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§ 1 . Introduction

Let Hp(Rn), 0 < p < ∞ be the Hardy spaces defined by

Hp(Rn) =
{

f ∈ S′(Rn) :
∥∥∥sup

t>0
|ϕt ∗ f |

∥∥∥
Lp(Rn)

< ∞
}

,

where ϕ ∈ S(Rn),
∫

ϕ = 1 and ϕt(x) = t−nϕ
(

x
t

)
.

For convenience, we fix such a ϕ with suppϕ ⊂ {
x : |x| ≤ 1

2

}
once for all in the follow-

ing.
The corresponding periodic Hardy spaces are

Hp(Tn) =
{

f ∈ S′(Tn) :
∥∥∥sup

t>0
|ϕ̃t ∗ f |

∥∥∥
Lp(T n)

< ∞
}

,

where
ϕ̃t ∗ f(x) =

∑

k∈Zn

ϕ̂(tx)ak(f)e2πik·x, f(x) =
∑

k∈Zn

ak(f)e2πik·x,

and

ϕ̂(u) =
∫

Rn

ϕ(x)e−2πiu·xdx

is the Fourier transform of ϕ.
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Let λ ∈ L∞(Rn). For each ε > 0, define

̂(Tεf)(u) = λ(εu)f̂(u), f ∈ L2(Rn) ∩Hp(Rn),

T̃εf(x) =
∑

k∈Zn

λ(εk)ak(f)e2πik·x, f ∈ L2(Tn) ∩Hp(Tn).

We call λ a maximal multiplier on Hp(Rn) if T ∗f(x) = sup
ε>0

|Tεf(x)| can be extended

to a bounded operator from Hp(Rn) to Lp(Rn).
Similarly, λ is a maximal multiplier on Hp(Tn) if T̃ ∗f(x) = sup

ε>0
|T̃εf(x)| can be extended

to a bounded operator from Hp(Tn) to Lp(Tn).
The transference relation between maximal multilpiers on Hp(Rn) to Hp(Tn) was

studied by Kenig and Tomas [4] in the case 1 < p < ∞, and by Liu and Lu [5] in the case
0 < p ≤ 1.

In [5], Liu and Lu proved the following theorem.

Theorem A. Let 0 < p ≤ 1, λ ∈ L∞(Rn) be a continuous function on Rn and satisfy

lim
|x|→∞

λ(x) = α. (1.1)

Suppose that λ is a maximal multiplier on Hp(Rn). Then λ is a maximal multiplier on
Hp(Tn). (See also [3], in which the authors proved that the above condition (1.1) in Theorem
A is superflous).

The main purpose of this paper is to extend Theorem A to the local Hardy-Lorentz
space h(p, q), 0 < p < ∞, 0 < q < ∞. The definition of h(p, q) will be reviewed in the second
section. But we point out here that h(p, q) = Hp if p = q > 1. It should also be noted that,
unlike Hp, there is no a standard atomic decomposition for h(p, q), if p 6= q, 0 < q ≤ 1.

The following is the main result in the present paper.

Theorem 1.1. Let λ ∈ L∞(Rn) be a continuous function. For 0 < p, q < ∞, if

‖T ∗f‖Lp,q(Rn) ≤ C‖f‖h(p,q,Rn) for all f ∈ h(p, q, Rn),

then
‖T̃ ∗f‖Lp,q(T n) ≤ C‖f‖h(p,q,T n) for all f ∈ h(p, q, Tn),

where Lp,q is the Lorentz space and h(p, q) is the local Hardy-Lorentz space. Their definitions
will be reviewed in Section 2.

The proof of the theorem will be in Section 3.
The converse part of the theorem is proved in [1].

