimality we first define the strong
subdifferential of a vector valued function f at a point xg, denoted by 9 f (o), by

Osf(xo) :={T € L(X,Y)|T(x —x0) <p f(x) — f(zg) forall ze X}.
It is easy to show that
T € 0sf(zo) iff Tu<p f'(vo;u) forall weX.
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Applying the condition (3.1) one can see easily that for D-convex f, Jsf(zg) is non-
empty as it at least contains the directional derivative of f at the point zy. Note also that
05 f(xg) C Of(xo) for any zo at which f is subdifferentiable.

Theorem 3.1 (Necessary Condition). For f =g — h to attain its local D-minimal value
at a point xg € X, it is necessary that Osh(xo) C dg(zo).

Proof. If z( is a local minimum point for f, then there exists a neighborhood U of xg
such that f(z) £p f(xo) for all x € U, or g(x) — g(xo) £p h(x) — h(xg), Y € U.

But for T' € 9sh(xg) we have T'(z — x9) <p h(xz) — h(zg) for all z € X. Then one can
conclude that g(z) — g(zo) £p T(x — x0), or T € dg(xo).

For otherwise, if g(x) — g(zo) <p T'(x — x0), together with the relation T'(x — xo) <p
h(z) — h(zp) we will have

9(x) = g(xo) <p h(z) — h(zo),
which is a contradiction. Hence the theorem is proved.

Theorem 3.2 (Sufficient Condition). If 0sh(xo) C int Og(xo), then the criterion vector
Zo 1s a local efficient point for (P).

Proof. Let f(x) := g(z)—h(z) for all z € X. Then clearly f is directionally differentiable
on X and it is locally D-Lipschitz. From the assumption of the theorem, we have 9sh(zg) C
int 0g(zo), and from the relation (3.2) it follows immediately that

g (wo;u) £p W (zosu), Yue X, u#0.

Hence invoking Proposition 3.2 we have the conclusion of the theorem.

§¢4. Conjugate Duality in Cone D.C. Optimization

Let X be a real linear topological vector space and Y be a locally convex linear topological
vector space. Assume that Y is partially ordered by a pointed, closed, convex cone D which
has a nonempty interior. Let g and h be vector valued D-convex functions from X to Y.
In the next part we assume that the functions g and h are proper (note that, a D-convex
function p is said to be proper in X iff p(x) >p —oo for all x € X).

Now consider the D-d.c. optimization problem

(P) minimize f(z) s.t. ze€X.

Solving this problem means to find the set

D-Inf(P) = D-Inf{g(z) — h(z) | z € X}.

Let U C X be another locally convex linear topological vector space and U* be its dual
space. We introduce a special perturbation function ¢ : X x U — Y such that
o(x,u) =h(zx+u)—g(xr) forall (z,u)eX xU.
Then clearly ¢(z,0) = —f(z) for all x € X. For A € M := L(U,Y), the space of all linear
continuous operators from U to Y, let the Lagrangian of problem (P) be given by
—L(x,A) = D-Sup{Au — ¢(z,u) | ue U}
= D-Sup{A(z +u) + g(x) —h(z+u) — Az | u e U}
= h*(A) +g(x) — Az,

where h*(A) denotes the conjugate map of h. Now we put —J(A) := D-Sup |J L(z, A),
zeX
which is equal to g*(A) — h*(A). Then the dual optimization problem for (P) is written as
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(Dual) minimize h*(A) —g*(A), A€M,
which is equivalent to the formulation
(Dual) D-Inf |J [p*(A) — g*(A)].
AeM

We can observe the symmetry between the primal problem and the dual one. But since both
h*(-) and g*(-) are set valued maps the dual problem (Dual) is not a usual vector optimization
problem. However, it can be understood as determining the set D-Inf |J [A*(A) — g*(A)].

AeM
On the other hand,

D-Sup U [-L(z,A)] = D-Sup U D-Sup{Au — p(z,u) | u e U}
zeX zeX
= D-Sup U {Au+ 0z — p(z,u)}
(z,u)eX XU

=¢7(0,A).
Therefore, ©*(0,A) = h*(A)—g*(A). This will help us in proving the following weak duality
results. In the next theorem it is proved that any feasible value of the primal problem is not
above any feasible value of the dual problem.

Theorem 4.1. For any v € X and A € M, f(x) ¢ A(h*(A)
D-Inf(P) N A(D-Inf(Dual)) = ()

Proof. Suppose the contrary. Then there exists y € h*(A) — g*(A) such that y <p f(z).
But since

g*(A)) and thus

h*(A) — g"(A) = D-Sup U {Au+ 0z — p(z,u)},
(z,u)eXxU
y £p Au — o(z,u) for all w € U. In particular, if we put v = 0 and noting that f(z) =
—(z,0), it follows that y £p —p(z,0) = f(z), Yy € h*(A) — g*(A), which contradicts our
assumption. Hence the theorem is proved.
The above theorem assures us that for any z, f(x) € D-Inf |J [h*(A) — g*(A)]. If we
AeM

can find some Ag € M such that f(zg) € h*(Ag) — g*(Ag) for some g, then it means that
Ap solves (Dual). The next theorem reflects this fact.

Theorem 4.2. If xg solves (P), then there exists some Ag € M which solves (Dual).

Proof. If z( solves (P), then since f(z) = —¢(x,0), the same 2y solves the problem

(P min —p(o, 0).
Then there exists some Ay € M such that (0, Ag) € dp(z0,0). But this in turn implies that
(0, Ag)(z0,0)T — @(x0,0) € ¢*(0,Ag), which means that f(zo) = —p(z0,0) € ¢*(0,Ag) =
h*(Ao) — g™ (Ao).

Now assume that Ag does not solve (Dual). Then there exists A € M such that

(h*(A) = g"(A) N B (h*(Ao) — g"(Ao)) # 0.

Since f(xo) € h*(Ag) — g*(Ao), there exists y € h*(A) — g*(A) such that y <p f(zo). But
this contradicts the statement in Theorem 4.1. Hence Aq solves (Dual).

Corollary 4.1. If zy solves (P) and Ay € Osh(xg), then Ay solves (Dual).

Proof. From the assumption we have dsh(zg) C dg(zo), and the relation T' € 9f (xo) iff
Tag — f(z0) € J*(T) gives

g(wo) — h(zo) = (Aozo — h(x0)) — (Moo — g(w0)) € h*(Ao) — 9" (Ao)-



528 CHIN. ANN. MATH. Vol.24 Ser.B

That is, f(zo) € h*(Ao) — ¢*(Ao). Hence Ag solves (Dual).

Proposition 4.1. Let zg € dom f. If f(zo) € h*(Ao) — g*(Ao) for some Ag € M, then
xo solves (P) at least locally.

Proof. By the assumption we have

—¢(20,0) = f(x0) € h*(Ao) — g"(Ao) = (0, Ao),
which is equivalent to
(O, Ao) S 8@(%, O) (41)

Then from the relation —p(zg,0) = f(zo) and (4.1), we can see that 0 € df(z¢), or zg is a
local minimum of f(zx).
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