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Abstract

The author presents an extension of the Atiyah-Patodi-Singer invariant for unitary
representations [2,3] to the non-unitary case, as well as to the case where the base
manifold admits certain finer structures. In particular, when the base manifold has
a fibration structure, a Riemann-Roch theorem for these invariants is established by
computing the adiabatic limits of the associated n-invariants.
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§ 0. Introduction

Let M be an odd dimensional closed oriented manifold. Let p be a unitary represen-
tation of the fundamental group of M. By using their n-invariant, Atiyah-Patodi-Singer [2,
3] introduced an R/Z-valued smooth invariant associated to p. One of the purposes of this
paper is to propose an extension of this invariant to the case of non-unitary representations,
as well as to the case where the base manifold may admit certain finer structures.

To simplify the presentation, we work in the real category. Thus, let M be an odd
dimensional closed oriented Riemannian manifold with Riemannian metric ¢”. Let F be
a real flat vector bundle over M with flat connection V¥. Let ¢! be an Euclidean metric
on F. Then F admits canonically an Euclidean connection V¢ (cf. [10, (4.3)]).

Let E be an even dimensional oriented sub-bundle of the tangent vector bundle TM.
Then TM/E carries an induced orientation.

With these data in hand and by proceeding similarly as in [18, 19], we can construct a

first order elliptic differential operator DII;I/E sig acting on C°°(M; AV (T M) ® F), which
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we call a (twisted) sub-signature operator associated to TM/E. In particular, when E = 0,
it is just the usual (real) signature operator twisted by the Euclidean vector bundle (F, V>¢).
Furthermore, one verifies easily that D]{'} /E.sig is formally self-adjoint (resp. skew-adjoint) if
dim(TM/E) = 4k + 3 (resp. 4k + 1) for some k € N.

In the case where dim(T'M/E) = 3 mod 4Z, we denote by

dim (ker DE o)+ (DL )

ﬁ (DJF\}/E,sig) = 2 (01)
the reduced n-invariant of DI} /B sig 11 the sense of Atiyah-Patodi-Singer [1].
Let Rj,s denote the trivial line bundle over M with the trivial metric and the trivial

flat connection. We will denote the corresponding operator D]\R/ijE sig by D/ sig-

We can now state the following easy result.

Theorem 0.1. (a) If dim(TM/E) =1 mod 4Z, then
$(M/E, F) = dim (ker DE, /E,Sig) € 7/2Z

does not depend on g™™ and g*';
(b) If dim(TM/E) =3 mod 4Z, then

O(M/B, F) =7 (Dfi .5 ) — (dim FY(Dat/ i) € R/Z
does not depend on ¢™™ and g*.

The smooth invariant in Theorem 0.1(a) may be viewed as an example of the Atiyah-
Singer mod 2 index (cf. [4]) for skew-adjoint elliptic operators. On the other hand, when E =
0 and V¥ preserves g7, the smooth invariance of ¢(M/FE, F) in Theorem 0.1(b) was proved
by Atiyah-Patodi-Singer in [2, 3]. Furthermore, one obtains in this case a refined R-invariant
(cf. [2]). However, for the general case where V' may not preserve g%, dim ( ker Df/l/E,sig)
may well jump so that one only gets R/Z invariants. From the other point of view, when
VF preserves g, the invariant ¢(M/E, F) in Theorem 0.1(b) may be viewed as an example
of the Atiyah-Patodi-Singer invariant defined in [3, Proposition 2.14].

Recall that Atiyah-Patodi-Singer [3] also have an extension of their invariants to C/Z-
invariants for non-unitary flat vector bundles. Clearly, our generalization is not identical
with theirs.

Now let Z — M = B be a smooth fibration of even dimensional closed manifolds
Zy, b € B, over an odd dimensional closed oriented manifold B. We make the assumption
that the vertical tangent vector bundle T'Z is oriented. Then T'M carries a canonically
induced orientation.

Let F be a flat vector bundle over M. Then F' induces canonically a Z-graded flat
vector bundle H*(Z, F|z) over B (cf. [9, Section 3f)]).

One can then construct various smooth invariants as in Theorem 0.1. Our second main
result establishes a relationship between these invariants.
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Theorem 0.2. The following identity holds,

dim Z dim Z
$(M/TZ,F)= Y (-1)'¢(B,H(Z,F|z)) —tk(F) Y_ (-1)'¢(B,H'(Z,Rz)). (0.2)
1=0 1=0

Theorem 0.2 may be thought of as a Riemann-Roch type theorem for these generalized
Atiyah-Patodi-Singer invariants.

We prove Theorem 0.2 by using the methods and techniques of Bismut-Cheeger [6, 7]
and Dai [13] to evaluate the adiabatic limits of the associated reduced n-invariants, under
the procedure of enlarging the metric on B.

Theorems 0.1 and 0.2 can be extended easily to the case of complex flat vector bundles,
with the obvious replacement of the mod 2 indices by the corresponding reduced n-invariants.
Furthermore, when TM/FE is spin we can construct smooth mod Z invariants by using
the sub-Dirac operators studied in [16], and prove the corresponding Riemann-Roch type
theorem for the fibration case. See Section 3 for more details.

This paper is organized as follows. In Section 1, we construct the sub-signature opera-
tors associated to sub-bundles of the tangent bundle of a manifold, as well as to flat vector
bundles. We also construct the corresponding generalized Atiyah-Patodi-Singer invariants
and prove Theorem 0.1 in this section. In Section 2, we apply the methods and techniques
of Bismut-Cheeger [6, 7] and Dai [13] to prove Theorem 0.2. In Section 3, we discuss the
extensions and analogues mentioned above for the case where TM/E is spin.

This paper was first written in 1998. We here submit in its original form. Some minor
corrections suggested by the referee have been adopted.

8§ 1. Sub-signature Operators and the Generalized
Atiyah-Patodi-Singer Invariants for Flat Vector Bundles

The purpose of this section is to construct the objects involved in Theorem 0.1 and to
prove Theorem 0.1. By this one gets a series of smooth invariants for flat vector bundles
generalizing those of Atiyah-Patodi-Singer [2, 3].

This section is organized as follows. In (a), we recall some algebraic preliminaries.
In (b), we construct the corresponding sub-signature operators. In (c), we prove certain
Lichnerowicz type formulas needed for the proof of Theorem 0.1. In (d), we prove Theorem
0.1. There is also an appendix to this section in which we prove a regularity result for the
n-function of sub-signature operators.

(a) Algebraic Preliminaries

Let V be an oriented Euclidean vector space of dimension n. If e € V, let e* €
V* correspond to e by the scalar product on V. If e € V, set c(e) = e* A —i. (resp.
c(e) = e* A +i.), where e*A and i, are the standard notation for the exterior and interior
multiplications acting on the (real) exterior algebra A*(V*). If e, ¢/ € V, the following
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identities hold,

If we view
/\*(V*) _ /\even<V*> @ /\odd(v*)

as a Zg-graded space, then c(e), ¢(e) are odd elements of End(A*(V™)).
Let e1,...,e, be an oriented orthonormal basis of V.

Proposition 1.1. Among the monomials in terms of c(e;)’s and ¢(e;)’s, only the term
cler)c(er) - clen)clen) has a nonzero supertrace. Moreover,

Trs [e(er)e(er) - - - clen)clen)] = (—=2)™. (1.2)

For a proof of (1.2), see [10, §4d)].
We now assume n = 2m + 1.
Let ¢°44(V) be the algebra generated by monomials of the form

cr,g =c(eiy) (e, )c(es) - cles), (1.3)

where both k and [ are odd integers. Then c®94(V) preserves A®Ve"(V*) and A°4d(V*). We
will view ¢°44(V) as a subalgebra of End(A®V*"(V*)) (resp. End(A°44(V*))).

Proposition 1.2. Among the elements of the form (1.3) in ¢*44(V), only the term
c(er)cler) - - - c(en)clen) has a nonzero trace on NV*(V*) (resp. A°44(V*)). Moreover,

TV e(er)eler) - - - elen)El(en)] = —22™ (1.4)
(resp. T [e(er)eler) -+~ elen)elen)] = 22™). (1.5)

For a proof of (1.4), see [19, Section 1]. (1.5) follows from (1.2) and (1.4).