§ 2 . Basic Notation and Lemmas

Let (X, µ) be a measure space. For a measurable function f , its distribution function
m is defined by

m(α) = µ{x ∈ X : |f(x)| > α}, α > 0. (2.1)

The non-increasing rearrangement of f, f∗ is defined by

f∗(t) = inf
α>0

{α : m(α) ≤ t}, t > 0.
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Definition 2.1. The Lorentz space Lp,q(X), 0 < p, q < ∞, is the set of all measurable
functions f on X with ‖f‖Lp,q(X) < ∞, where

‖f‖Lp,q(X) =
[q

p

∫ ∞

0

[t
1
p f∗(t)]q

dt

t

] 1
q

.

A well-known result of the Lorentz space is Lp,p = Lp (see [6]). In this paper, we are
interested in X = Rn and X = Tn with the Lebesgue measure µ(E) = |E|.

Definition 2.2. Local Lorentz-Hardy space h(p, q,Rn) is the set of all f ∈ S′(Rn)
such that

‖f‖h(p,q,Rn) ≡
∥∥∥ sup

0<t≤1
|ϕt ∗ f |

∥∥∥
Lp,q(Rn)

< ∞.

Similarly, the space h(p, q,Tn) is the set of all f̃ ∈ S′(Tn) such that

‖f̃‖h(p,q,Tn) =
∥∥∥ sup

0<t≤1
|f̃ ∗ ϕ̃t|

∥∥∥
Lp,q(Tn)

< ∞.

We introduce the following known lemmas.

Lemma 2.1. (cf. [2]) Suppose that {fn} is a sequence of nonnegative functions on
the measure space (X, µ) and that f is a nonnegative function on a measure space (Y, ν). If
{an} is a positive sequence such that

lim inf
n→∞

anµ{x ∈ X : fn(x) > α} ≥ ν{y ∈ Y : f(y) > α} for all α > 0, (2.2)

then we have

f∗(t) ≤ lim inf
n→∞

(fn)∗
( t

an

)
for all t > 0.

The following lemma can be found in [6, p.190].

Lemma 2.2. Suppose {fn} is a sequence of measurable functions such that for all
x ∈ X,

|fn(x)| ≤ |fn+1(x)|, n = 1, 2, · · · .

If f is a measurable function satisfying

|f(x)| = lim
n→∞

|fn(x)| for all x ∈ X,

then for each t > 0, (fn)∗(t) increases monotonically to f∗(t).

Also, it is easy to check

Lemma 2.3. If for any α > 0,

lim
n→∞

µ{x ∈ X, |fn(x)| > α} = 0,

then for any t > 0,

lim
n→∞

(fn)∗(t) = 0.
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Lemma 2.4. Suppose that ψ(x) is a continuous function with compact support. Let
λ(x) be a bounded and continuous function on Rn and let Tε and T̃ε be the families of
operators on Rn and Tn, respectively, associated to the function λ.

Take

ψ
1
N (ξ) = ψ

( ξ

N

)
. (2.3)

If ψ satisfies ψ(0) = 1 and ψ̂ ∈ L1(Rn), then for any g(x) =
∑

Cke2πik·x ∈ C∞(Tn) and
any positive integer N , we have

ψ
( y

N

)
(T̃εg)(y) = Tε(gψ

1
N )(y) + JN,ε(y), (2.4)

where

JN,ε(y) =
∑

Cke2πik·xNn

∫

Rn

ψ̂(Nx){λ(εk)− λ(εk + εx)}e2πiy·xdx → 0

uniformly on y as N →∞.

This lemma can be found in [2].

§ 3 . Proof of Theorem 1.1

Suppose now that λ is a maximal multiplier on h(p, q,Rn). Since the class of trigono-
metric polynomials forms a dense subset of h(p, q,Tn) and Lp,q(Tn), we need only prove
that for every trigonometric polynomial f(x) =

∑
ake2πik·x,

‖T̃ ∗f‖Lp,q(T n) ≤ C‖f‖hp,q(T n). (3.1)

Define
T̃ ∗Rf(x) = sup

0<ε≤R
|T̃εf(x)|.

