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SPECTRAL GAP SOLUTIONS OF THE
DISSIPATIVE KIRCHHOFF EQUATION**
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Abstract

The author proves that for initial data in a set S C (H*(Q) N H{(Q)) x HF(Q),
unbounded in H}(R2) x L*(Q), the solutions of the Cauchy-Dirichlet problem for the
dissipative Kirchhoff equation

8t2u—(V+L/|vxu\2da:)Amu+(58tu=0 (reQ,t>0),
Q

are global in [0,400) and decay exponentially. The functions in S do not satisfy any
additional regularity assumption, instead they must satisfy a condition relating their
energy with the largest lacuna in their Fourier expansion. The larger is the lacuna the
larger is the energy allowed.
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§1. Introduction

This paper is devoted to the question of the global solvability of the dissipative Kirch-
hoff equation

&y — sul?dr) ANgu+ 60,u=0 €N, t>0),
U m( Q| Ve Ul x) u U (z ) (L.1)
u(z,t) =0 (x € 9Q, t > 0),

where 2 is a bounded open subset of R™, m is a positive function of one real variable and
6> 0.

The non dissipative case (0 = 0) has been studied starting from the pioneering paper
of S. Bernstein [1] in 1940, who proved in the case n = 1 and m an affine function, the
local existence for solutions having sufficiently high Sobolev regularity and the global exis-
tence for real analytic solutions. From then on, many authors [2-6] have generalized and
improved the results of [1], but the global solvability for general (H?(Q)N H}(Q)) x Hg(£2)
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(or even C°) initial data still remains as the main open question (see the surveys [7, 8] for
more mathematical references and physical motivations). In particular, in [2, 4] the global
solvability was proved for C'* initial data satisfying an additional regularity condition (in
fact for quasi-analytic classes in the sense of Denjoy-Carleman). In the same direction of
research, in a recent and remarkable paper [9], R. Manfrin proved the global solvability for
solutions in the class BA x BA.

The functions f belonging to the spaces B} are well described in terms of their Fourier
expansion

=" k),

k>1

where ¢ are the eigenvectors of the Laplace operator with corresponding eigenvalues p2,
and f(k) are the Fourier coefficients of f with respect to the basis {¢}. Following [9], we
say that f € B} if there exists a sequence {p;};en, such that p; — 400, and there exists
n > 0, such that

S ulfk)P <o, sup Y @l lf(R) exp(npl /) < oo
1

pi<pr<p3

The most interesting feature of these spaces is that a function in B} has, in general,
only H*-Sobolev regularity. On the other hand, the behaviour of the Fourier coefficients in
the sequence of ‘gaps’ (p;, ,0?), renders these spaces quasi-analytic classes, in the sense that
functions having compact support must vanish everywhere.

For the dissipative equation (§ > 0), in addition to the regularity assumptions men-
tioned above, global existence theorems are also available for small initial data (see [10-12]).
In this case it is assumed that the size of the data in the H? x H! norm does not exceed a
certain bound depending on the parameters of the equation.

This note represents an attempt to introduce some of the ideas of [9] in the study of
the dissipative equation. By estimating an energy functional introduced in [9] for § = 0,
we obtain the global existence of solutions under hypotheses which relate certain spectral
properties of the initial data to their size in the H2 x H! norm. The typical situation is that
of initial data having at least one large lacuna in their spectra, i.e. f(]) =0forng<j<m
with p,, ~ p%o. If this is the case, the bound we need to prescribe on the initial energy
increases with the ratio uy,, / ufm. Roughly speaking, the combination of the damping with
the spectral gap prevents the energy from moving from the low to the high frequencies.

We stress the fact that our initial data are not lacunary in the sense of Hadamard
or similar, for by ‘gap solutions’ we simply mean that the Fourier coefficients vanish on a
sufficiently large interval. The precise statement of the result, being rather technical, is
postponed to Section 3 (Theorem 3.1 or Proposition 3.2 for a more explicit version). Here
we limit ourselves to give a simple example.

