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ON THE GENERAL k-TH KLOOSTERMAN SUMS
AND ITS FOURTH POWER MEAN∗∗∗
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Abstract

The main purpose of this paper is to study the asymptotic property of the fourth
power mean of the general k-th Kloosterman sums, and give an interesting asymptotic
formula.
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§ 1 . Introduction

Let q ≥ 3 be a positive integer. For any integers m, n and k , we define the general
k-th Kloosterman sums S(m, n, k, χ; q) as follows:

S(m,n, k, χ; q) =
q∑′

a=1

χ(a)e
(mak + nak

q

)
,

where
∑′

denotes the summation over all a such that (a, q) = 1, aa ≡ 1 mod q, χ denotes
a Dirichlet character mod q and e(y) = e2πiy.

This summation is very important, because it is a generalization of the classical Kloost-
erman sums S(m, n, 1, χ0; q) = S(m,n; q), where χ0 is the principal character mod q. The
various properties of S(m, n; q) were investigated by many authors. Perhaps the most famous
property of S(m, n; q) is the estimate (see [1, 2]):

|S(m,n; q)| ≤ d(q)q
1
2 (m,n, q)

1
2 , (1.1)

where d(q) is the divisor function, (m,n, q) denotes the greatest common divisor of m, n and
q. If q is a prime p, then S. Chowla [3] and A. V. Malyshev [4] also proved a similar result
for S(m,n, 1, χ; p). But about the properties of S(m,n, k, χ; q) for general mod q, we know
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very little at present, even if we do not know how large |S(m,n, k, χ; q)| is. On the other
hand, H. Iwaniec [5] studied the fourth power mean of S(m,n; q), and proved the identity

p−1∑
a=1

S4(a, 1; p) = 2p3 − 3p2 − 3p− 1.

H. Salié [6] and H. Davenport (independently) obtained the estimate

p−1∑
a=1

S6(a, 1; p) ¿ p4.

The main purpose of this paper is to study the asymptotic properties of the 2l-th power
mean ∑

χ mod q

q∑
m=1

| S(m,n, k, χ; q) |2l, (1.2)

and gives an exact formula for (1.2) with l = 2. That is, we shall prove the following

Theorem. Let q ≥ 3 be an integer. Then for any fixed integer n and k with (nk, q) = 1,
we have the identity

∑

χ mod q

q∑
m=1

| S(m,n, k, χ; q) |4

= φ2(q)q2
∏

pα‖q
(k, p− 1)2

(
α− 1 +

2(p− 1)
(k, p− 1)p

+
α

pα
− 2(pα − 1)

pα(p− 1)

)
,

where φ(q) is the Euler function,
∏

pα‖q
denotes the product over all p such that pα | q and

pα+1 - q.

For general integer l ≥ 3 and (nk, q) = 1, whether there exists an exact formula for
(1.2) is an open problem.

§ 2 . Some Lemmas

To complete the proof of the theorem, we need the following Lemmas.

Lemma 2.1. Let p be a prime, α and k be any positive integer with (k, p) = 1. Then
we have the identity

pα∑′

a=1

pα∑

b=1

′

pα|(ak−1)(bk−1)

1 = d2pα
(
α− 1 +

2(p− 1)
dp

+
α

pα
− 2(pα − 1)

pα(p− 1)

)
,

where d = (k, φ(pα)).

Proof. If α = 1, then we have
p∑′

a=1

p∑

b=1

′

p|(ak−1)(bk−1)

1 =
p−1∑
a=1

p−1∑

b=1
p|(ak−1)(bk−1)

1 = 2d(p− 1)− d2.
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So Lemma 2.1 holds for α = 1. Now we suppose α ≥ 2. From the properties of the Möbius
function (see [7]), we immediately get

pα∑′

a=1

pα∑

b=1

′

pα|(ak−1)(bk−1)

1 =
pα∑

a=1

pα∑

b=1
pα|(ak−1)(bk−1)

∑

t|(a,pα)

µ(t)
∑

h|(b,pα)

µ(h)

=
∑

t|pα

µ(t)
∑

h|pα

µ(h)
pα/t∑
a=1

pα/h∑

b=1
pα|((ta)k−1)((hb)k−1)

