Chin. Ann. Math.
25B:1(2004),129-138.

INJECTIVE PRECOVERS AND MODULES OF
GENERALIZED INVERSE POLYNOMIALS**

LIU ZHONGKUT*

Abstract

This paper is motivated by S. Park [10] in which the injective cover of left R[z]-
module M[z™'] of inverse polynomials over a left R-module M was discussed. The
author considers the Q-covers of modules and shows that if n : P — M is an §2-
cover of M, then [¥=] : [P®S] — [M®=] is an [ =]-cover of left [[R%<]]-module
[MS=], where € is a class of left R-modules and [M*'=] is the left [[R”=]]-module of
generalized inverse polynomials over a left R-module M. Also some properties of the
injective cover of left [[R%<]]-module [M <] are discussed.
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Let (S, <) be an ordered set. Recall that (S, <) is artinian if every strictly decreasing
sequence of elements of S is finite, and that (5, <) is narrow if every subset of pairwise
order-incomparable elements of S is finite. Let S be a commutative monoid. Unless stated
otherwise, the operation of S shall be denoted additively, and the neutral element by 0. The
following definition is due to [11].

Let (S, <) be a strictly ordered monoid (that is, (S, <) is an ordered monoid satisfying
the condition that, if s,s’,¢ € S and s < s/, then s +t < s’ + ), and R a ring. Let [[R5<]]
be the set of all maps f: S — R such that

supp(f) = {s € S| f(s) # 0}

is artinian and narrow. With pointwise addition, [[R%<]] is an abelian additive group. For
every s € S and f,g € [[R>=]], let

Xs(f,9) ={(u,v) € S x S|s=u+w, f(u) #0,9(v) # 0}.
It follows from [11, 4.1] that X(f,g) is finite. This fact allows to define the operation of

convolution:
(fo)(s)= > flug(v).

(u,v)EXs(f,9)
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With this operation, and pointwise addition, [[R%<]] becomes a ring, which is called the
ring of generalized power series. The elements of [[R%<]] are called generalized power series
with coefficients in R and exponents in S.

For example, if S = NU {0} and < is the usual order, then [[RNY{Oh=]] = R[[z]], the
usual ring of power series. If S is a commutative monoid and < is the trivial order, then
[[R%=]] = R[S], the monoid-ring of S over R. Further examples are given in [12, 13]. Some
results on the rings of generalized power series are given in [11-14, 8].

If M is a left R-module, we let [M“=] be the set of all maps ¢ : S — M such that
the set

supp(¢) = {s € S| #(s) # 0}

is finite. Now [M“<] can be turned into a left [[RS<]]-module under some additional
conditions. The addition in [M <] is componentwise and the scalar multiplication is defined
as follows:

(fo)(s) = Z F)d(s+t) for every s €S,

tesS

where f € [[R%<]], and ¢ € [M*'=]. From [8] it follows that if (S, <) is a strictly totally
ordered monoid and < is also artinian, then [M*'<] becomes a left [[R%<]]-module.
For example, if S = NU {0} and < is the usual natural order, then

[MAUIOS) & M)

the usual left R[[x]]-module discussed in [10].
Let r € R. Define a mapping ¢, € [[R%<]] as follows:

¢(0)=r, ¢(s)=0, 0#seSs.
Let s € S. Define a mapping e, € [[R=]] as follows:
es(s)=1, es(t)=0, s#teb.

Let 2 be a class of left R-modules. We assume that €2 is closed under isomorphisms.
According to [4] (or [15], or [3]), an Q-cover of a left R-module M is a linear mapn : P — M
with P in € such that

(1) any diagram with @ € €,

Q
1o\

p T

can be completed by a linear map § : Q — P and
(2) the diagram
P
LA
p " M
can only be completed by an automorphism of P.

If (1) holds (and perhaps not (2)), then n: P — M is called an Q-precover of M.
Note that if an 2-cover exists, then it is unique up to isomorphism.
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If Q is the class of all injective left R-modules (the class of all flat left R-modules),
then an €-cover is called an injective cover (a flat cover, respectively) and an §2-precover is
called an injective precover (a flat precover, respectively). If € is the class of all torsion-free
injective left R-modules, then an Q-cover is called a torsion-free injective cover (see [1]). If
Q is the class of all left R-modules of finite injective dimension, or equivalently, the class of
all left R-modules of finite projective dimension (see [7]), then €2-covers exist by [5]. Enochs
and Jenda in [4], Enochs and Xu in [6] and Auslander and Buchweitz in [2] studied Q-covers
when €2 is other classes of left R-modules.

