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Abstract

In this paper, the author studies the regularity of solutions to the Dirichlet problem for
equation Lu = f, where L is a second order degenerate elliptic operator in divergence form in
Q, a bounded open subset of R™ (n > 3).
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¢1. Introduction

The aim of this paper is to study the Dirichlet problem

Lu = —(a;jug;)e;, = f, inQQ,
{u =0, ' on 0f), (1.1)

where € is a bounded open subset of R* (n > 3), a;j(x) are symmetric, measurable and
there exists v > 0, such that for all £ € R" and a.a. x € R,

v w(@) | < aii(@)€€; < vw(a)lE, (1.2)
where w(x) is a suitable weighted function.

Compared with that of uniformly elliptic operator, w(z) in this situation may either
vanish, or be infinite, or both, and such operator will be called degenerate operator. There
have been a lot of classical results about uniformly elliptic equations. So it is natural to ask
whether there exist corresponding results for degenerate ones.

In 1960-70’s, De Giorgi-Nash’s theorem and Harnack’s inequality were extended to the
degenerate case by some peoplel® 11 14 151 They imposed some restrictions on the weighted
function w(x). In three important papers [6, 4, 5], E. B. Fabes, C. E. Kenig, D. Jerrison
and R. P. Serapioni studied the degenerate operator L with two kinds of weighted functions
and got many results. In their papers, w(z) belongs to Ay or QC. Here Ay is Muckenhoupt
class, and w(z) € QC means w(x) = |f/(x)|*~ =, where f : R — R" is a quasiconformal
mapping and | f'(x)| denotes the absolute of the Jacobian determinant of f. Since then, many
people have made further researches in degenerate elliptic equations!® 1> 161, Among them,
two classes of weighted Morrey spaces were introduced in [16], and they make it possible
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extending the regularity in Morrey spaces in uniformly elliptic case to that in degenerate
case.

In this paper, we consider the following two problems:

(I) What regularity property does the solution to (1.1) have for a given f?

(IT) What are the minimal conditions to be imposed on f to ensure given regularity of
the solution to (1.1)7

The solution we consider is a very weak one introduced in [10] because in general the
Dirichlet problem (1.1) does not have a weak solution under our assumption on f. Of
course, we will point out that the very weak solution to (1.1) is actually a weak one in
some conditions. We wish to say that the weighted function w(z) belongs to Az throughout
the paper. Finally, we say that our results extend the corresponding ones in [2, 3] to the
degenerate case.

§2. Preliminaries

In this section, we will give some definitions, spaces and known results. Because of the
local character of our results it is sufficient to assume Q = Bg/(0).

We give the definition of A, weight (or Muckenhoupt class) first.

Definition 2.1. Let w(x) > 0, w(z) € LL (R"), 1 < p < +o0. We say that w(z) is an
A, weight, which denoted by w(z) € A, if

su d ~5id _§C<+oo,
o QI/ Y IQI/ v)

where @) is a cube i R™.

Let w be an A weight, 1 < p < +00. We give the definitions of weighted Lebesgue spaces
and weighted Sobolev spaces.

LP(Q,w) is the space of measurable f in Q, such that

I flle.w) = (/Q |f(x)|ch(x)dm)% < +o0.

LP (Q,w) is the space of measurable f in Q, such that

£l

Obviously, LP(Q,w) C L2 (Qw) C L1(Q,w) (1 <g<p<+o0).
L>(Q,w) is the space of measurable f in , such that

1=y = inf @ > 0: w({o € Q: |f(2)] > a}) = 0} < +oc.

Lip(Q) denotes the class of Lipschitz functions in Q. Lip(£2) denotes the class of functions
f € Lip(Q) with compact support contained in Q. If f € Lip(Q2), we can define the norm

Il e @) = Ifllr@w) + IV FllLr@w)- (2.1)

H'P(Q,w) denotes the closure of Lip(Q2) under the norm (2.1). We say that f €
HEP(Qw) if f € HYP(Q,w) for every ' CC Q. HyP(Q,w) denotes the closure of Lipg(£2)
under the norm (2.1). And H—"?'(,w) is the dual space of Hy™”(Q,w), where % + % =1.

Next, we define some weighted spaces.

Definition 2.2.1'6 Let 0 >0, C > 0 and 0 < r < 2R, we define

w00 = {r e @) s [ 1561 ( o et <o)

zEN z—y| w

1
P (Qw) = [supt”w({x eQ:|f(x)] > t})} " < too0.
>0
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where Q.(x) = QN B.(x).
Definition 2.3.1'%! Let o € R, we define
2—0

w(By(x))

Above two spaces, called weighted Morrey spaces, were introduced by C. Vitanza and
P. Zamboni when they studied Holder continuity of solutions to degenerate Schrodinger
equations.