Let us consider the equation

_ "o _
Ugt (1 + L/o u; dx)um +0u; =0 (x €]0,7[) (t>0), (1.2)
u(0,t) = u(mw,t) =0,
where L > 0 and 0 < 6 < 1. We have

pi=J, ¢j(x) =/2/msin(jz)  (jE€N).
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To avoid needless complications, assume that
U’(7O) :07 ut('ao) = u EH&(]OJT[)’

where wu; is a perturbation of the monochromatic datum Ag¢, (z), i.e, for k > 1, let
(@) = Ad (@) + g(@), gule) =D Bidy(x).
j=k

It is well known that in the case gy = 0, Equation (1.2) reduces to a globally solvable
ODE of Duffing’s type. We ask under which conditions on the H{-perturbed initial data
we can ensure the global solvability of Equation (1.2). The usual smallness conditions (see
[10, 11]) would require

A 4 gl < C.

where C' is a suitable constant independent of k. Thus, according to this requirement,
perturbations are allowed only for a bounded interval of amplitudes A. On the other hand,
as an application of Proposition 3.2 (in the form of Remark 3.3), we get that, if

lgely < A%+ llgels < oak,
then the problem is globally solvable and the solution decays exponentially. Thus, on con-
dition that the spectral gap (in this case the integer k) be large enough, we can perturb any
monochromatic initial datum with a HJ-function and still have global existence.

This is the plan of the paper. In Section 2 we introduce the abstract setting in which
we study the Kirchhoff equation, we recall the exponential decay of the Hamiltonian, and
state a global existence theorem for small initial data in H3/2 x H'/2. This result extends
other known global existence theorems for small data in H? x H'. In Section 3 we state and
prove our main result (Theorem 3.1). The statement is rather implicit and a set of sufficient
conditions is given in Proposition 3.2.

A general warning is in order. Since our main purpose is that of illustrating a method,
which hopefully may be improved, we do not provide the result in its full generality. This
is the reason why we have chosen to keep things as simple as possible: the function m
is assumed to be affine, the damping parameter ¢ is sufficiently small (non over-damping
regime).

§ 2. Preliminary Results

We reformulate the Kirchhoff equation (1.1) as an evolution equation in a Hilbert space.
Let V and H be real Hilbert spaces, normed respectively by || - || and |- |,V € H. If V’
denotes the dual of V, we have then V C H C V’, in the sense that the duality bracket
(+,+) == (-, )vxys coincides with the inner product (-,-) := (-,-)g on H x V. Let
A :V — V' be a linear bounded operator, symmetric in the sense that

(Av,w) = (Aw,v) (weV,veV),
and such that for some 1 > 0,

(Av,v) = pllv]*  (veV).
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The operator A turns out to be an isomorphism of V onto V’. Moreover, if we denote
D(A) :={v € V: Av € H}, the operator

A:D—H

turns out to be a self-adjoint positive definite operator on H. Under these hypotheses (see,
e.g. [13]), we may consider the power operators A® of A for s € R and the spaces D(A?®) are
Hilbert spaces for the scalar product (A%u, A*v). In particular, we have V = D(AY?) and

(Au,u) = |AY?ul? (ueV).

Finally, since our main tool will be Fourier expansion, we assume that A=': H — H
is compact. In this case there exists an orthonormal basis {¢; : j € N} of H consisting of
eigenvectors of A/2,

AY2¢ = 10, (j €N,

where the eigenvalues satisfy
O<pr <pa<--- pj — 00 as j — oo.