By Lemma 2.2, we only need prove

‖T̃ ∗Rf‖Lp,q(T n) ≤ C‖f‖hp,q(T n), (3.2)

where C is a constant independent of R > 0 and all trigonometric polynomials f .
For positive integers M and N, we denote the cube

[
− N

2M
,

N

2M

)n

by
NQ
M

.

Let ψ ∈ D(Rn) be a radial function that satisfies

supp(ψ) ⊂ Q, 0 ≤ ψ(x) ≤ 1 and ψ(x) = 1 if x ∈ Q
2

.

Since T̃εf̃(x) is a periodic function, for any positive even number N ,

|{x ∈ Q : |T̃ ∗Rf̃(x)| > α}| ≤
( 2

N

)n∣∣∣
{

x ∈ NQ
2

: sup
0<ε≤R

∣∣∣T̃εf̃(x)ψ
( x

N

)∣∣∣ > αψ
( x

N

)}∣∣∣.
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Thus by Lemma 2.4, we have

|{x ∈ Q : |T̃ ∗Rf̃(x)| > α}| ≤
( 2

N

)n∣∣∣
{

x ∈ NQ
2

: sup
0<ε≤R

|Tε(f̃ψ
1
N )(x)| > α

2

}∣∣∣

+
( 2

N

)n∣∣∣
{

x ∈ NQ
2

: sup
0<ε≤R

|JN,ε(x)| > α

2

}∣∣∣.

Since λ is continuous, by Lemma 2.3 we know that JN,ε(x) → 0 uniformly for x ∈ Rn

and 0 ≤ ε ≤ R (R > 0 is any fixed positive integer), as N →∞. So we have

lim
N→∞

( 2
N

)n∣∣∣
{

x ∈ NQ
2

: sup
0<ε≤R

|JN,ε(x)| > α

2

}∣∣∣ = 0.

This shows that

|{x ∈ Q : |T̃ ∗Rf̃(x)| > α}| ≤ 2n lim inf
N→∞

N−n
∣∣∣
{

x ∈ Rn : 2 sup
ε>0

|Tε(f̃ψ
1
N )(x)| > α

}∣∣∣.

By Lemma 2.1, we have

(T̃ ∗Rf̃)∗(t) ≤ C lim
N→∞

{∣∣∣(T ∗(f̃ψ
1
N ))∗

( tNn

2n

)∣∣∣
}

.

Therefore, by Fatou’s Lemma and changing variables, we have

‖T̃ ∗Rf̃‖Lp,q(Tn) =
[q

p

∫ ∞

0

[t
1
p (T̃ ∗Rf̃)∗(t)]q

dt

t

] 1
q

≤ C lim
N→∞

N−n
p

[ ∫ ∞

0

[t
1
p {|T ∗(f̃ψ

1
N )|}∗(t)]q dt

t

] 1
q

= C lim
N→∞

N−n
p ‖T ∗(f̃ψ

1
N )‖Lp,q(Rn).

By the assumption of the theorem, we now have

‖T̃ ∗Rf̃‖Lp,q(Tn) ≤ C lim
N→∞

N−n
p ‖f̃ψ

1
N ‖h(p,q,Rn). (3.3)

By Lemma 2.4 again, we get

sup
0<δ≤1

|ϕδ ∗ (f̃ψ
1
N )(y)| ≤ ψ

( y

N

)
sup

0<δ≤1
|ϕ̃δ ∗ f̃(y)|+ sup

0<δ≤1
|JN,δ(y)|.