1

=
pα∑

a=1

pα∑

b=1
pα|(ak−1)(bk−1)

1− 2d

pα−1∑
a=1

1

= 2dpα − d2 +
α−1∑

i=1

pα∑
a=1

pi|(ak−1)

ak 6=1

pα∑

b=1
pα−i|(bk−1)

bk 6=1

1− 2dpα−1. (2.1)

Noting that (a, pα) = 1, we have a = gl, where g is a primitive root of pα. So we have

pα∑
a=1

pi|(ak−1)

ak 6=1

=
pα∑

a=1
pi|(ak−1)

1− d =
φ(pα)−1∑

l=0
pi|(glk−1)

1− d =
φ(pα)−1∑

l=0
φ(pi)|lk

1− d

=
φ(pα)−1∑

l=0
φ(pi)

d |l

1− d = d
φ(pα)
φ(pi)

− d = d(pα−i − 1). (2.2)

Combining (2.1) and (2.2), we may get

pα∑′

a=1

pα∑

b=1

′

pα|(ak−1)(bk−1)

1 = 2dpα − d2 +
α−1∑

i=1

d2(pα−i − 1)(pi − 1)− 2dpα−1

= d2pα
(
α− 1 +

2(p− 1)
dp

+
α

pα
− 2(pα − 1)

pα(p− 1)

)
.

This completes the proof of Lemma 2.1.

Lemma 2.2. Let n, k, k1, k2 be integers with (n, k1k2) = (k1, k2) = 1. Then for any
character χ mod k1k2, there exist integers n1 and n2 with (n1, k1) = (n2, k2) = 1 such that

n ≡ n1k
2
2 + n2k

2
1 (modk1k2),

and for these integers we have

| S(m,n, k, χ; k1k2) |=| S(mk2, n1k2, k, χ1; k1) | · | S(mk1, n2k1, k, χ2; k2) |,

where χ = χ1χ2 with χ1 mod k1 and χ2 mod k2.
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Proof. Since (k1, k2) = 1, we have (k2
1, k

2
2) = 1. Therefore there exists integer

n1 such that n1k
2
2 ≡ n mod k2

1, and n2 such that n2k
2
1 ≡ n mod k2

2. These imply that
k2
1 | n1k

2
2 + n2k

2
1 − n and k2

2 | n1k
2
2 + n2k

2
1 − n. That is,

n ≡ n1k
2
2 + n2k

2
1 (modk1k2).

It is clear that (k1, n1) = (k1, n1k
2
2) = (k1, n) = 1 and (k2, n2) = 1.

Let χ = χ1χ2 with χ1 mod k1 and χ2 mod k2. Then for integers k1, k2, n1 and n2, we
have

S(m,n, k, χ; k1k2)

=
k1∑′

a=1

k2∑′

b=1

χ1χ2(ak2 + bk1)

· e
(m(ak2 + bk1)k + (n1k

2
2 + n2k

2
1)(ak2 + bk1)k

k1k2

)

= χ1(k2)χ2(k1)
k1∑′

a=1

χ1(a)e
(makkk−1

2 + n1akkk−1
2

k1

)

·
k2∑′

b=1

χ1(b)e
(mbkkk−1

1 + n2bkkk−1
1

k2

)

= χ1(k2)χ2(k1)
k1∑′

a=1

χ1(a)e
(makk2 + n1akk2

k1

)

·
k2∑′

b=1

χ1(b)e
(mbkk1 + n2bkk1

k2

)

= χ1(k2)χ2(k1)S(mk2, n1k2, k, χ1; k1)S(mk1, n2k1, k, χ2; k2).

Then Lemma 2.2 follows from | χ1(k2)χ2(k1) |= 1.

Lemma 2.3. Let p be a prime, and α a positive integer. Then for any integers k, n
and v with (knv, p) = 1, we have

∑

χ mod pα

pα∑
m=1

| S(m, nv, k, χ; pα) |4

= φ2(pα)p2αd2
(
α− 1 +

2(p− 1)
dp

+
α

pα
− 2(pα − 1)

pα(p− 1)

)
,

where d = (k, φ(pα)).