Definition 2.4.1316] Let n(r) be a nondecreasing function defined in (0, +00) such that
}i_r}r(l) n(r) =0, we set

D@ = {f e 10w Iflhe = sup
rxeQ

0<r<2R

[ 1wty < +oo}.
Qr(2)

s@.w) = {re @) s s [ i / T Yy <),

e z—y| W(Bg(x))
This space was introduced by C. E. Gutierrez and it is the classical Stummel-kato class

when w = 1.
Definition 2.5. We set

S(Q,w) = {fe LY, w) : sup/ﬂ(m f(y)|</4R &)w(y)dw +oo}.

“:isg z—y| w(BS (.’1?))
Definition 2.6. Let 1 <p < +o00. We set

@0 ={rer@w: [[[ i /R| )]

~w(z)dr < +oo  for some r > O}.

When p = oo, we define S™®(Q,w) = S(Q,w).

The classical Schechter classes were introduced by Schechter in [12] and [13] for different
reasons. SP(€2,w) are the corresponding ones in the weighted case.

We now give the definitions of weak solution and very weak solution.

Definition 2.7. Let p be a bounded variation measure on Q. We say that u € Hé’z(Q, w)
s a weak solution to the Dirichlet problem

Lu=yp, in$,
{u =0, on 052, (22)

if we have
/ AU, Gy = / ¢dp, Vo€ Hy*(Q,w).
Definition 2.8. We :ay that u € LlélQ,w) is a very weak solution to (2.2), if we have
/QuL¢ = /Qqﬁdu, Vo € Hy?(Qw)NC(Q) st Lpe Q).

Theorem 2.1.14 Let 11 be a bounded variation measure on Q. Then there exists a unique
very weak solution to (2.2).

Similarly to the uniformly elliptic case, we introduce Green’s function in the degenerate
case and give some basic propositions.

Definition 2.9. Let §, be the Dirac delta at y € Q. Then the very weak solution to the
Lu=4,, inQ,
u =0, on 0N
pole at y. We denote it by g(x,y).

Dirichlet problem { will be called the Green’s function for L and ) with
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Theorem 2.2. Let ju be a bounded variation measure on Q. Then u(x) = [, g(x,y)du(y)
exists almost everywhere, moreover u is a very weak solution to (2.2).
Theorem 2.3. There exist constants C; and Co such that for any x,y € Q, we have

4R sds 4R sds
@ /| o) S ImY =C /| SBD)

Proofs of the above theorems and other properties of g(z,y) can be seen in [4].
Finally, we give three important propositions of Ay weight.
Proposition 2.1. There exists C > 1 such that

w(Bar(2)) < Cw(B,(x)). (2.3)
Proposition 2.2. There exists M < 1 such that
w(Br(z)) < Mw(Ba,(x)). (2.4)
Proposition 2.3. Let 0 < 2py < po. Then there is a constant C7 > 0 such that
P2 sds 03
— > —. (2.5)
/pl w(Bs(z)) w(By, (1))
Let 0 < p1 < p2, M < 1/4 (M is the constant in (2.4)). Then there is a constant Co > 0
such that
P2 sds 03
— < Cy————. (2.6)
/pl w(Bs(z)) w(By, (z))

Proofs of Propositions 2.1 and 2.2 can be seen in [7] and we can find the proof of Propo-
sition 2.3 in [16].

§3. Regularities I

In this section, we solve the problem (I) mentioned in Introduction. Now we give our
results.
Theorem 3.1. Let f/w € L7 (Q,w), 0 < 0, M < 1/4 (M is the constant in (2.4)). Then
2

the very weak solution u to (1.1) belongs to L (Q,w). In particular, v € LP(Q,w) (p <
ﬂ)

’Proof. By Theorems 2.1 and 2.2, we have
uw) = [ s @)

Then
fu(z)] < / o, )| £ ()| dy
Q
- / o) ()l dy + / o, 9) £ () ldy
{ye:|z—y|<e} {ye:|z—y|>e}
=I; + 1.
Set

Rr={yeQ:27"le<|z—y| <27 %, ke Z-},
={yeQ: e < |z —yl <2 ke Z-).
Then by Theorem 2.3,

> > 4R sds
i<y [ swoioiwse [ ([ )il

2—k—1¢ W( s
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And by (2.6), we get
2 k— le

2
) <CZ B . @y < O ),

1
where M, (f) = sup ——=— / |flw. The last inequality uses the double condition (2.3) of
r>0 w(By) B,

w.
Similarly, we have

B o e
SO A ([ ke )isway

- (2R)?
<O ) /R 1wl
<0y (2R)If < Ce| f/wllo-

>
Il
=)

o .
, we obtain

Choosing € = [M:ZJJJI/IWC’)} o=

ju(z)| < C [My,(f/w)] 7 ||f/uJH
Thus

thqw ({x € Q:|u(z)| >t})
<1 w({r e Q: Mu(f/w) > O fJwlF))

< Collf ol E gy 1 /-

The last inequality holds true because M, is weak type (1,1).