(b) Flat Vector Bundles and the Sub-signature Operators

Let M be an oriented closed manifold of dimension n. Let E be an oriented sub-bundle
of the tangent vector bundle T'M.

Let ¢”™ be a metric on TM. Let g be the induced metric on E. Let EL be the
sub-bundle of T'M orthogonal to E with respect to ¢”™. Let gEL be the metric on E+
induced from g7™. Then (T'M, g"™) has the following orthogonal splittings,

TM=E®E+, ¢™=¢%qq" . (1.6)

Clearly, E+ carries a canonically induced orientation. We identify the quotient bundle
TM/E with E+.

Let F be a (real) flat vector bundle over M. Let g¥" be an Euclidean metric on F.

Let

N(T*M) = é AY(T*M)
=0
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be the (real) exterior algebra bundle of T*M. Let

O'(M,F) =@ (M, F) = P C®(M; \'(T*M) ® F)
i=0 i=0
be the set of smooth sections of A*(T*M) ® F. Let * be the Hodge star operator of g7™. Tt

extends on A*(T*M)® F by acting on F as identity." Then Q*(M, F) inherits the following
standardly induced inner product

(o, B) :/ (a AP, a, B€Q(M,F). (1.7)
M
Denote k = dim E+. Let fi,---, fx be an oriented (local) orthonormal basis of E*.
Set
(B g™ ) = el e, (18)

Clearly, E(EJ-, gEL) does not depend on the choice of the orthonormal basis.
Let

€= Id/\even(T*]w)(gF — Id/\odd(T*M)@F

be the Z,-grading operator of
AN(T*M) @ F = AT*M) @ F & A\°YT* M) ® F.

Set
T(M,gEi> :eE(EJ‘,gEL). (1.9)
One verifies easily that

T (M,gEL)Q = (—1)"F (1.10)

Thus, when k = 0 mod 4Z, (M, gEL) defines a Zy-grading of A*(T*M) ® F. In this case,
we will denote by

As (T*M, gEL,F) - {w eN(T*"M)®F, 7 (M, gEL) w = iw} (1.11)

the (even/odd) eigen-bundles of T(M, gEL) and by Q4 (M7 gEL , F) the corresponding set of
smooth sections.

Let V¥ be the flat connection on F. Let d¥ be the obvious extension of V¥ on
(M, F). Let 6% = d¥* be the formal adjoint operator of d¥" with respect to the inner
product (1.7).

Let ﬁf/[ /i be the differential operator acting on O*(M, F) defined by

DL,y = % (a (EJ‘,gEl) (dF + 6F) + (=1)*(dF + 5F)E(El,gEl)) . (1.12)

'In what follows, whenever we extend an endomorphism of A*(T*M) to A*(T*M) ® F, we mean that it
is extended by acting on F' as identity.
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Then one verifies easily that
f)ﬁ/ET (M, QEL) =-7 (M’ QEL) 55/[/&
(Dfiye) = (15 DY, (1.13)
where (ﬁﬁ/E)* is the formal adjoint of ﬁﬁ/E with respect to the inner product (1.7).

Definition 1.1. The sub-signature operator Dﬁ/E sig With respect to (E,g™ F) is
defined as follows:
(a) if imTM/E is odd, then

DY g s = Dhpjp - Q" (M, F) — Q™ (M, F); (1.14)

(b) if dimTM/E =0 mod 4Z, then

D]\F4/E,sig = ‘55]/E : Q+ (MngLaF) — Q- (MngL7F> . (115)
From (1.10)—(1.13), one sees that DJIC[/E’Sig is well defined. In particular, if dimTM/E
= 1 mod 4Z, D]F\/‘[/E sig is formally skew-adjoint, while when dimTM/E = 3 mod 4Z,

Dﬁ/Evsig is formally self-adjoint.

Remark 1.1. When both dim M and dim E are even integers and F' = Ry, the
trivial line bundle over M with the trivial flat connection and the trivial flat metric, the
sub-signature operators, in a complexified form, were constructed in [18]. While when
dimTM/E =1 and F = Ry, the sub-signature operator has been constructed in [19].

Example 1.1. If one takes £ = T'M, then one has DI\F/[/ESig = dF + 67, which is the
de Rham-Hodge operator studied for example in [10]. While if E = 0 and F = Ry, one
gets the usual (real) signature operator. Thus, in some sense, the sub-signature operator
unifies the de Rham-Hodge operator and the signature operator.

(¢) A Lichnerowicz Type Formula for Sub-signature Operators

We first recall some basic facts from [10, Section 4] concerning the flat vector bundle
F.
Thus as in [10, (4.1)], set

w(F,g") = (¢") 'V g", (1.16)

1
vie =vF 4 5W(F,gF). (1.17)

Then V¢ is an Euclidean connection on (F, g').

Let VA (T"M) he the Euclidean connection on A*(T*M) induced canonically by the
Levi-Civita connection VI of 7M. Let V¢ be the Euclidean connection on A*(T*M) ® F
obtained from the tensor product of VA (T"M) and Ve,

Let €1, -, edim m be an oriented (local) orthonormal basis of TM. The following result
was proved in [10, Proposition 4.12].
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Proposition 1.3. The following identity holds,

dim M 1 dim M
d" +6" =" cle)Ve, - 3 > ei)w(F, g™ (ei). (1.18)
1=1 =1

Now recall that E is a sub-bundle of TM and that we have the orthogonal decompo-
sition (1.6) of TM and the metric g7, Let PF (resp. PEL) be the orthogonal projection
from TM to E (resp. E+).

Set

VE = pEyTMpE  yE' _ pEryTMpE" (1.19)
Then V¥ (resp. VEL) is an Euclidean connection on F (resp. EJ-). Let VA (E7) (resp.
VA*(EL'*)) be the Euclidean connection on A*(E*) (resp. A*(E1*)) induced canonically
from V¥ (resp. VEL).

Let S be the tensor defined by

VM —vF L vF 4. (1.20)

Then S takes values in skew-adjoint endomorphisms of T'M, and interchanges E and E*.
Let fi,---, fx be an oriented (local) orthonormal basis of E+. We will use the greek
subscripts for the basis of E.

Definition 1.2. Let V&E" be the connection on AN (T*M) @ F defined by
1 F
e,E .
v -3 Z afa), X €C®(M;TM). (1.21)

One verifies that V£ is still an Euclidean connection on N(T*M)® F.
Set I =dim M — k. Let hy,---,h; be an oriented (local) orthonormal basis of E.

Proposition 1.4. The following identity holds,

dim M l
By = (B g™ ) (X cledVe - 33 ahePgN ). (122)

Proof. From (1.1), (1.12) and Proposition 1.3, one verifies directly that

. L dim M 1 l
Dfye =2(E50") ( D eV, — 5 2 el g")(h))
(—1)F = N Ml B
i Y e )(v e (E g )) (1.23)
=1

Lemma 1.1. For any X € C®°(M;TM), the following identity holds,

vy 0 (B g7

k
= (B 0" S ASX) )il ). (1.24)

a=1
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Proof. By (1.20), one deduces that

v/\ (T" M)~ (El,gEL>

N e (B g ) S S0 el (1.25)

a=1

Now since
E(El,gEl)Q = (-1)" 7, (1.26)
one has
(Vi e (et ) o (Bt o)

+/C\<EJ‘,gEL> ( SEET) 6<EL EL)) 0. (1.27)

From (1.27) and (1.1), one deduces easily that
vﬁ(*(El’*)E(El,gEl) —0. (1.28)

(1.24) follows from (1.25) and (1.28).
(1.22) follows from (1.23), (1.24) and Definition 1.2.

Definition 1.3. Let Dﬁ/E be the operator acting on N*(T*M) ® F defined by

dim M l

Diyp= > VP — 3 S el )ulF, ") (hy). (1.29)

i=1 j=1

Then one verifies that D]}\} /B is a formally self-adjoint elliptic first order differential
operator. Furthermore, by (1.22) the following identities hold,

~ L —~ L
Blyp =2 (F5 0" ) Dle = (DR (5405) .