Proof. From the properties of characters, we have

| S(m,n, k, χ; q) |2 =
q∑′

a=1

q∑′

b=1

χ(ab)e
(m(ak − bk) + n(ak − bk)

q

)

=
q∑′

a=1

χ(a)
q∑′

b=1

e
(mbk(ak − 1) + nbk(ak − 1)

q

)
.
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Now by the orthogonality relation for characters, we immediately get

∑

χ mod q

| S(m, n, k, χ; q) |4

= φ(q)
q∑′

a=1

∣∣∣
q∑′

b=1

e
(mbk(ak − 1) + nbk(ak − 1)

q

)∣∣∣
2

. (2.3)

Note that the trigonometric identity

q∑
a=1

e
(sa

q

)
=

{
q, if q | s;
0, if q - s.

From (2.3) and Lemma 2.1, we have

∑

χ mod pα

pα∑
m=1

| S(m,nv, k, χ; pα) |4

= φ(pα)
pα∑′

a=1

pα∑
m=1

∣∣∣
pα∑′

b=1

e
(mbk(ak − 1) + nvbk(ak − 1)

pα

)∣∣∣
2

= φ(pα)
pα∑′

a=1

pα∑′

b1=1

pα∑′

b2=1

pα∑
m=1

e
(m(bk

1 − bk
2)(ak − 1) + nv(bk

1 − bk
2)(ak − 1)

pα

)

= φ(pα)
pα∑′

a=1

pα∑′

b1=1

pα∑′

b2=1

pα∑
m=1

e
(mbk

2(bk
1 − 1)(ak − 1) + nvbk

2(bk
1 − 1)(ak − 1)

pα

)

= φ(pα)
pα∑′

a=1

pα∑′

b1=1

pα∑′

b2=1

pα∑
m=1

e
(mbk

2(bk
1 − 1)(ak − 1) + nvbk

2bk
1ak(1− bk

1)(1− ak)
pα

)

= φ2(pα)pα

pα∑′

a=1

pα∑′

b=1
pα|(ak−1)(bk−1)

1

= φ2(pα)p2αd2
(
α− 1 +

2(p− 1)
dp

+
α

pα
− 2(pα − 1)

pα(p− 1)

)
.

This proves Lemma 2.3.

§ 3 . Proof of the Theorem

From Lemma 2.2 and Lemma 2.3 in the above section, we can complete the proof of
the theorem. In fact, for any integers n and k with (nk, q) = 1, let q have the prime power

decomposition q =
r∏

i=1

pαi
i , m =

r∑

i=1

miq

pαi
i

. It is clear that if mi (i = 1, 2, · · · , r) pass through

a complete residue system modulo pαi
i , then m pass through a complete residue system

modulo q. Note that S(m,ni, k, χi; pαi
i ) = S(miq/pαi

i , ni, k, χi; pαi
i ) and (q/pαi

i , pαi
i ) = 1.
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From Lemma 2.2 and Lemma 2.3, we immediately obtain the identity

∑

χ mod q

q∑
m=1

| S(m,n, k, χ; q) |4

=
r∏

i=1

[ ∑

χi mod p
αi
i

p
αi
i∑

mi=1

∣∣∣S
(
mi

q

pαi
i

( q

pαi
i

)
, ni

q

pαi
i

, k, χi; pαi
i

)∣∣∣
4]

=
r∏

i=1

[ ∑

χi mod p
αi
i

p
αi
i∑

mi=1

| S(mi, niq/pαi
i , k, χi; pαi

i ) |4
]

=
r∏

i=1

[
φ2(pαi

i )p2αi
i d2

i

(
αi − 1 +

2(pi − 1)
dipi

+
αi

pαi
i

− 2(pαi
i − 1)

pαi
i (pi − 1)

)]

= φ2(q)q2
∏

pα‖q
(k, p− 1)2

(
α− 1 +

2(p− 1)
(k, p− 1)p

+
α

pα
− 2(pα − 1)

pα(p− 1)

)
.

This completes the proof of the theorem.
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