We shall henceforth assume that (S, <) is a strictly totally ordered monoid which is
also artinian. Then, from [9], for any s € S, we have 0 < s. This result will be often used
throughout the rest of this paper.

Let M be a left R-module. For any ¢t € S and m € M, define ¢y, € [M =] as follows:

i) ={ o 12

Denote Gy = {¢ym |m € M}. Then G is a left R-module by the left R-action: r - ¢y =
¢r®tm. Clearly there exists an isomorphism of left R-modules \; : M — Gy via M\i(m) =
@+m. The following lemma appeared in [8, Lemma 2.3].

Lemma 1. Let M, N be left R-modules. Then there exists an isomorphism of abelian
groups
F : Homygs.<p ([M =], [N®=]) = [[Homp (M, N)*=]].

We note that F' is defined via F(«a) : S — Hompg(M, N) as
F(a)(s) = Baks

for any o € Homyps, <H([MS ], [N®=]), where 8 : [N®S<] — N is an R-homomorphism
defined via G(¢) = ¢(0) for any ¢ € [N*=]. By the proof of Lemma 1 (see [8, Lemma 2.3]),
for any h € [[Homg(M, N)*<]], F~Y(h) : [M®=] — [N®<] is defined via

F~'(n)(¢): S — N
s»—>Zh o(s+u))

uesS

for every ¢ € [M5=].
Let P, M be left R-modules. If n € Hompg (P, M), then we define g : S — Hompg (P, M)

via
b S = 07
gs)=1 "
0, s # 0.

By Lemma 1, there exists o € Homgs.<}([P=],[M*<]) such that F(a) = g. We denote
a by [n%=].
Set [Q%=] = {[NS<]|N € Q}.

Proposition 1. Let M be a left R-module. Suppose thatn : P — M is an 2-precover.
Then [n5=] : [PSS] — [M5=] is an [Q°=]-precover of left [[RS=]]-module [M%=].

Proof. By Lemma 1, [p®<] is an [[R%<]]-homomorphism. Let Q be in 2 and « :
Q%] — [MS=] an [[R*=]]-homomorphism. For every s € S, F(a)(s) € Homg(Q, M).
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Since n : P — M is an Q-precover, there exists an R-homomorphism s : Q — P such
that

s = F(a)(s).
Define h : S — Hompg(Q, P) via h(s) = . Clearly h € [[Homp(Q, P)*<]]. By Lemma 1,

F~!(h) € Homyps.<))([Q7=], [P*=]).

Now for any ¢ € [Q%=] and any s € S,

= Zv;s(a)(v)(qb(s +v)) —?li HEF()(0)(s)
= fxfm(s)
which implies that the following diagram
[@%=]
lF_l(h) N

S,S]

[PS=] F (M)

commutes, and thus the result follows.
For every 0 # ¢ € [M%<], we denote by ¢(¢) the maximal element in supp(¢).

Theorem 1. Let n: P — M be an Q-cover. Then =] : [PSS] — [M*<] is an
[Q5S]-cover of left [[RS<]]-module [M5=].

Proof. By Proposition 1, [p5=] : [P5<] — [M®=] is an [Q2%=]-precover of [M5<].
Suppose that a : [P¥<] — [P%=] is an [[R*<]]-homomorphism which makes the diagram

(P5<)
1@ \[ns’s}
(pos) 125, s

commutative. We will show that « is an automorphism. Suppose that h € [[Homp(P, P)%<]]
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is such that F(«) = h. For any m € P,

(nh(0)) (m) = n(h( (Zh (dom (v )

vES

= n(a(¢om)(0)) = > F( ((Pom) (1))

uesS

=([n S’S]( (¢0m)))( ) =(In S’S] (¢0m))(0)
= [1%=](dom)(0) = > F([n%=])(z)(dom(x))

€S

= 1(dom(0)) = n(m).

Thus nh(0) = 7. Since n: P — M is an Q-cover, it follows that h(0) is an automor-
phism.
Let ¢ €Ker(a). If ¢ # 0, then supp(¢) is not empty. Now suppose that o(¢p) = u.

Then
= 3" hi@)(é(u+2)) = a()(u) =0,
eSS

which implies that ¢(u) = 0, a contradiction. Thus « is one to one.
Let ¢ € [PSS] and ¢ # 0. Suppose o(¢) = 0. Then ¢(u) = 0 when u > 0. Set
m = h(0)71(4(0)), and 1 = ¢g,, € [P5=]. Then

s) =Y h(u)(¥(s +u))

ues
_ ) r0)(#(0),  s=0,
0, s#0
= ¢(S)7

which implies that a(i) = ¢.