Let A“E" be the Bochner Laplacian

dim M

asEr = 3 (V;El)z - Vg’g;ei). (1.31)

i=1

Let K be the scalar curvature of (M, g7™). Let RT™ RF RE" be the curvatures of
VIM vE VE" pespectively. Now we can state the following Lichnerowicz type formula for

F2
Dy
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Theorem 1.1. The following identity holds,
L dlm]VI
Dy = —A%F +——f >« w(F,g"))*(eire5)
4,5=1
dlrnM
re ) 5 (R (eire)fo fo ) clei)e(e))ofa)el )
i,j=1 a,f=1
1 dimM 1
o Y Y (RP(ei ej)he ho)ele)ele)elhs)ehe)
i,7=1 s,t=1
1 1
+ 7 2_WF ") ()" + 3 > ahi)ehy) (w(F, g7)? (his hy)
j=1 ij=1
p dimM
—1 > elenehy)(VEw(F, ") (hy) + Vi, w(F, g")(e:) (1.32)
i=1 j=1
Proof. Set
dim M N
D= 3" c(e)VET (1.33)
i=1
From (1.20), one deduces that, for any X € C°(M;TM),
VX (TTM) _ v?(*(E*)
L. dimM
+ VA (B2 4 i Z (S(X)es, ;) (c(ei)c(ej) —cles)eley)), (1.34)
i,j=1
from which one has
( Iy
/\ T* M) &
5 z:: c(S fa fa)
o E‘J- 1 dim M
=V PV T ST (S(X)es eg)elen)e(es) (1.35)
i,j=1
Also, by [10, (4.6)] one has
(VI9)? = =S (w(F.g"))*. (1.36)

From (1.20), (1.21), (1.31), (1.35), (1.36) and the definition of V¢, one deduces easily

the following extension of Lichnerowicz’s formula (see [15]),

02 _ _ AeE* EildimM N ENCY
(D) ASF + 173 Z c(ei)e(e;)(w(F, g" )" (e, e;5)
ij=1
1dimM k i
g 2 D (RE (enei) o fa ) eled)eles U2 n)
ij=1 a,f=1
dim M 1

(1.37)
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From (1.1), (1.29), (1.33), (1.35), (1.37) and proceeding similarly as in [10, (4.33),
(4.34)], one gets (1.32).

Remark 1.2. When F = TM, Theorem 1.1 was proved in [10, Theorem 4.13].

(d) The Generalized Atiyah-Patodi-Singer Invariants for Flat Vector
Bundles

We assume from now on that M is of odd dimension.
We first restate Theorem 0.1 for convenience.

Theorem 1.2. (a) If dim(TM/E) = 1 mod 4Z, then dim ( ker Dﬁ/E’sig) mod 2Z does
not depend on ¢g"™ and g*';

(b) If dim(TM/E) = 3 mod 4Z, then 7(Dyy/p ) — (dim F)7(Dar/ g sig) € R/Z does
not depend on ¢g"™ and g*'.

Proof. (a). From (1.13), (1.14), one knows that when dim(7TM/E) = 1 mod 4Z,
DJICI/E’Sig is formally (real) skew-adjoint. Thus dim ( ker Df/[/E’Sig) mod 2Z is the mod 2
analytic index of Dﬂ /E.sig in the sense of Atiyah-Singer [4], which clearly does not depend
on the metrics g”™ and ¢ used in its definition.

(b). We assume k = 4m+3. Then [ = dim M —k = dim E is even. Set M = M x [0, 1].
Denote by 7 : M x [0,1] — M the canonical projection. Then (7*F,7*V") is canonically
a flat vector bundle over M. At the same time, 7* E' is naturally a sub-bundle of ™ , the
tangent vector bundle of M.

For clarity, we use M (%), i = 0 or 1, to denote the boundary copy of M at i. Thus one
has the decomposition

OM = M(0) U (—M(1)), (1.38)
where —M (1) means the inverse orientation with respect to that of M(1).

Let g"M (i) (resp. g% (7)), i =0 or 1, be a Remannian metric on TM (i) (resp. F|ps(s))-

We denote by D]F\/I/E,sig(i) the corresponding sub-signature operator on M (7).

Let v : [0,1] — [0,1] be a nonnegative function such that it equals 0 near 0 and equals
1 near 1. Then

g™ =dt? ® (1 —~(1)7"g"™(0) +v(H)m g™ (1)) (1.39)
(resp. g™ "= (1= ~(1)7"g" (0) +~(t)n"g" (1) ) (1.40)
defines a metric on TM (resp. m*F'), which is of product nature near the boundary of M.

Now as dim(TM/W*E) =k + 1 =0 mod 4Z, with the metrics g”™ and g™ ¥ one can
construct the sub-signature operator on M as in Definition 1.1(b):

T — * 4 * — 7'{'* € *
DIl et O (M,g< B o F) —0 (M,g( B o F) . (1.41)
Furthermore, one can introduce the associated Atiyah-Patodi-Singer boundary condition to
obtain an elliptic boundary value problem (D%f‘; Bsig’ P) (cf. [1]).

We are now going to apply the Atiyah-Patodi-Singer index theorem [1, Theorem 3.10]

: ' F
to compute the index of (Dﬁ/w*E,sig’ P).
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Let M’ denote the double gluing of M which is now a closed Riemannian manifold with
the Riemannian metric induced from g7 obviously. We use the same notation D%;/i - Bsig
to denote its obvious extension on M’. Denote by P, (z,y) (resp. Qi(z,y)) the C* kernel of

T F ¥ Tt F
exp (7t (D]’\;f/ﬂ*E,sig) DM/W*E,sig)
(reSp' P (_tDWM*/Fw*E,sig (Dﬁﬁ*/i*E,sig) ) )
with respect to dv+,.
If w € Q*(M) is a differential form over M, denote by {w}m® € QdmM(}]) its top

degree component. Also, we use the sign convention from [10] to define the Pfaffian of a
skew-adjoint endomorphism.

Proposition 1.5. The following convergence result holds uniformly for x € M,

lirr(l) (tr [Py(w, )] — tr [Q¢(z, x)]) dvgz(x)

N RTM/ZLW
Sinh(RTM/élﬂ'))
- det!/? ( cosh (R(ZEH))

7

a2 (T () e 0

- 2%(dimF){det1/2(

with the obvious notation for curvatures of connections on TM and its sub-bundles.
Proof. Let D%;;E be the operator acting on Q*(M, 7*F) defined as in Definition

1.3 with respect to the metrics g7™ and g™ ¥. We again use the same notation D%f . to
™

denote its extension on the double M’. Then from (1.29), (1.30) and Definition 1.1(b), one
verifies easily that

' F R T F T F * _ ' F2
(DM/W*E,sig> DM/TK‘*E,Sig + D]T/f/fr*E,sig (DM/W*E,sig> o DM/W*E (143)

Let Ty(z,y) denote the C* kernel of exp (ftD”M*/F’fE> with respect to dvgy,.

From (1.43), (1.30), (1.13) and (1.11), one deduces that for any x € M,
tr[Py(z, 2)] — tr[Qu(z, x)] = try [6((7#13){ g(”*E)L> T,(z, x)} : (1.44)

where the supertrace tr is with respect to the natural even/odd Z,-grading of A*(T*M ®
T*F).

Now consider the Lichnerowicz type formula (1.32) for D”M/I;QE, where we will use the
obvious modified notation for curvatures in our situation.

Let eg = %, €1, ,eqim M be an oriented orthonormal basis of TM near z constructed
from e;(0) = e;(x), 0 < j < dim M, through radial parallel transports. Let (yo,- - - , Ydim ar)

be the associated normal coordinate system.
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Let {€’} be the dual basis of {e;}. Let d; be the derivative in direction e;.

Let hy,---,hy (resp. fo = %7]‘1,--- , fr) be an orthonormal basis of 7#*E (resp.
(m*E)L).

In view of Proposition 1.1 and Theorem 1.1, to compute the local index, it is convenient

to use the rescaling

1 1 . N N
0; — %aj, clej) — %63 A —\/fiej, clej) — clej), y; — \/fyj.