And this completes the proof.

Remark 3.1. The assumption M < 1/4 in Theorem 3.1 contains the case w = 1. That
is to say, Theorem 3.1 is the corresponding extension of Theorem 2.1 in [2] which is in the
uniformly elliptic case. So are the following theorems.

Theorem 3.2. Let f/w € LY9(Q,w), M < 1/4. Then the very weak solution u to (1.1)
is in BMOjoc(Q, w), i.e., V' CC Q, d = dist(¥,09), 3C = C(d) > 0 s.t. VB, (x0), zo € &,
0 <r<d/2, we have

1

w(Br(20))

where up, (3,) = m fBr(xo) u(z)w(z)dz.
Proof. Set B = B,(xg), Bx = BQT(xo) f1 fXB*, fo=f(1—xgB,). Then u = uy + uq,
where uy(z) = [, 9(x,y) f1(y)dy and uz(x) = [, g(z,y)f2(y)dy are the very weak solutions
Lu; = f1, in Q, Luy = fo, inQ,
to { Uy 1: O,f1 on 0f) and {uQ 2: O,f2 on Of)
We now estimate the BMO norm of u; and us.

/ () — up, (o |w(@)dz < C|f /o]0,
B, (z0)

respectively.
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As for uy, we have

1
m /B lug(x) — uy 4 |w(x)de < 2)uy|p

<ot | (o niswiay)eteis
2

= o7 |, 110 [ otwpetayas)ay

Set
R,={ye€B.: 27" 3r <|z—y|l<27"3r ke Z-}.
We get
[ stewu@is <3 [ g
k=0 " 1k
oo 4R
sds
<C / / ——— Jw(z)dx
kz:;) Ry, ( 2-k=13p w(Bs(x))) )
< 0247’“7’2 < COr2.
k=0
Thus

fW)ldy < C|[f wllio0-

L ulr) —u wl\T)ax Tz
57 [ () = ety < 0

3
Bl
z

S

Next, we estimate for us.
ﬁ /B g (2) — ug,, |w(z)de
=aw LlL, sm st s [ (] o sway)eeisfuas
- w%B / | /Q\B [9@@/) - ﬁ /B 9(z y)w(2)d2] f (y)dy|wo(@)da
), /Q\B* )= =57 [ 9| ) () da
- /Q [ /B o)~ 5 [ ot tzfoteia]a

= I+11,

\ /\

where I and II represent the integrals on ; and Q¢ respectively. Here, we set Q4 = {y :
ly — 2ol < d} N (Q\ By) and Q7 = {y : [y — zo| > d} N (2 B.).

We estimate the integral on ), first.
When restricted to B, g(-,y) is a weak solution of Lu = 0. So using Theorems 2.3.12 and
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2.3.8 in [6], we have

/ s / (2, y)oo(2)dz|wo(a)da

13) /(& / \9 r0) — gl D) ) )
! 1 1 ) 1/2
w(B) /B [w(B) [‘3 (W(Blyfzo\)u'o) /B|y_m0(zo)g(x7y) w(x)dx)

|a=z
SC@/E [ﬁ/Bg(a:o,y)(m)aw(z)dz]w(x)da:

= Crg(zo,y)|y — wo| ™.

| /\

IN
Q

‘w )dz} (z)dx

Set
Qar = {y €Qy: 2Fr< ly — xo| < 2kl ke N}.
Then we get

<cro Z/ Wll9(zo,9)lly — ol ~*dy

sds ko —a
cors [ /Qk )
<0y /Q ) f<y>|w(f§i L2y

—ka ’/‘)2
<czz e [ L
SC||f/w||1,0-

Next, we estimate the integral on Q9.
For any = € B, we have

|z —y| > |zo — y| — | — xo| > |x0 —y| — r > d/2,

R ods Cd?
g9(z,y) < /d/2 w(Bs(x)) = w(Byy2(z))

then

So we have

E/B‘g(x’y)_ ﬁ/jgg(z,y)w(z)dz w(z)dzx

Cd> w(z)dx
= w(B) /B w(Bgya(x))
oe
= w(By/a(o))’
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The truth of the last inequality is due to

W(Bgy2(20)) < w(Bajat|e—ao| () < w(Ba(r)) < Cw(Bgsa(z)).
Thus
Cd?

s gy L 1@l < cl ol

This completes the proof.