Suppose that u € S is such that, for any ¢ € [P><] with o(¢) < wu, there exists
Y € [P9=] such that a(y)) = ¢. Now suppose that ¢ is in [P5<] such that o(¢) = u. We
will show that there exists 1 € [P%<] such that a(y) = ¢. Set m = h(0)"*(¢(u)), and
VY1 = Gum € [P>=]. Then for any s > u, we have

hO) (1 (w) = (u),  s=u,
= ) (s +v)) = {0

ey , s> u.

Thus (¢ — a(¥1))(s) = 0 when s > u. If ¢ # «(i1), then supp(¢ — a(e)1)) is not empty.
Clearly o(¢ — a(¢1)) < u. Thus, by hypothesis, there exists v, € [P%=] such that a(¢s) =
¢ — a(i1). Now ¢ = a(y1 + 12). This means that « is onto. Hence « is an automorphism.

If g: M7y — M5 is a morphism and 7, : F; — My, 1o : Fo — M5 are Q-precovers,
then the diagram

FlL)FQ

WIJ/ ’ﬂzl
M]_ L) M2

can be completed to a commutative diagram. According to [3], h is called a lifting of g
(relative to the two precovers). A morphism g : M; — M, is said to be an Q-covering if
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M and Ms have Q-covers ny : Fy — My and 1y : F5 — M5 and some lifting h : F} — Fy
is an isomorphism. Equivalently, g : My — M> is an 2-covering morphism if and only if
My and My have Q-covers iy : F; — My and 1, : F» — M and every lifting h : F} — Fj
is an isomorphism.

Corollary 1. If g : My — My is an Q-covering morphism, then [g><] : [M;"=] —
[MS"=] is an [Q%=]-covering [[RS<]]-morphism.
Proof. It was proved in [9, Lemma 5] that the functor [(—)%<] is exact. Now the

result follows from Theorem 1.
It was showed in [10] that if n : P — M is an injective cover of M, then n[z~!] :
Plz71] — M2z71] is an Q[z~]-cover of left R[z]-module M [z~1], where
Nz =n+0-2+0-2%+---
€ Homp(P, M)[[z]] = Hompj,) (Plz "], M[z™"]),
Qa7 ={Pla""]|P € Q}.

From Theorem 1, we have

Corollary 2. Letn: P — M be an Q-cover. Then nlz=1] : Plz™'] — Mz™1] is
an Qx~-cover of left R[[z]]-module M[z~}], where Q[z—1] = {P[z71]| P € Q}.

Corollary 3. Let R be a ring. Denote
T, = {[E%S]| E is a quasi-injective left R-module}.

If P — M is a quasi-injective cover of M, then [PS=] — [M=] is a T'y-cover of [M*<].
Note from [8, Lemma 3.2] that a left R-module M is quasi-injective if and only if the
left [[R%=]]-module [M*<] is quasi-injective.
Denote
Ty = {[E¥=]| E is an injective left R-module}.

Corollary 4. If P — M is an injective cover of M, then [P¥<] — [M>5] is a
Ty-cover of [M*S=].

Note from [9] that if S is a finitely generated monoid, R is a left noetherian ring and
M a left R-module, then [M%=] is an injective left [[R*'<]]-module if and only if M is an
injective left R-module.

In the following we will give a characterization of the elements of T'y.

Lemma 2. Let M be a left R-module. Then for any ¢ € [M*S<],

{s € S|esp # 0} < 0.

Proof. Suppose that D = {s € S|es¢ # 0} is infinite. Then for any s € D, there
exists x € S such that

0# (esd)(@) = Y es(u)d(u+z) = $(s + ).

ueS

Thus s+ z € supp(¢). Since supp(¢) is finite, there exists an infinite subset {s;|j € J} such
that s; + x; = s + a3, for any j,k € J. Since (5, <) is artinian and narrow, by [11, 1.2],
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there exist indices n; < ny < m3 < --- such that ny,ny,--- € J and z,,, < xp, <zp, < -
Now it follows that
Sn,y 25n2 287’7,3 Z .

Since (5, <) is artinian, we have s,,, = sp,,,, = - for some positive integer m, which is a
contradiction.

Proposition 2. Let A be an injective left [[R=]]-module. Then the following condi-
tions on A are equivalent:

(i) There exists a left R-module E such that A = [ES<].

(ii) There exists an injective left R-module E such that A = [ES=].

(iii) For every z € A, |{s € S|esz # 0}] < oo.