By (1.21), (1.31) and (1.32), one verifies easily that as ¢ — 0, after the above rescaling,
T2 N
tDZ_""" has the limit

M/r*E
dim M dim M ~ - 2
— Z (3 +f Z <RTM(€i,€j)€q,6r>yq6’L/\€j>
zjq*O
dlmM
re > > (RTEY (e1,5) 3, fa ) € A P2 fo)el )
3,7=0 a,ﬁ 0
dlmM - .
+— > Z E(e;,ej)he, ho)el A ele(hs)e(hy)
i,7=0 s,t=1
dlmM
2 Y @ E ) eneg)el A (1.45)
2,j=0

with the obvious notation for curvatures on TM and its sub-bundles.
Let /C\(TM ) be the Clifford algebra generated by the ¢(e;)’s with the generating relation

(1.1).
Let f/\ (M )®C(TM) — Q" (M M) be the Berezin integral defined by

/ (@) = alB™=, o Q" (M), B e e(TM), (1.46)

where [§]™#* is the coefficient of the term ¢(eq) - - - ¢(eqim ar) in 3.

Also we write the curvatures as the matrices of 2-forms as

- 1dimM - ; ;
R =3 ZR (e5,e5)e" Ne,
i,5=0
dlmI\/[
R™ E:f Z R™F (e:,€5)e" ‘Nel,
4,j=0
dlmM
REET = 2 Z RE) (ei,ej)e’ Ae, (1.47)
4,j=0
dlmM
(w(n*F,g™ F))? = = Z (T F, g™ )2 (es,¢5)et Ael. (1.48)

1]0
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By (1.45)—(1.48), Proposition 1.1 and by proceeding the by now standard local index
techniques (cf. [11]), one gets

liin trg [E((W*E)L,Q(W*E)L) Tt(z,x)} dvgz(z)
= (-1 )d1mM+12d1m M+1
() e o e (et

| o (Bt g e > 1 (RO (). fa) e fa)etf)

a,3=0

max —_—

1
L1 ﬂ SO
+3 Z (R™E(hy), hy)e (hs)c(hq))}} (r), xe Ml (1.49)
Now one verifies easily the important fact that
1 «
F 2 s o P2\ | _ g
Tr {exp (4(w(7r F,g™ %)) )} dim F' (1.50)

(cf. 10, (3.77)]). On the other hand, by a simple algebraic result (cf. [11, Proposition 3.13]),
the Berezin integral in the right hand side of (1.49) is easily seen to be

) (g () o

R(F*E)i
—1)23et/? S
(—=1)"“det (cosh ( 5

(1.42) follows from (1.44), (1.49)—(1.51) and the fact that k£ + 1 = 0 mod 4Z.

The proof of Proposition 1.5 is completed.

From Proposition 1.5, the index theorem of Atiyah-Patodi-Singer [1, Theorem 3.10],
as well as an easy parity consideration on the boundary similar to that in [1, p.63], one gets

21 (D]}\}/E sig(o)) —27 (D]ICI/E,sig(l))

+ind (DEF L P) 4 2dim (ker Df (1)
~o% ) [ fao (I a2 (oo (T20))
aa (R e () 052

Now an easy application of [14, Theorem 1.1] and the parity consideration mentioned
above shows that

ind (D;TW/FTFE sig? P) + 2dim (ker DI\F/I/E,sig(l))

=256 { DI 5,50 (0), Dy (D} (1.53)

where ‘sf’ is the notation for the spectral flow of Atiyah-Patodi-Singer [3].
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From (1.52) and (1.53), one gets
n (DJICI/E,sig(O)) -7 (DAF4/E,sig<1))

=2"7 (dim F) /~ {detl/z (mf)detl/z(cosh (W))

i sinh(RTM /47) A
1 1ja(sinh(R™F /4m) R™FE
det'/?( R )PE(5—)} mod z. (1.54)

From (1.54) and its application to the trivial line bundle case, one gets

7 (D81 .56(0)) = (dim F)7 (Dag /.01 (0)
=7 (Dﬂ/migu)) — (dim F)7 (Das/psig(1)) mod Z, (1.55)

which completes the proof of Theorem 1.2(b).

Remark 1.3. The local index result Proposition 1.5, in a complexified form, was first
announced in [18] when F is the trivial line bundle.

With Theorem 1.2, we define a series of smooth invariants as follows.

Definition 1.4. The smooth invariant (M /E, F) is defined by
(a) if dim(TM/FE) =1 mod 4Z, then

$(M/E, F) = dim (ker Dﬂ/mg) mod 2Z; (1.56)
(b) if dim(TM/FE) = 3 mod 4Z, then
O(M/E,F) =7 (D} 5.5, ) — (dim F)7 (Day/sig)  mod Z. (L.57)

Remark 1.4. As was mentioned in Introduction, when V¥ preserves g, the invariant
in (1.57) provides an example of the Atiyah-Patodi-Singer invariants defined in [3, Propo-
sition 2.14]. While, when dim(TM/FE) = 1 and F is the trivial line bundle, the mod 2
invariant in (1.56) was constructed in [19].

Appendix. Remarks on the n-Invariant (and/or the mod 2 Index) of Sub-
signature Operators

We first assume dim(T'M/E) = 3 mod 4Z. Then Dﬂ/EVSig is formally self-adjoint. The
following is an analogue of [8, Theorem 2.4].

Proposition A.1. Ast | 0,
Tr {D]}C[/E,Sig exp (—tD]}CﬁE,sig)} =0(Vt). (A.1)

Proof. Let Df/[/E be defined as in (1.29). By (1.30), for any ¢ > 0,

Tt | DY} i XD (_tD]}\?/I’?E,sig>} — Tyeven [5 (E%gEi) DE, pexp (—thﬁE)] Ca2)
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where by Tr®V*" we mean the trace taken on Qv (M, F).
For any t > 0, let Pi(z,y) be the C° kernel associated with DiI/E exp (— thﬁE)
where we regard that the later acts on Q*(M, F'). Then in order to prove (A.1), we need

only to show that as ¢ | 0,
Trever [E (El,gEL) Py(x, x)} = 0(Vt), uniformly on M, (A.3)

where the trace is taken on (A®V*™(T*M) ® F),.

Let D be defined as in (1.33). Then from (1.21) and (1.35), one sees easily that locally,
one can view D° as a standard twisted Dirac operator.

From (1.29), (1.33), one has

l
Dl = D° = 5 S alh)(F ") ). (A4)

Furthermore, by (1.1), each ¢(h;) anticommutes with each c(e;). Thus formally we are in
the same situation as what considered in [6, Sections 2, 3]. In fact, by proceeding as in [6,
Sections 2, 3] and [8, Theorem 2.4], one gets easily that as ¢ | 0,
(dim M—1)/2
P(z,x) = Z a;(z)t— M M/2 L O1/2), uniformly on M, (A.5)
i=0

where each a;(x) can be written as a linear combination of terms of the form
cleq, () - cle, (x))cle;, (x)) - -’c\(e;q () f with f € End(F,), s < 2i. (A.6)

On the other hand, from the Lichnerowicz type formula (1.32) and the above argument, one
sees easily that the terms of the form ¢(f,) appear even times in (A.6). Together with the
fact that dim(TM/E) is odd, one sees easily that each ¢(E*, g% )a;(z), 0 < i < dim M-t
can be expressed as a linear combination of terms of form (A.6) with a further condition
that ?1, SN /i\q are not equal to each other and that ¢ > 1. One then verifies by Proposition

1.2 that .
dimM —1

2

IN

Tyeven [E (EJ‘,gEL) ai(x)] -0, 0<i (A7)

(A.1) follows from (A.2), (A.3), (A.5) and (A.7).
From Proposition A.1, one gets immediately the following formula for the n-invariant
of Dﬂ/E,Sig’

1 [ dt
F F F2
n (DM/E,sig) = ﬁ/o Tr [D]M/E,sig €xp (_tDM/E,sigﬂ NG (A.8)

Now observe that by the arguments in the proof of Proposition A.1, one sees easily
that the following analogue of [6, Lemma 2.11] holds.

Proposition A.2. For anyu € R, ast |0,

o) (S0

exp (—1(D0~ &S alh)e(Fg")(h) )] = OV (A.9)
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From (A.9) and the standard variation formula for n-invariants ([3, 8]), one gets
7(Df ) =7 (2 (B4 657) D°) mod z, (A.10)

where &(E+, g% ) D is now acting on Q" (M, F).

Similarly, when dim(M/E) = 1 mod 4Z, one verifies that ¢(E+, g% )D°, when acts on
Qeven(M, F), is also skew-adjoint. Thus by the homotopy invariance of the mod 2 index (cf.
[4]), one has

dim ker (Dﬂ/Eysig) = dimker (E (EjygEL) DO> mod 2Z. (A.11)

From (A.10), (A.11), one arrives at the interesting fact that the generalized Atiyah-
Patodi-Singer invariants in Definition 1.4 can also be defined by using ¢(E*, g¥ L)D0 which

actually may also be viewed as a sub-signature operator (twisted by the Euclidean vector
bundle (F, g", Ve)).