Thus

N−n
p ‖f̃ψ

1
N ‖h(p,q,Rn) ≤ CN−n

p

∥∥∥ψ
( ·

N

)
sup

0<δ≤1
|ϕ̃δ ∗ f̃(·)|

∥∥∥
Lp,q(Rn)

+ CN−n
p

∥∥∥ sup
0<δ≤1

|JN,δ(·)|
∥∥∥

Lp,q(Rn)
,

and finally we only need to show

lim
N→∞

N−n
p

∥∥∥ψ
( ·

N

)
sup

0<δ≤1
|ϕ̃δ ∗ f̃(·)|

∥∥∥
Lp,q(Rn)

≤ C
∥∥∥ sup
0<δ≤1

|ϕ̃δ ∗ f̃ |
∥∥∥

Lp,q(Tn)
, (3.4)

lim
N→∞

N−n
p

∥∥∥ sup
0<δ≤1

|JN,δ(·)|
∥∥∥

Lp,q(Rn)
= 0. (3.5)
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To prove (3.4), by the support condition of ψ, we have
∣∣∣
{

x ∈ Rn : ψ
( x

N

)
sup

0<δ≤1
|ϕ̃δ ∗ f̃(x)| > α

}∣∣∣

≤
∣∣∣
{

x ∈ NQ : sup
0<δ≤1

|ϕ̃δ ∗ f̃(x)| > α
}∣∣∣ = Nn

∣∣∣
{

x ∈ Q : sup
0<δ≤1

|ϕ̃δ ∗ f̃(x)| > α
}∣∣∣

since sup
0<δ≤1

|ϕ̃δ ∗ f̃(x)| is a periodic function.

By Lemma 2.2 and the definition, we now obtain

N−n
p

∥∥∥ψ
( ·

N

)
sup

0<δ≤1
|ϕ̃δ ∗ f̃(·)|

∥∥∥
Lp,q(Rn)

≤ N−n
q

[ ∫ ∞

0

[
t

1
p

(
sup

0<δ≤1
‖ϕ̃δ ∗ f̃ |

)
∗

( t

Nn

)]q dt

t

] 1
q

= C
[ ∫ ∞

0

[
t

1
p

(
sup

0<δ≤1
|ϕ̃δ ∗ f̃ |

)
∗
(t)

]q dt

t

] 1
q

= C
∥∥∥ sup

0<δ≤1
|ϕ̃δ ∗ f̃ |

∥∥∥
Lp,q(Tn)

.

So (3.4) is proved. We return to prove (3.5).
First, it is easy to see that

sup
0<δ≤1

|JN,δ(y)| ≤
∫

Rn

∣∣∣ψ̂(x)
[
φ̂
(
δk +

δx

N

)
− φ̂(δk)

]∣∣∣dx = O(N−1)

uniformly on y ∈ Rn.

On the other hand, for each y there is a yj such that |yj | ≥ |y|
n . Without loss of

generality, we assume |y1| ≥ |y|
n .

Let
x = (x1, x̄) , y = (y1, ȳ) ,

where x̄ = (x2, · · · , xn) and ȳ = (y2, · · · , yn).
Then

|JN,δ(y)| =
∫

Rn−1

{ ∫

R

Nnψ̂(Nx)[φ̂(δk + δx)− φ̂(δk)]e2πiy1·x1dx1

}
e2πiȳ·x̄dx̄.

We use integration by parts with respect to x1 to obtain

|JN,δ(y)| ≤ O
( ∫

Rn

Nn+1 1
|y|

∂

∂x1
ψ̂(Nx)e2πix·y[φ̂(δk + δx)− φ̂(δk)]dx

)

+ O
( ∫

Rn

Nn

|y| ψ̂(Nx)e2πix·yδ
( ∂

∂x1
φ̂
)
(δk + δx)dx

)
.

So
sup

0<δ≤1
|JN,δ(y)| ≤ C

1
|y| ,

where C is independent of N .
It is easy to see that if we use integration by parts for m times, then

|JN,δ(y)| ≤ C
∣∣∣N

m−1

ym

∣∣∣.
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Since the constant C is independent of 0 < δ ≤ 1, we have

sup
0<δ≤1

|JN,δ (y)| ≤





C

N
if |y| ≤ N,

C
∣∣∣N

m−1

ym

∣∣∣ if |y| > N.