Theorem 3.3. Let f/w € S(Q,w). Then the very weak solution u to (1.1) is in L>(Q).
Proof. We have

lu(z)| < / oz, )| £ ()| dy
Q
4R sds
< C/Q f(y)l(/w_yl —W(Bf(x)))dy

<csp [Wo( [ o

z€ r—y| W
wSo vl

Remark 3.2. L (Q,w) = L*°(Q) because wdx and dz are absolutely continous mutually.
So L*°(€) in Theorem 3.3 can be replaced by L (£, w).

Theorem 3.4. Let f/w € S(,w). Then the very weak solution u to (1.1) is continous
in Q.

Theorem 3.5. Let f/w € My(Q,w). Then the very weak solution u to (1.1) is locally
Holder-continous in €.

Proofs of the above two theorems are very close to those of Theorems 3.1 and 3.2 in [16]
if we substitute f for Vu. So we omit the proofs.

Remark 3.3. By Lemma 3.3 in [8], we know that f/w € S(Q,w) = f € H 1?(Q,w).
And from definition, M, (Q,w) C S(Q,w). Then by Theorem 2.2 in [6], when f/w € S(,w)
or My(2,w), (1.1) has a unique weak solution and the very weak solution to (1.1) is the
weak one.

Remark 3.4. In order to see how the regularity of the solution to (1.1) changes under
the variation of f, we give the containing relations of the spaces appearing in the above
theorems. We have

M,(Q,w) C S(Q,w) C S(Q,w) C LM(Q,w) c LY MQ,w) (A <0),
where S(Q,w) € LY°(Q,w) demands M < 1/4.

§4. Regularities 11

In this section, we solve the problem (IT) mentioned in Introduction.

We give two propositions of weighted Schechter class SP(Q,w) first.

Proposition 4.1. Let M < 1/4, 1 <p < -25. Then SP(Q,w) = L'(Q,w).
Proof. By Remark 2.13 in [16], if 0 < 2 — 2n, we have L7 (Q,w) = L}(Q,w). Set

100 = [1l( [ e Yt

Then if f € L'(Q,w), we can get

I(f) e L*(Q,w) (1 <p< UT)
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by using Theorem 3.1. o < 2 — 2n implies "T_Q < 74, 80 we get

fe 8P, w) (1 <p< nfl)

Proposition 4.2. Let M < 1/4. Then S*°(Q,w) C LY°(Q,w) C ﬂ SP(Q,w).

1<p<oo

Proof. Definition implies S(Q,w) = S(2,w). And we have S®(Q,w) C L19(Q,w) by

Remark 3.4.

Now we prove the second containing relation.

o—2
e LYY (Q,w) implies f € L1 (Q,w) (Vo < 0). By Theorem 3.1, I(f) € L,° (Q,w). By
Proposition 4.1, when 1 < p < =, SP(Q,w) = L*(Q,w). So we will only consider the case
of - < p < oo. Because of 1 < 222 < o0, I(f) € LP(Q,w) (327 < p < 00) and so we have

fesSP(Qw) (1<p<oo).

We now give our results of regularity.

Theorem 4.1. Let f/w € L' (Q,w), M < 1/4 and u € L*(Q,w) be a very weak solution

to (1.1). Then

ueL?

loc

(Quw) <= flwe S (Qw) (1<p<ox).

loc

Proof. We first prove the theorem in the case f > 0. Let K be a compact subset of 2.

If u € LP(K,w), then

[ s = [ ([ swnrwa) o
2/}((/Q (z)g(%y)f(y)dy)pw(x)dx-

We have the following conclusion: let M < 1/4, z € Q and |z — y| < 3dist(z,00) = 1d,,

then
4R sds

g(x,y) > C o B

In fact, Theorem 4 in [5] implies

da sds

g(x,y) > C o B

And by (2.5) and (2.6),

/dz Sds |l' _ y|2 /4R SdS

> >C —
o) @Bo@) — @By @)~ Sy @(Ba(@))
So we get the conclusion.

If we choose r > 0 such that r <

p R sds P
/K|u(x)| w(z)dz > C/K [/QT(I)f(y)(/H| m)dy] w(z)dz.