§ 2. Adiabatic Limits of n-Invariants and a Riemann-Roch
Theorem for Flat Vector Bundles

In this section, we apply the construction in Section 1 to the case where M is a
fibered manifold with compact fibers. We use the method of adiabatic limits to compute
the associated generalized Atiyah-Patodi-Singer invariants and prove Theorem 0.2 for these
invariants.

This section is organized as follows. In (a), we restate Theorem 0.2 for convenience.
In (b), we write the sub-signature operator on M in a form which is convenient for the
evaluation of the adiabatic limits of the associated n-invariants. In (c), we recall the con-
struction of a superconnection due to Bismut-Lott [9]. In (d), we prove a local index result
which will identify the Bismut-Cheeger n-form [6, 7] in the computation of the adiabatic
limit of n-invariants. In (e), we calculate the adiabatic limit of n-invariants. In (f), we prove
Theorem 0.2.

(a) A Rieman-Roch Theorem for Flat Vector Bundles

In this section, we assume that M is a fibered manifold with compact base and fibers,
Z—M7T B. (2.1)

We assume that both T'B and the vertical tangent bundle T'Z are oriented, and that both
dim M and dim B are odd integers. Then T'M is also oriented. For any flat vector bundle
F over M with the flat connection V', one can apply the construction in Section 1 to F
and F = TZ to obtain the smooth invariant ¢(M/TZ, F). On the other hand, F' induces
canonically a Z-graded flat vector bundle

dim Z
H*(Z;F|z) = @ H'(Z;F|z), (2.2)
i=0
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from which one can construct a series of smooth invariants ¢(B, H(Z; F|z)), 0 <4 < dim Z,
as in Section 1 by setting £ = 0.

The main result of this section is a Riemann-Roch type formula relating these invari-
ants.

Theorem 2.1. The following identity holds,

dim Z dim Z
¢(M/TZ,F) =Y (~1)'¢(B,H(Z,F|z)) —tk(F) > (=1)'¢(B, H'(Z,Rz)).  (2.3)
=0 =0

We will prove Theorem 2.1 by computing the adiabatic limits of the n-invariants in-
volved in the definition of ¢(M /T Z, F'). For this purpose, we will first write the correspond-
ing sub-signature operator in a suitable way in the next subsection.

(b) The Sub-signature Operator on a Fibered Manifold

Choose a splitting
TM=TiMaeTZ (2.4)

We have
THM ~ n*(TB). (2.5)

Let g72 (resp. g7®, resp. g¥') be a metric on TZ (resp. TB, resp. F). Let
gT™ — 7 gTB g TZ (2.6)

be the Euclidean metric on TM such that TH M ~ 7*(TB) and TZ are orthogonal to each
other with respect to the splitting (2.4).

By applying the constructions in Section 1 to the case of E = TZ, E+ = THM, we
have the sub-signature operator Dﬂ /T2 58 with respect to the metrics ¢”™ and ¢%. Let
Dﬂ /T2 be the associated operator as defined in Definition 1.3. We now proceed as in [5],
[13] to write Dﬂ/TZ in a form adapted to the splitting (2.4).

Let VT be the Levi-Civita connection of g75. Let VA (T"B) be the canonical Eu-
clidean connection on A*(T*B) induced by V75, Then VTZ (resp. VA" (T"B)) induces an
Euclidean connection on T# M ~ 7*(TB) (resp. A*(T™M)) denoted by m*V7 B (resp.
AN (T B)Y

Recall that the connections V7%, vT'M , as well as their liftings on
AN(T*Z), AN (TH*M),

have been defined in (1.19). Also recall from (1.17) that V#*¢ is an Euclidean connection on
the flat vector bundle F' over M, and from (1.21) that V¥ is an Buclidean connection on
N(T*M)Q F.

Following [5, (1.23)], let S be the tensor defined by

VIM = p*yTB L vTZ 4 g8, (2.7)
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Let T be the torsion of the connection 7*V7TE 4+ VTZ . Recall that the tensor S has been
defined in (1.20). Let S be the tensor defined by

S=58_-3. (2.8)
From (2.7), (2.8) and (1.20), one has

S =vT"M_ pryTB, (2.9)
Let V be the Euclidean connection on A*(T*M) @ F obtained by the tensor product
of m*VTB, VTZ and V€. We use the same notation as in Section 1 that hq,--- ,h; is an
orthonormal basis of E = TZ, while fi,---, fx is an orthonormal basis of E+ = TH M.
Without loss of generality, we assume that fi,--- , fi is a lift of an orthonormal basis, which

we still denote by f1,--- , fx when there is no confusion, of T'B.

From (1.21), (1.29), (1.35) and (2.7)—(2.9), one deduces easily by proceeding as in [5],
[6] and [13] that
1

k
Dﬂ/TZ = ZC (vf(x - %Z<S(h5)hs>fa>)

a=1 s=1
l

l
+ 3 eli) V. 5 S el F g7 (h)

s=1

Zc foufﬁ (foz)c(fﬁ)

a<
l

anM—lf'J
=

> A(VIM fa, fa) clhe)e( fo)Elfa). (2.10)

s=1 a#f

By the standard formula for Levi-Civita connections, one finds

2<v¥;s]v[favf,3> = _<[fa7f,3]ah8> = <T(fowfﬁ)>hs>' (211)
Now for any t > 0, let g/ ™ be the metric on TM given by

>~

1
gT]\/I _ ; * TB @g (212)

Let DM/TZ sig(t): Dﬂ/TZ( ) be constructed with respect to g™ and g*".
Let Np be the number operator of Q*(B). Then it extends naturally to an operator
on Q*(M, F). Set
Dfrg(t) = tNB2DE oy (0 NE 2, (2.13)
From (2.10), (2.11), (2.13) and proceeding as in [5, (3.10), (3.11)], one deduces that

l l

k
Blrs0) = VIS elfa) (Fr. 5 DS a)has f0)) + 3 )V,

s=1 s=1

l
=3 D AAR G N0 — § 3 T o Fael o)1)

a<f

DI AN CINCE) (2.14)

a<f
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(¢) The Bismut-Lott Superconnection

In this subsection, we recall from [9] the construction of a natural superconnection
associated with flat vector bundles over fibered manifolds.
From (2.4), (2.5), we have that as bundles of Z-graded algebras over M,

N (T*M) ~ 7 (N (T*B)) ® A* (T*Z). (2.15)

As in [9, Section 3a)], let W be the smooth infinite-dimensional Z-graded vector bundle
over B whose fiber over b € B is C°°(Zy; (N*(T*Z) @ F)|z,). That is,

C=(B; W) ~ C (M; A(T*Z) ® F). (2.16)

Then W acquires a canonically induced Euclidean metric (cf. [5, (3.29)]).
Let Q*V(M; F) denote the subspace of Q*(M; F) which is annihilated by interior mul-
tiplication with horizontal vectors. Then there is an isomorphism

QV(M;F) ~ C>®(B;W), (2.17)

where the isomorphism is given by sending an element of Q*V'(M; F) to its fiberwise restric-
tions. From (2.15),
Q" (M; F) ~ Q*(B)&Q*Y (M; F). (2.18)

Thus we have an isomorphism of Z-graged vector spaces
O (M; F) ~ Q" (B; W). (2.19)
If U is a smooth vector field on B, let U? € C>°(M;T" M) be its horizontal lift, so
that .U = U. As in [9, Definition 3.2], let V" be the connection on W defined by
Vs =Lyns, s€C®(B;W), UecC>B;TB), (2.20)

where Lyu is the Lie differential operator acting on C*°(M; A*(T*Z) ® F).

Let dZ denote the exterior differentiation along fibers of W. Let (d?)* (resp. (VW)*)
be the adjoint of dZ (resp. V' ) with respect to the Euclidean metric on W.