In this paper we consider the Cauchy problem for the abstract evolution equation (dots
denote time derivatives),

i+ m(|AY2u))Au+ou=0  (t>0) (2.1)

with initial data
u(0) = wo, w(0) = uy. (2.2)

To keep our arguments as clear as possible and to provide precise computations of the
constants involved, we assume that m is a positive affine function, that is,

m(r)=v+ Lr (2.3)

with # > 0 and L > 0. Actually, in what follows, the assumption (2.3) might be replaced
by the weaker condition: m € C2, positive and m(p)p > CM(p) (C > 0), where

M(p) = /Opm(r)dr. (2.4)

The starting point of our argument is the following simple remark. Let a(t) be a
positive function, and let v be a solution of the linear equation

b+ a(t)Av+dv =0 (t > 0). (2.5)

Since Equation (2.5) may be seen as an infinite system of uncoupled linear oscillators, if for
some integer i, we have

(v(0), i) = ((0), ¢:) = 0,

then
(w(t),d;) = (b(t), ;) =0  forall ¢>0.

The same considerations apply to the Kirchhoff equation (2.1), where

a(t) = m(|AY?u)?).
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Therefore if, for a given solution u(-) of Equation (2.1), {pn, } is the sequence of frequencies
which are ‘on’ at time zero, we shall write

Ak = Ky, = Hng, (u)a yk(t) = (U(t), ¢nk)’

and, for notations consistency,

A0 - 07 (b’no = 07 yO(t) = 07
in such a way that, for initial data (ug,u1) given by
Up = Z(UIW ¢n]‘)¢n]‘ (p =0, 1)’ (2'6)
j=1
we have - -
u(t) =Dy (O¢n;,  Ault) =Y Ay (t)en,. (2.7)
§=0 §=0

We recall that the Hamiltonian for Equation (2.1) is given by the following functional
(M is defined in (2.4))
H(t,u) := |af> + M(|AY?u)?).

If the solution is global in time, the Hamiltonian decays exponentially. This is a result due
to Biler [14].

Proposition 2.1. Assume that m satisfies condition (2.3) and that the initial data
(ug,u1) € D(A%/*) x D(AY*) are given by (2.6). Then, as long as u(t) exists in the phase
space D(A3/*) x D(AY*), H(t) is decreasing*. Moreover, there exist constants

¢ = 0(57V7L5A17H(0))
such that

(i) If § < 2/v); then H(t) < Ce™%;
(ii) If 6 = 2y/vA; then H(t) < O(1 + t2)e%;
(iit) If 6 > 2y/wA\1 then H(t) < Ce= 0=t where 0 = 6% — 4v\}.

Proof. We prove only the easy case (i). Deriving the Hamiltonian we have
H(t) = 232,

thus H(t) is decreasing. To prove the exponential decay, we introduce the following modified
energy functional
V(t):=H(t) + 6(u,u).

Since |(u,w)| < H(t)/2A1/v, we have
1)
2M\/V

Deriving V (t) with respect to time, we get
V(t) = 2(it, u) + 2m(|AY 2u|?) (Au, @) + 8al* + 6 (u, i)
= —0|u|? — om(|AY?u)?)| AV 2u)? — 6% (u, i)
< _6V(t)a

0<(17 )H(t)gV(t)g(lJr%fﬁ).

Hereafter, in our notations, we shall drop the dependence on the function wu.
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since in our case m(p)p > M(p). Integrating this differential inequality, we get V(t) <
e~V (0), thus

H(t) < Ce " H(0),
where

C = (14+6/20vv)(1 —6/20 ) .

Remark 2.1. In particular, if

0 < \/;)\17 (28)

we have
H(t) < 3e °"H(0). (2.9)

This estimate will be used later in the proof of the main result.

We recall that the Kirchhoff equation (2.1) is globally solvable for small initial data in
D x V. In the next theorem, by generalizing the estimates introduced in [11], we extend
this result to data which lie in D(A%/4) x D(A'/*). This is the weaker space in which a local
existence theorem is available (see, e.g. [15]). For the sake of completeness we prove the
exponential decay of the energy for initial data satisfying an additional assumption. The
exponential decay for solutions satisfying only condition (2.10) below is an open problem.