So, u e ¥ (Qw)= f/weSt (Quw).

loc loc

ist(K,00
SO o aye
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Now the converse. For r > 0,

u() = /Q oz, 9) f(y)dy

4R sds

<O ! (y)</$_y| )™

4R sds
e {yely—=|>r} f(y)(/u_y m)dy

=I41IL
f/w € SP(K,w) implies Ie LP(K,w).

For II, we have

Cr? |
< oJ(BT(x))/Qf(y)dy
< C(w, Q|| f fwll L1 ()

where the last inequality holds true because of Lemma 2.1(c) in [16] and we get IT € LP(K, w).
So

flwe St (Qw)=uelLl

loc (Q7 UJ).

For general case, we write « = ut — u~, where u™ = max(u,0) and v~ = — min(u,0).
Then we have ut € L'(,w). Set Lu™ = f*. We obtain f* > 0 and f = f* — f~ from
weak maximum principlel®! as well as Theorem 2.1. Thus, using the result in the case f > 0,
we complete the proof.

Remark 4.1. Let 1 < p < 0o, we define weighted L-Schechter class as
P
ST(Q,w) = {f € L' (Quw): /Q [/Q . |f(y)|g(;v,y)w(y)dy} w(x)dzx < oo for some r > 0},

where g(z,y) is the Green’s function for L and .

Using S7 (2, w) to take the place of SP(2,w) in Theorem 4.1, we could get a similar result
of global nature.

The following theorem shows that Theorem 4.1 still holds true for p = +o0.

Theorem 4.2. Let f/w € L' (Qw), M < 1/4 and u € L'(Q,w) be a very weak solution
o (1.1). Then

u € L (Q) <= f/w € Sioe(Q,w).

Proof. Just as in the proof of Theorem 4.1, we only need to prove the case f > 0. Let K
be a compact subset of Q, z € K and |z —y| <71 < %dist(K, 09). Applying the conclusion
in the proof of Theorem 4.1, we have

4R sds
/| R /| U L e
< Cu(z) < Cllullpe(x)-
So
ue LE(Q) = f/w € Sioe(Q,w).

The sufficient part can be found in Theorem 3.3.
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Theorem 4.3. Let f/w € L*(Qw), M < 1/4 and u € L'(Q,w) be a very weak solution
to (1.1). Then

u€ C%N) <= f/w € Sipe(Q,w).
Proof. Just as in the proof of Theorem 4.1, we only need to prove the case f > 0. Let

un(z) = / f@g(x,y)dy, > 0.
{ye:|z—y|>r}

We have
FW) 9@ )X a—y1>r @) — 920 Y)X {|2o—y>r} V)]

AR ods AR sds
=0f (y)(/r o(B.(2) +/T SBa)
< Clw, Qr*~*" f(y) € L*(Q).

By dominated convergence theorem, we get lim w,(x) = w,(xg), which means u,(z) €
Tr—xo

C°(Q2). Moreover 0 < u,(z) < u(z) and u,(z) — u(z) monotonically for every = € Q. If K

is a compact subset of ), then by Dini’s theorem we get

sup (u(x) — up(x)) = sup / (@) g y)dy — 0.
zeK zeK JQ,.(z)

Choosing r < 3dist(K,99), we have
4R
sds
sup/ f(y / ———— |dy — 0.
S LAY M x),

u € C%N) = f/w € Sine(Qw).

The sufficient part can be found in Theorem 3.4.

Lemma 4.1. Let f/w € L'(Q,w), f > 0 and u be a bounded very weak solution to (1.1).
Then u is the weak solution to the same Dirichlet problem.

The proof is very similar to Remark 4.6 in [3], so we omit it.

Lemma 4.2. Let f/w € LY(Qw), f>0,0< a <1 and u € C*(Q) be a very weak
solution to (1.1). Then we have

/ Vu|?w < C{?‘a/ f+ Tza_Qw(Br(JUO))}
By (z0) Bz (o)
for all By, C Q.

Proof. We can prove this lemma by Lemma 4.1 in [16] and Lemma 4.1.
Theorem 4.4. Let f/w € LY(Q,w), M < 1/4 and u € L*(Q,w) be a very weak solution
to (1.1). Then we have

u € C¥Q) = f/we LM (Q,w) 0<a<l).
Proof. Just as in the proof of Theorem 4.1, we only need to prove the case f > 0. We
can get the necessary part by Theorem 4.2 in [16] and Lemma 4.2. And we can get the
sufficient one by Theorem 3.5 and the fact that L1*(Q,w) C M, (2, w) when M < 1/4.

Remark 4.2. We would not need the assumption M < 1/4 when we get the part
ue C%(Q) = f/we LY*(Q,w) in Theorem 4.4.

So
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