Set as in [9, Definition 3.8] that

Z = 4% 1 (d%)*,
vWu — %(VW +(VV)"). (2.21)

Then ker(D?) forms a Z-graded vector bundle over B.
For any ¢t > 0, we can define the (rescaled) Bismut-Lott superconnection A; on the
infinite dimensional vector bundle W as follows,

=V VIDT - = Z T(fa: fa))dy"dy”, (2:22)
a<6
where dy',--- ,dy® is an orthonormal basis of T*B dual to fi,---,fs. In fact, up to

an obvious rescaling, this A; is exactly the superconnection C; defined in [9, (3.50)] (cf.
[9, Remark 3.10 and (3.59)]). For brievity of notation, we will also denote the term
> o(T(fa- f3))dy*dy” by c(T).

a<f
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Remark 2.1. The critical observation is that this Bismut-Lott superconnection can
be obtained from 135[ /77 through Getzler rescaling (cf. [11]) in the same way as what the
Bismut superconnection [5] be obtained from the Dirac operator (compare with [5], [11]). In
fact, it is clear that the expression of ﬁﬂ/TZ(t) in (2.14) is compatible with the identification
(2.19). In particular, one may view both EAFMTZ(t) and A; as operators acting on Q*(B; W).
Now if one proceeds the Getzler rescaling

dy® . Lo~
c(fa) — Vi Vitiy, n DJIC[/TZ(t)

and takes ¢ — 0, then from (2.14) and [9, (3.36), (3.37)] one sees that the limiting operator
is precisely A;.

(d) A Local Index Computation

In this subsection, we prove a local index result which will be used in the next subsection
to evaluate the adiabatic limit of n-invariants. We make the assumption in this subsection
that k = 3 mod 4Z.

We first prove the following analogue of [6, (4.40)].

Proposition 2.1. For any u > 0, one has

% Jim Ty [5 (THM, QTHM) le\?/f/:rz(t) exp ( —u (151]‘;?4/7"2(”)2 )}

_;(i)k;l/Jgdetlm(m]}izg%ﬁrs{@z*ﬁ) o], (22

where by Tr" we mean the trace taken on Q™ (M, F), while Try is taken on W.

Proof. We proceed as in [6, pp.59-63] to prove (2.23).

Let e1,- -+, eqim s be an oriented (local) orthonormal basis of TM. As in [6, (4.48),
(4.49)], if @ is a section of the bundle of linear maps from TM to A*(T*M) ® F, we use the
abbreviations

(ﬁhs + Q(hs))2 = Z(%hb + Q(hs))2 - %Z& VZ;SZ}LS - Q(Z Vfézhs) (224)

S

(Vs + QU = D (V1 + QU = Vi rewrog, = Q( Y m'VIEL),  (2.25)

(e

(Ve +Qen) =X (VEF + Q) - Ve oru, —Q(XVEMe).  (226)

i
Also, in the formulas which follow, we sum over all repeated indices.

When there will be no confusion, in some notation we will use a subscript ¢ to indicate
that the corresponding geometric object is with respect to g7 ™. For example, K; will denote
the scalar curvature of g M.

From (2.9), one verifies easily that

S, =S, (2.27)
RT"M — 7*RTB 4 (r*VTBS) + S A S. (2.28)
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Following [8] and [6], let z be an odd Grassmannian variable which anticommutes with
c(e;)’s and ¢(e;)’s. We first prove the following extension of [6, (4.53)].
Proposition 2.2. Foru > 0, t > 0, the following identity holds,
qu/iTZ(t) - zul/zDﬂ/TZ(t)
- t1/2
= —u( Vi, + (S (), fa)elhy)e(fa)

n £<SB(hs)fmfﬂ>C(fa)c(fﬁ) - 2

(125, 4 LS b Fo)elha)el ) + )Y

2ul/2
ut®/? ut? ~u ~ -
9 (S(S(hs)hs)hg, fa)elhg)e(fa) — T(S(S(hs)hs)faafﬂ>c(fa)c(fﬁ)
ul/241/2 /2
5 c(S(hs)hs) + 5

Ut1/2

— o)) @, g s f3) — sl fo) (g7 (B fo)
+ SORTB (£, £3) o, fadelFy)e(fs)E fa)Efs)

<§(hs)foz7 fﬁ>/C\(fa)/c\(fﬁ) + Zc(hs)>2

2ul/2

+ utVsnyn, + e(hs)w(F, g™ )(hs) + —

8
+ (7T EB) (o, J2) S Sl )el )22 )
ut?

+ B (8 A Sy ) s Sl el )l )

AR (fa, S5 s heelfa)el fo R el hy)
utl/?

+ LR g, fo g, hedelhy el Elhs)ERy)

5 (B (i, hy)hg, he(hy)e(hy)elhe)elhy) + 3 D (@ (F,g")(hs))

S

= Sl )elhg) @(F. ") (e, ) + 52l )l ) @(Frg™) (g )

utl/?
C )l (T, w(F, g7 () + VE w(F,g7) (1)

— < elhg)elhs)(Vh w(F. g7) (he) + VE w(F, ) (hy). (2:29)

Proof. Asin [8, (2.5)], one verifies that

ept o ze(e)\? o Bt e BL
—u(Ve;E + 2u1/2) = —uAF —zul/QC(ei)Ve;E . (2.30)

From (1.29), (1.32), (2.28) and (2.30) one finds

F2 1/2 HF
uDypypy = 20" Dyyyrg

1/2

opt o ze(e)\2  zutlt
= —u(VeP + 200 ) + Soh w(F g )(h)
uk

F U el @(F ) erney)
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(R™P(fy, fs) Fa, Fodelfy )e(£5)E( fa)E( f)

(7 VTP 8) (hs, f1) f3, Fade(hs)e(£)8 o)A f5)
(S A S(hs, hg) fio, fade(hs)elhg)e(fo)elf5)

+ S (BT (e1,5)hg, hoeles)ele el )elhy)

5 D@ g™ (1)) + Gelh)elh) (w(F.9")) (hg, )

+ o+ o+
||l

— L eeeh) (VEW(F.g") (he) + VE w(F.g")(en)). (2.31)

From (1.21), (1.31), (1.35), (2.7)-(2.9), (2.13), (2.24)—(2.27), (2.31) and proceeding as
in [5, (3.14)] and [6, (4.53)], one gets (2.29) easily.

We now turn to the proof of (2.23). As was pointed in [6, p.60], which uses [12, Section
3], we may replace the base space by R* with a metric which is flat outside a compact set.
We also assume that the bundle is isometrically a product on that region.

Following [6, (4.54)], if A, A’ are of trace class in End(Q*(M, F')) with A’ preserves
Qeven(M, F), set

TrVem?[A + 2z A'] = 2TV [A']. (2.32)

One finds as in [8] and [6, (4.55)] that

exp (~uD} (1) + 2Dy 14 (1))

= exp (—uﬁﬂ’%z(t)) + zul/gﬁl\F/[/TZ(t) exp (—uﬁ]\F/l’iTZ(tD , (2.33)
Tyeven= {E (THM, gTHM) exp (fuﬁﬁ?TZ(t) + zul/Zﬁﬂ/TZ(t))}
— oy M/2yeven [E (THM’ gTHM) f)]{}/TZ(t) exp (—ulfjﬂ;Tz(t))} . (2.34)

Take zg € M. Let P“%(zq,-) be the C™ kernel, with respect to g7, of

exp (—“ﬁfﬁTz(t) + ZUl/Qﬁf/[/TZ(t)) :

Let yo = m(xo) and take a system of geodesic coordinates {y, } centered at yo. We can assume
that {y,} is globally defined on R*. By using parallel transport along the horizontal lifts
of geodesics in the base, we can trivialize the fibration Z — M — R¥. Similarly, we use
parallel transport along such geodesics to trivialize A®V**(T*M) ® F (using the connection
verh),

In what follows, as in [6, p.61], we put T = > Yo fo. As in [8] and [6], we will conjugate

the operator uﬁf/[’%z(t) — zul/zﬁﬂ/TZ(t) by
e2e@/2ut)? _ o 3 #Yaclfa) (2.35)

2(ut)t/2”
For x € M, 7n(x) =y, set

P (g, ) = PP (g, )e2e@/2un*?, (2.36)
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Then, as in [6, (4.60)—(4.63)], one verifies that P (z,z) is equal to the C° kernel, with
respect to g7M, of

e/ oy (CuDE2,, (1) + 22Dy (1)) e/ 20

and that
Tpeven: {E (THM7 gTHM) ﬁt’“(xo,xo)}
— Tyeven= [E (TH M, gT"M ) Pt (x5, xo)} . (2.37)
By using (2.29), one deduces easily that (compare with [6, p.62])

ezc@)/Q("t)l/z (quﬁTZ(t) — zul/Qﬁ]IC[/TZ(t)) e‘Zc@)/Q(ut)l/2
1/2
- fu(vh + S (S, fodehg)elf) + g7y (S(hs)hg, Byze(hy)
1/2
(S (1) s S5l fa)elT) = 517 (5P (ha)3 f5)elf)
ze(h)y2
= 18 o, SaYelf)elfs) + 17 )

- (tl/QﬁfaJr%S(fa)hs,fa)d s)e(fs)

H—,.J;\H—

t1/2 2
+ 575 (S ()b, WZ (Iy®)ze(fu)
ut3/? ul/2t

(S(S(hs)hs)hg, faye(hg)e(fa) +

; S (S(S(h)hs Vg, ) 2c(hy)

o Sul/?
+utVsn,n, + (ut) Z (lyl)zc(fa)) +

2

clhs)w(F, QF)(hS> +—

(ut)/?