We define the following energies, for a > 0,

|A(a71)/2u|2
)=
Galb:0) = T ATT2u?)

Theorem 2.1. Assume that m satisfies the condition (2.3) and that the initial data

+ |Aa/2u|2'

(ug,u1) € D(AY?) x D(A=D/2y 3/2<a <2

If

|A(a71)/2u1‘2 ((1 A V1/2)5)2(a71)

+ |AY 2% < 7 , (2.10)
then there exists a unique global solution
(u, i) € CO([0, +00f, D(A*/?) x D(A~1/2))
to (2.1), (2.2). Moreover, if
|Al/4“1|2 3/4, |2 (LA V1/2)§
=AY 2.11
s ATl < er Ay (2.11)

then G3/o(t) decays exponentially.

Proof. We limit ourselves to provide the a priori estimates for regular solutions. The
construction and the uniqueness of the solution are given, for instance, in [15].
Deriving G, with respect to time, we obtain

. m |Aa71)/2,u|2
Gu(t) = ’(E +25)T. (2.12)
We have
| = 2L|(AY?u, AY24)|
— 2L|(A(3—a)/2u,A(a—l)/2u)|
< 2L|A1/2u|0‘Aa/2u|179|A(a71)/2a|’
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where 60 is defined by
0+a(l—60)=3—a.
It follows that (p = |A'/?|?)
|| (Lp)® \1/2 1-0/2 —1/2 1-6/2
7<2(7 LGa(t)' =2 < 201V v~ Y/2)(LG, () /2. 2.13
e <20,57) (L0 < 20y ) (1Ga () (2.13)
Inserting this last inequality into (2.12), we get
. Aafl)/Q ° 2
Gut) < 21V v /(LG (1) 2 - ) AT (2.14)
Note that
(1-6/2)"'=2(a—-1)
and set 12y s\ 2(a1)
1A 0)=e~
T::sup{t>0zga(s)<(( Y L)) for Ogsgt}.

Under the assumption (2.10), we have

((1 A V1/2)6)2(o¢—1)

Go(0) < 7

If, by absurd, T < oo, thanks to (2.14), we would get G, (t) < 0 for 0 < t < T. Thus

ga (T) < ga (0) ’

which is a contradiction.
To prove the exponential decay for initial data satisfying (2.11), let us set

Bi=6(1+6%/4vA3) ™t
and introduce the functional
o ﬁ(A1/4u,A1/41l)
Vs/a(t) := Gs/a(t) + (A
Since, for any § > 0, 8 < y/vA; and

(A4, AV40)| _ Gaa(t)
m([A2u2) = 20N

we have 1 3
593/2(15) < Vsa(t) < §g3/2(t)-

Deriving V3,5 with respect to time, we obtain

. m A2 B ,
Vg/g(t) = — (E + 25) % — %(A1/4U, A1/4u)

1/4,)2
+ ﬁu — BlA3 )? — @(A1/4U,A1/4’L'L)
m m
. 1/4,2
= _ﬁ(u + E(A1/4U,A1/4d)>
m m m
1/4,2
— (26 — g)u — BlA )? — @(Al/‘lu,Al/‘lu)
m m
. AL/Ag)2
< My, o) — 20— A0 g - B g aiag,
m m m

(2.15)

(2.16)
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Let us set for a moment 22 = |A3/%u|? and 32 = |AY*4|?/m. The lowest eigenvalue of
the positive quadratic form

(26 — B)y? + Ba® + (86 /v 1)wy,

is given by

5 5
(1 1—(1 2 4 2\—1\1/2\—1 > v
T oz L (= A+ AN 2 o

Therefore, from (2.16), (2.15) and (2.13) for § = 0, it follows that

— 8/2.