So we have∣∣∣
{

x ∈ Rn : sup
0<δ≤1

|JN,δ(x)| > α
}∣∣∣

=
∣∣∣
{
|x| < N : sup

0<δ≤1
|JN,δ(x)| > α

} ⋃{
|x| > N : sup

0<δ≤1
|JN,δ(x)| > α

}∣∣∣

≤
∣∣∣
{
|x| < N : sup

0<δ≤1
|JN,δ(x)| > α

}∣∣∣ +
∣∣∣
{
|x| > N : sup

0<δ≤1
|JN,δ(x)| > α

}∣∣∣

≤
∣∣∣
{
|x| < N :

∣∣∣ C

N

∣∣∣ > α
}∣∣∣ +

∣∣∣
{
|x| > N : C

Nm−1

|x|m > α
}∣∣∣

=
∣∣∣
{
|x| < N : N <

C

α

}∣∣∣ +
∣∣∣
{
|x| > N : |x| < C

(Nm−1

α

) 1
m

}∣∣∣.

The first measure is equal to
∫

|x|<N

dx ≈ CNn,

where N < C
α .

For the second measure, since

N < |x| < C
(Nm−1

α

) 1
m

,

we have N < C
α , and

∣∣∣
{
|x| > N : |x| < C

(Nm−1

α

) 1
m

}∣∣∣

=
∫

N<|x|<C
(

Nm−1
α

) 1
m

dx ≈
{[Nm−1

α

] n
m −Nn

}
.

Thus, for large N , we obtain some constants C and A independent of N , such that

∣∣∣
{

x ∈ Rn : sup
0<δ≤1

|JN,δ(x)| > α
}∣∣∣ ≤





0, α ≥ C
N ,

A
(Nm−1

α

) n
m

, α < C
N .

This shows that

inf
α>0

{
α :

∣∣∣
{

x ∈ Rn : sup
0<δ≤1

|JN,δ(x)| > α
}∣∣∣ ≤ t

}

≤ inf
α>0

{
α :

∣∣∣A
(Nm−1

α

) n
m

∣∣∣ ≤ t
}

= inf
α>0

{
α : A

(Nm−1

α

)
≤ t

m
n

}

= inf
α>0

{
α : α ≥ A

(Nm−1

t
m
n

)}
= A

(Nm−1

t
m
n

)
.
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Thus
(

sup
0<δ≤1

|JN,δ|
)
∗
(t) ≤





A
(Nm−1

t
m
n

)
, t ≥ Nn,

A

N
, t < Nn.

Now choose m such that
m

n
>

1
p
.

Then

C lim inf
N→∞

( 2
N

)n
p
[q

p

∫ ∞

0

{
t

1
p

(
sup

0<δ≤1
|JN,δ|

)
∗
(t)

}q dt

t

] 1
q

= C lim inf
N→∞

( 1
N

)n
p
[ ∫ Nn

0

{
t

1
p

(
sup

0<δ≤1
|JN,δ|

)
∗
(t)

}q dt

t

] 1
q

+ C lim inf
N→∞

( 1
N

)n
p
[ ∫ ∞

Nn

{
t

1
p

(
sup

0<δ≤1
|JN,δ|

)
∗
(t)

}q dt

t

] 1
q

≤ C lim inf
N→∞

( 1
N

)n
p
[ ∫ Nn

0

{
t

1
p

1
N

}q dt

t

] 1
q

+ C lim inf
N→∞

( 1
N

)n
p
[ ∫ ∞

Nn

{
t

1
p

(Nm−1

t
m
n

)}q dt

t

] 1
q

= C lim inf
N→∞

( 1
N

)n
p · C

N

[ ∫ Nn

0

t
q
p−1dt

] 1
q

+ C lim inf
N→∞

( 1
N

)n
p ·Nm−1

[ ∫ ∞

Nn

t
q
p−mq

n −1dt
] 1

q

= C lim inf
N→∞

1
N

= 0.

The theorem is proved.
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