2e(fa) (W(F,97))* (far 9)

— el fu)el o) @ (F, g™ far f5) -

utl/? ul/?

= = ohs)e(fo) (@ (F, g7))* (hs fa) = == zc(hs) (w(F, g7))* (s, 7)

ut?

- T<§(S(h8)h8)faa fore(fa)e(fs) — %C(hs)c(hq)(w(Fv 9"))?(hs, hy)

+ SRy, fo) o Sl el VO Fa) )

+ (”2 (BT (£2,9)fp, fo)ze( ) fa)e( £5)
ut®/?

8
wl/2¢

VT8 (hay ), fa)elhs)Efa)P )
ut? ~  ~
BB A o hg) f feelha)elhg )2 f)

+ SRy f5)hs hedel fa)el f5 e e(hy)

+ (7*VTES) (hg, £1) f5, fa)elhs)e(f2)E( fo)e( f5)

+
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(ut)/?
4
utl/?

+— 1 <RTZ(hpvfoc)hqvh ye(h p)c(fa)/c\(hs)/c\(hq)

+— <RTZ(fav Y)hg, hs)ze(fo)c(hs)e(hg)

ul/? B o
+ 4 <RTZ(hpv y)hq> hS>ZC(hp)C(hS)C(hq)

+ %<RTZ (hpy b ) g, hs)e(hy)e(hr)e(hs)e(hy)

+ 3 ") )"+ R ha) @(F. ) g )

ut1/2

c(fa)elhs)(VE,w(F,¢7)(hs) + Vi, w(F,¢")(fa))
1/2

2e(hs)(Vgw(F, g")(hs) + Vi w(F, g7)(@))
- %C(hq)a(hs)(quw(ﬂ 9")(hs) + Vi w(F. g")(hg)). (2.38)

Now as in [6], we apply the Getzler’s transformation G (uey1/2 to the right hand side of
(2.38) and let t — 0.2 We find that

1im G2 [ezc@/%ut)” (D5 (1) — 22Dy g (1)) €@ 200

N *U(Vh + 2 1/2 <SB( )hZIafa>C hq)dya

(
1 s\
—+ @<SB(hs)fom fﬁ>dy04dyﬁ + 220(1/2)>

(8 G (RTP fas J) o Fobusdyys)

2ul/? F uKz Fy\2

+ 5 clhs)w(F, g7 ) (hs) + — = = gdyadyﬁ(W(F,g ) (far f5)
ul/2 u

=~ clhs)dya(w(F, 9"))*(hs, fa) — gC(hs)C(hq)(w(Fa 9"))* (hs, hy)

S URTP(y 05) s by dustU )20 T5)
+ 1<RTZ( far f8)hg, ho)dyadyse(hg)e(hy)

L RTE (g, fudh e
+§<RTZ<hp,h> el

+3 2 m g

1/2
- fdya &(he)(VE,w(F, ") (he) + Vi, w(F, ") (fa)

- %c(hac(hs)(vawm 9")(hs) + VEw(F.g")(hy)), (2:39)

p)dyac(hs)c(hq)
(hr)c(hs)c(hyg)
&hg)e(hs)(W(F, ")) (hy, hs)

(h
p)C

P BS

2Recall that by Geztler’s transformaton we mean the rescaling that yo — (ut)l/an, Oa — W@a

and ¢(fo) — (ut)1/2 N —(ut)/?iy, .
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where Kz is the scalar curvature of the fiber Z.
Set
1 1B 2
H=—(0a+ §<R (faafﬁ)f’y,f5>yﬁdy'ydy5)

(RTP(fy, f5) [, Jo)dyydysc(fa)e( o). (2.40)

/N

+

co| —

We claim similarly as in [6, (4.69)] that the right hand side of (2.39) is equal to

2 12z, oT)
H-i—Au—z(u 2D +4u1/2). (2.41)

In fact, when z = 0, (2.41) follows from (2.39), (2.40) and [9, (3.58)]. Thus, one needs
only to check the term involving z which, in view of (2.11) and [9, (3.36)], is given by

~ 1 zc(hg 2ul/?
_ u1/2zc(hs)Vh5 — Z(SB(hs)fa, fﬂ>dyadyﬁu(17/2) + Tc(hs)w(F7 gF)(hs)
c(T
- —z(u1/2DZ + 4151/)2). (2.42)

Now by Proposition 1.2, (2.34), (2.37) and using the same arguments as in [11], [5] and
[6], one deduces that as ¢ — 0,

Trever [E(THM, gTHM) EAF/[/TZ(t) exp(—u(ﬁAF/I/TZ (t))Q)]
k-1 TB ‘ ,
NI AC R (RS

| o (T exp (SRR i) o S 0R)) Y (24)

where [ " is the obvious (odd dimensional) analogue of the Berezin integral (1.46) on B.
(2.23) then follows from (2.43) and the easy fact that the Berezin integral in (2.43) is

equal to
TB

R
1/2 =
det (cosh ( 5 )) (2.44)
The next result further simplifies the right hand side of (2.23).

Proposition 2.3. For any u > 0, the following identity over B holds,
T
Tr, [(DZ + @) exp(—Ai)} =0. (2.45)
4du
Proof. From (2.22), one finds

0A, 1 7 ol
ou 72u1/2<D * 4u )

(2.46)

We now proceed as in [11, Section 10.5] to consider the extended fibration M = Mx Ry
over B = B x R, with the vertical metric at (b,u) € B x R given by u~1g?%. The flat
vector bundle F' lifts canonically to a flat vector bundle over M , and so is the Euclidean
metric on it.
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One verifies easily by proceeding as in [11, Lemma 10.33] that the Bismut-Lott super-
connection on B is given by

dim Z
4u

A=A, +dr, - du. (2.47)

From (2.47), one finds in using the Duhamel formula that
12 2 9A, 2
TryJexp(—A2)] = Tr,[exp(—A2)] — Tr, [7 exp(fAu)} du. (2.48)
u

(2.45) follows from (2.46), (2.48) and a refined local index result of Bismut and Lott
[9, Theorem 3.15].
(e) The Adiabatic Limit of n-Invariants

In this subsection, we still make the assumption that kK = 3 mod 4Z and will calculate
the limit of ﬁ(D]I\}/TZ,sig(t)) ast — 0.
From (1.14), (A.8), (2.13) and an obvious rescaling, one finds

dim (ker DF, . (t))
_ /TZsig
n (D]F\/[/TZ,sig(t)) = B
1 > ~
+ /O Tyeven [E (TH M, gT"M ) DL r (1)
du
2/u’

Now since the fiberwise operators DbZ , b € B, have constant rank kernels (cf. [9, Section

-exp(—u(Dfyr(1)?)] (2.49)

3f)]), in view of (2.14) and [9, (3.36)] one can proceed in exactly the same way as in Dai [13]
to calculate the limit of ﬁ(DfJ/szsig(t)) ast — 0.
In fact, by [9, (3.66)], we have an isomorphism of smooth Z-graded vector bundles over
B:
H*(Z;F|z) = ker(D?). (2.50)

As a sub-bundle of W, ker(D?#) inherits a Hermitian metric from that of W. Also, recall that
H*(Z; F|z) admits a canonically induced flat connection V¥ (4:F12)  Let VH (ZiFlz).¢ he
the corresponding Euclidean connection on H* (Z; F|z) in the sense of (1.16), (1.17). From
[9, Proposition 3.14], one gets

VH*(Z;F‘Z)’e — PkCr(DZ)vVV,u7 (251)

where P*er(P?) is the orthogonal projection from W onto ker(D#). Clearly, VH (ZF|z)e
still preserves the Z-grading of H* (Z; F|z).