~ m| _ 8 _ 3
V3 /o(t) < (W - g)V3/2(t) < (4(1 Vv 1/2)LV3/2(75) - g)V3/2(t)-
Thus, by a standard comparison argument, we get
(8/3)V3/2(0)
(ﬂ/?) — 4(1 V V71/2)LV3/2(0))e(ﬁ/3)t + 4(1 V l/fl/z)LV3/2(0) '
The thesis now follows from (2.15) and hypothesis (2.11).

Remark 2.2. An immediate consequence of Theorem 2.1 is that, for initial data in
D(A*/?) x D(A=1/2) o > 3/2, with Fourier expansion (2.6), Equation (2.1) is globally
solvable under the assumption

Vs /a(t) <

|A(a_1)/2u1‘2

(1A u1/2)5A§a—3.

+ | A% 2% < 7 (2.17)
In particular, for o = 2, from (2.10) and (2.17), we obtain the smallness condition
A/2, |2 1A LY2)S
% + |Aug|? < % max{(1 A v/2)8, A1 }. (2.18)

§ 3. Main Result

Let us introduce a few functionals we shall use hereafter. Let a € C?([0,T[) be a
positive function. If u € C°([0,T[, D) N C([0,T[, V) is given by (2.7), we define

al(t
6) = s
ej(t,u) == (a(t)"V2N392 + (a(t) X502,
Fit ) = Ny,
w; (t,u) = ej(t,u) + [6(a(t) "> + (01 f;(t, w),

E(t,u) =Y ej(t,u) = (a(t) /2 [AY20l* + (a()'/?|Auf.

Moreover, we shall adopt the following notations: for a given integer k, we shall write

k—1

E<k>(t,u) ::Zej(t,u), Epy(t,u) ::Zej(t,u).
k

0

The proof of Theorem 3.1 is based on the following energy identity for the linear ODE
ij + a(t)A?yj + 5yj =0. (31)
In the non dissipative case (§ = 0), the identity is due to Manfrin [9].
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Proposition 3.1. Let a(t) be a positive C%([0, T[) function. Then the solutions of the
Equation (3.1) satisfy the following energy identity

w;(t) = ((t) = 0y(£)) f5 () — ow; (2). (3.2)

Proof. The identity (3.2) is equivalent to

63(1) + (== (1) f5(8) = —ou; (1), (3.3)

9

a(t)
Using Equation (3.1), we have

£i(®) = X392 — a(t)\hy? — 6 f;(t),

2

a(t)

Now (3.3) follows by straightforward computations.

é(t) = —

()
a2+ 2D _yae
Y()ATY; 2 /alD Y

For a given local solution u of the Kirchhoff equation (2.1), we set
a(t) = m(|AY?uf?).
Lemma 3.1. Assume that m satisfies the condition (2.3). Let the initial data (ug,u1) €

D x V be given by (2.6). Let u € C°([0,T[, D)NCL([0,T[,V) be the solution of the problem
(2.1), (2.2). Then the following estimates hold true

A0 < ZB() + S (1), (34)
HO1 < oy EC) (35)
0] < (H () B() . (36)

Proof. Under the assumption (2.3), we simply have a(t) = 2L(Au, ), thus

L(Au, )
y(t) = oI
and, using the equation, we get
i(t) = 2L(|AY 202 — m(|AY?u|?)|Au)?) — 20 L(Au, ). (3.7)

Since )
a 3a

rY(t) = 2&3/2 - 4@5/2’

by (3.7), we obtain

. L\2(Au,4)? L . oL )
A(t) = _3(E) (\/m) + 5 (|AY20|? — m|Au|?) — 3 (Au, )
_ £ £ 2 1/2 2 |A1/21:L|2 _ £ 2
_ (m —39(t)(m) |AY/2y) )7\/a = mlAul? - 591(8), (3.8)
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where, by the Cauchy-Schwartz inequality, 0 < 6(¢) < 1. Since

L LN? a2 2 |AV2al> L 2
(5 =300 () 1420 ) = = il du
L2 L L L
< L 12,2 _ L L _L
< max {3(m) | A Zu — m}E(t) mE(t),
thanks to (3.8), we have proved (3.4).
The inequality (3.5) follows at once by

L

()] = —57 (A 2u, AP0 < |(Au, AVa)],
m

)\11/3/2
and by the Cauchy-Schwartz inequality. On the other hand, we have

1/2 m1/4|Au\ < 1/4

|(Au, a)| < (H(1)) (H()E(t)"?,

/4
from which (3.6) follows immediately.