On the other hand, the local index results in the last subsection show that the corre-
sponding 7-form vanishes in this context.

From the above discussion and by mimicing the arguments in [13], one gets the fol-
lowing analogue of [13, Theorem 0.1°]® in our context, where the definition of sub-signature
operators in Section 1(b) has been incoorporated.

3Compare also with [17, p.298] for the precise counting of the mod Z term.
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Proposition 2.4. The following identity holds,

dim Z )
i1 (Drza) = 3 R maz e
=

(f) A Proof of Theorem 2.1

We first assume again that k = 3 mod 4Z. Then by Proposition 2.4 and its application
to the trivial line bundle case, one deduces that

ti {7 (DS 12,06(0)) — SRVt /rzie(6)}

dim Z . dim Z ;
= > 0w (Dp ) k() > (<07 (PR M) mod z
i=0 1=0
dim Z ) ; ‘
= > (<0 (n (DB ™) = k(H(Z, F|2) (Dpsie)
=0
dim Z )
—tk(F) Y (1) (7 (D557 ) = rk(H (2. RI2) (Dp.sic))
=0
dim Z ) ) dim Z . '
= Z (-1)'p(B, H (Z, F|z)) — rk(F) Z (-1)'¢(B,H'(Z,Rz)) mod Z, (2.53)
i=0 1=0

where we have used the obvious fact that

dim Z dim Z
Y (FV)TK(H(Z,F|z)) = 1k(F) Y (~1)tk(H(Z,R|z)) = tk(F)x(Z).  (2.54)
i=0 i=0

(2.3) then follows from (1.57) and (2.53).

Now we assume that k¥ = 1 mod 4Z. Then both DJICI/TZ,sig(t) and Dg’*si(gZ’Fu) are
skew-adjoint. By proceeding as in [13, Section 2|, where a proof of [13, Theorem 1.5] is
given, one finds that there exist constants g > 0 and A\g > 0, such that for any 0 < ¢ < €,

t{0ixeSpec (D71, (), 0= A< Aot} = dim (ker D (Z112) . (255)
(2.3) then follows from (1.56), (2.55) and the trivial fact that the nonzero eigenvalues
of DfﬁTZ «ig (t) are of even multiplicities (as Df/[/TZﬁig(t) is skew-adjoint).

The proof of Theorem 2.1 is completed.

§3. An Extension to the Case Where TM/FE Is Spin

In this section, we discuss briefly the refinements for the case where TM/E in Section
1 is spin, which were mentioned in Introduction.

For brevity, we only discuss the case where F' is a complex flat vector bundle and work
in the complex coefficient category.
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This section is organized as follows. In (a), we extend the result in Section 1 to the
case where TM/F is spin. In (b), we extend the results in Section 2 to the case where B is

spin.

(a) Sub-Dirac Operators and the Generalized Atiyah-Patodi-Singer Invari-
ants for Flat Vector Bundles

Let M be an odd dimensional closed oriented manifold. Let E be an oriented sub-
bundle of TM. Then TM/E admits an induced orientation. We make the assumption that
dim TM/E is odd. We further assume in this section that TM/E is spin and carries a fixed
spin structure.

Let ¢™™ be a metric on TM. Let E+ C TM be the orthogonal completement to E
with respect to g7™. Then one has the orthogonal splitting (1.6). We identify TM/E with
EL. Let S(E+) denote the corresponding bundle of spinors.

Let (F,VT) be a complex flat vector bundle over M. Let g'" be a Hermitian metric on
F. Then as in (1.16) and (1.17), one gets a Hermitian connection V¢ on F.

Let VM be the Levi-Civita connection of g7, Let V7, VE" be the projection
connection on E, E+ defined as in (1.19). Let vS(ED) (resp. V" (F7)) be the canonical
Hermitian connection on S(E1) (resp. A*(E*)) induced by vE* (resp. VE). Let V* be the
unitary connection on S(E+) ® A*(E*) ® F obtained from the tensor product of vS(E),
VAE) and Ve,

For any X € E*, let ¢(X) be the Clifford action of X on S(E1). Tt extends to an
action on S(E+) @ A*(E*) ® F as ¢(X) @ (Id peven(gr) — Idgoaa(p+)) @ Idp. For any Y € E,
let ¢(Y) = Y* A —iy be the Clifford action of ¥ on A*(E*). It extends to an action on
S(E+) ® A*(E*) ® F by acting as identity on S(E+) ® F.

Let hy, -+, haim g (resp. f1,- -, faim £+ ) be an oriented orthonormal basis of E (resp.
E1). Let S be the tensor defined as in (1.20).

Definition 3.1. The sub-Dirac operator DZ}\}/E spin 15 the first order elliptic differential
operator acting on S(E+) @ A*(E*) @ F given by

dim E+ d1m Edim EL
Df/[/E,Spinz z:l fa V“ + = Zl zjl hq7foc> ( 5) (h'q)c(fa)
a= 5,q a
dim E dlmE dim E
+ 2, bV, by Y ASUa e haelfa)elpeth). (31)
a,f=1 s=1

One verifies easily that D]I;[ /E,spin is formally self-adjoint. Furthermore, it is formally
of the same nature as D in (1.33) (compare with (1.35)).

Remark 3.1. When both M and E are even dimensional and F is the trivial line
bundle, such an operator has been constructed in [16]. Locally, it can certainly be looked
as a twisted Dirac operator. The main point here is that it is globally well defined even if
M is nonspin. The same remark holds for the sub-signature operators studied in Section 1,
where neither E nor M are supposed to be spin.
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We can now state the following analogue of Theorem 0.1, which can be proved by
mimicing the procedure in Section 1.

Theorem 3.1. The quantity
¢(M/E7 F) =1 (DJI\Z/E,Spin) - rk(F)ﬁ (DI\R/IyE,spin> € R/Z
does not depend on the metrics g*™ and g

Clearly, these quantities define a series of invariants generalizing those of Atiyah-Patodi-
Singer [3, Proposition 2.14].

(b) A Riemann-Roch Theorem for Flat Vector Bundles

In this section, we assume that we have a fibration Z — M = B such that £ = TZ
verifies the assumptions in the above subsection. As in Section 2(a), one has a Z-graded flat

vector bundle
dim Z

H*(Z;F|z) = @ H'(Z: Flz)
i=0
over B. We can now state the following analogue of Theorem 0.2.

Theorem 3.2. The following identity holds,

S(M/TZ,F)
dim Z dim Z
= Y (-1)'6(B,H'(Z,F|z)) —k(F) Y (-1)'¢(B,H'(Z,R|z)). (32)
=0 1=0

Proof. Let w(F, g') be defined as in (1.16). Then one sees clearly that the operator

dim Z
1 ~
DJF\/‘I/TZ,spin - 5 Z C(hs)w(Fa gF)(hs) (33)
s=1

is of exactly the same nature as Dﬂ /TZ studied in Section 2.

Now it is clear that we can apply the arguments of Bismut-Cheeger [6, 7] and Dai [13]
as in Section 2 to compute the adiabatic limit of the 7 invariants of the operators of form
(3.3). In particular, the 7-form is still seen to be zero. Thus, one has

1 dim Z dim Z

[ F ~ F _ iv ( pH'(Z.F|z)
i 71 Df 2 (t) = 5 > @lh)elFg )(he)) = Z (-7 (PEEND), B
S= 7=
where Df\':[/TZ opin(t) 18 the sub-Dirac operator with respect to the metric gi™M in (2.12).
On the other hand, by proceeding as in (A.9) and (A.10), one gets easily that

dim Z
7(Dfirzem — 5 3 Ah)(Fg")0)) =7 (Dlypan) mod Z. (35)
s=1

(3.2) then follows from Theorem 3.1, (3.2), (3.4) and (3.5) as well as their applications
to the trivial line bundle case.
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