In order to state our main result, we need two more functions. Let (ug,u1) € D x V
be given by (2.6). For any k > 1, we define

2 o)

Gi(x) = 6)\\;1H(0) + 32 e;(0) exp (2?;];\1:> (x € R),
i=k /

wie) = [ g (v eR).

Theorem 3.1. Assume that the conditions (2.3) and (2.8) hold true. Let the initial
data (up,u1) € D x V be given by (2.6).
If for some integer k > 1, such that

20
Ak > N (3.9)
(up, u1) satisfies the following assumptions
hrf Yr(r) > 1/0, Q8]
Gr oy )(1/6 v i
(kowk)(/)<mkv (II)
then the problem (2.1), (2.2) has a unique global solution
u € C°([0,00[; D) N C* ([0, 00[; V).
Moreover the following estimate holds true
E(t) < (GrovyH(1/8)e™  (t>0). (3.10)
Proof. Let us set
) 3L
Cri= . Cai=7 (3.11)
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Under the hypothesis (2.8), and thanks to (3.4)—(3.6) of Lemma 3.1, we have

17(t) — 6v(t)| < C2E(t, w). (3.12)
Thanks to the inequality
e
| < I 1
1< 5 (313)
and by (3.6) and definition (3.11), we get that, for any j € N,
0 1
< /2 . .
\(\fﬂ)m (f+cl< (DE(1)) )2A (3.14)
Note that 0)2
E(t) = Ey ) (t) + B (1) < %H(t) + B (1), (3.15)
v
Therefore, thanks to the hypotheses (I), (II) and by the monotonicity of Gy, we have
1 A
E Co(1/6 —r 1
(0) < Gu(0) < (G0 )(1/5) < qemis (3.16)
Let T}, be defined as follows
A
Ty .—bup{t>0. £9(8)<m7 SE[O,t]}
The inequality (3.16) implies that Ty, > 0. Thanks to (3.14), (3.9) and Proposition 2.1
we have
](iJw)f <% (k) (0<t<T)
vatiblsg U=h Osred)
thus . S0 (1
eJ'Q( ) < wy(t) < ejz( ) sk 0<t<Ty. (3.17)

Now we use the energy identity (3.2) and thanks to (3.12), (3.13), (3.17), for j > k and
0 <t < Ty, we have

5(0) = (3(0) = 900 5(8) =Sy (0) < (A =)0 (318)
An application of the comparison principle to (3.18) yields
wj(t) <w;j(0)e exp / E(s ds (j>k) (0<t<Ty).
Thus, by (3.17), we have
(1) < 3e,(0)e " exp | / B(s)ds| (G2 k) (0<t<T). (3.19)

Summing up in (3.19) with respect to j, we get

Bk 5::26] exp[ ]/OtE(s)ds] (0<t<Tp). (3.20)
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On the other hand, by (2.8) and (2.9), we have

H(t) < 3¢ H(0). (3.21)
Putting together (3.15), (3.20) and (3.21), it follows that the function fo s)ds satisfies
the following differential inequality

t
B(t) < Gk</ B(s)ds)e ™™ (0<t<Ty).
0
Let ¢ : [0,T,[— R be the maximal solution of the Cauchy problem

p(t) = Grlp(t))e™,  ¢(0)=0. (3.22)

Since G}, is increasing, by a standard comparison argument, we have, as long as t <
min(Ty, Ty,),

B(t) < Gk( /0 t E(s)ds) et < Gilp(t))e 0. (3.23)

The solution ¢ of the Cauchy problem (3.22) is easily computed. In fact, by the
definition of 1y, we have
p(t) = v (1= e7)/0).

Thanks to the assumption (I) we have T,, = 4+o00. Thus, by (3.23),

Ak

B(t) < (Gro b NA/0)e™ < gomyrs

(0 <t<Tg),

thanks to the assumption (IT). We have then that T}, = 400 and the estimate (3.10).

Remark 3.1. The assumption § < /v was made only to keep the statement of the
theorem at a reasonable length. In the general case, we should replace the definition of Gy,

with
3263 exp(oz_x)7

]

2)\k .C

where C' = C(8,v, L, \1, H(0)) is the constant in Proposition 2.1, Cy = L/v + L/(2v3/2)\;)
and replace (IT) with lim ¢ (z) > 1/(6 —
r—00

It is clear that for a fixed amount of initial energy H(0), (I), (H) of Theorem 3.1 may be
interpreted as conditions relating the high-frequencies energy E(*?(0 ) with the gap between
the eigenvalues A\g_1, Ap. The larger is the gap, actually the ratio A\y/A2_,, the larger is
the energy E{F) (0) allowed. In the next proposition we provide a set of sufficient conditions
which make this argument more explicit.

Proposition 3.2. Assume that the conditions (2.3) and (2.8) hold true. Let the initial
data (ug,u1) € D x V be given by (2.6). If for some integer k > 1, such that (3.9) holds
true, (ug,u1) satisfies the following conditions:

V325 A A2 H(0)
H S n (1 S I
0 <=5 %, n +ﬁE<k>(o))’ (Ta)
6A7_, 2 v/
- (k) 2
¥ H(0)? + 3B (0)H(0) < o5 A%, (Ila)
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then the problem (2.1), (2.2) has a unique global solution
ue C?([0, 00[; D) N C*([0, 00[; V).
Moreover, the following estimate holds true

1222 H(0
E(t) < < k-1 ( )
Vv
Proof. We have to prove that (Ia) and (ITa) imply conditions (I) and (II). For brevity,
let us set

+ 6E<’“>(0))e*‘”. (3.24)

6M2_, H(0) C
A, = k17T o gp(k) 2
k v B 3 0), ek "
Since B
Gr(z) < Gi(x) := Ay + Bre ",
we have s g
@)= [ <o) 90 <0 ) (3.25)
o Gi(y)
It follows that L
(Grovy (@) < (Gr oty ) (@). (3.26)
By a simple computation we obtain
. 1 Ay,
xh_}rrolo Yr(x) = AL In (1 + B—k) (3.27)
Since the condition (Ia) may be written as follows
1 A,
we have that, thanks to (3.25) and (3.27), (I) is satisfied.
On the other hand, by the condition (Ia) we have
-~ B
(Gr oy 1) (1/8) = Ay + u < 2(Ag + By). (3.28)

(1 + ﬁ—:)e_(‘kak)/(s — E—:
The condition (II) follows by (Ila), (3.26) and (3.28) whereas the estimate (3.24) follows by

(3.26), (3.28) and (3.10).

Remark 3.2. By letting A;_; — 0, the conditions (Ia), (ITa) have a meaning even for
k = 1. Thus, in addition to (2.18), we obtain another sufficient condition for initial data in
D xV: X >26/y/v, and

\A1/2u1|2
v

Svhr APT/? }
9L ' 24L2H(0)J"

Remark 3.3. Other sets of sufficient conditions may be derived by (Ia) and (IIa).
This is the version we used in the Introduction:

+ | Augl? < (m(|A2ugl2)) /2 min {

2
E(k)(o) < Akle(O)
ﬁ b
v3/25In2 12 Ak
H(0) < min ,
(0) { 9Lk 6\/§L}/\k—1

for some k > 1.
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