Proof. (i) (ii). It was showed in the proof of [9, Theorem 6] that if [E<] is an
injective left [[R%=]]-module then F is an injective left R-module.

(i)=(iii). It follows from Lemma 8.

(iii)=-(i). Denote

E={z€ Alesz=0forany 0 < s € S}.
Assume that z € A. Then {s € S|esz # 0} is finite. Denote
t =max{s € S|esz # 0}.
Then e;z # 0. But for any 0 < s € S,
es(erz) = esypz = 0.

Thus e;z € E. This means that £ # 0. Clearly E is an additive subgroup of A. For any
2z € E,any f € [[R¥<]] and any 0 < s € S, es(fz) = f(esz) = 0. Thus fz € E. This means
that E is an [[R%<]]-submodule of A and, so is an R-submodule of A by action of r-z = ¢,z
for any r € R.

For any z € E, define A\, = ¢g. € [E>=]. Denote G = {)\,|z € E}. Then it is
easy to see that there is an isomorphism of left R-modules A : E — G, where the left
action on G of R is defined by 7 - A, = ¢.A,. Now, by injectivity of A, there exists an
[[R®=]]-homomorphism « : [E%<] — A such that the following diagram commutes:

E —2 . [ESS]
7

A

where 7 is the natural inclusion map.
Suppose that 0 # ¢ € [E%=] is such that a(¢) = 0. Denote t = o(¢). Then

{¢<t)7 z =0,

(erd)(w) = D er(w)dlutx) = ot +a) = { v #0.

uesS

Thus e;¢p = Ayp) = A(¢(t)). Hence we have ¢(t) = 7(¢p(t)) = ar(o(t)) = alerd) = era(¢) =
0, a contradiction. Therefore o is a monomorphism.
Suppose that z € A — a([E®=]). Then

{s € S|esz # 0} < o0.
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Denote
s1 =max{s € S|esz # 0}.

For any 0 < s € S,
es(es; z) = (eses, )z = esqs5,2 = 0.

Thus e,, 2 € E. Denote a; = ey, 2. Define ¥; = ¢,,4, € [E¥=]. Then z — a(¢;) # 0.
Now assume that there exist 11,9, - ,¥,_1 € [E®=] such that

Z_a(wl)_'”_a(’l/}i)#o’ i:1,27"‘,n_13
81 > 82 > -+ > Sp,

where s; = max{s € S|es(z — (1) — - —a(th—1)) #0},i=2,--- ,n. Since z — a(th1) —
co—a(him1) #0and {s € Ses(z—aihr) — - —a(ihi—1)) # 0} is finite, s; is well defined.
Denote

2 = 2= (i) = — altn_1):

For any 0 < s € S,
es(€s, 2n) = (€s€s,)2n = €sts,2n = 0.

Thus e, 2, € E. Denote a, = e;, z,. Define ¢, = ¢, o, € [E*=]. Then

(esnwn)(lﬂ) = ¢n(fﬂ + sn) _ {es,,LZn = Qp, T = 07

0, x # 0.
Thus es, ¥n = Aq,, and, so
€s, (2n — a(tn)) = €s,2n — ales, ¥n) = €5, 20 — A(Xa,) = €5, 20 — T(€s,2n) = 0.

For any s, < s € S,

es(zn — a(hn)) = eszn — alestPn) = —alesthn) =0,
since esp, = 0. Obviously

= a(Pn) =z —a(r) = —a(Pn-1) —a(n) #0
(otherwise, z € a([E%<])). Denote
Smer = max{s € 8|, (2n — a(in)) # 0}.

Then clearly s,+1 < Sp.
By induction principle, we obtain a descending chain of elements of S:

81> 80> > 8, > Spyq >,

which is contradicted with the hypothesis that (.5, <) is artinian.
Hence A = o([E%<]) and, so « is an isomorphism of left [[RS<]]-modules.

Proposition 3. Let M be a left R-module and 3 : A — [M*S=] an injective precover
of left [[R¥=]]-module [M*=]. Denote

E={zc Al fz=csoz forall f € [[R=]]}.

Then E is an injective precover of M.
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Proof. For any m € M, define \,, = ¢g,, € [M*=]. Denote
G(M) ={\n|me M}.

Then it is easy to see that there is an isomorphism of left R-modules A : M — G(M),
where the left action on G(M) of R is defined by r - A\, = ¢ A\
For any f € [[R%<]] and any m € M,

(PAm)(@) =Y f@)hn(u+2)

u€eS
o f(O)mv x =0,
o, z#0
= Aroym ().

Thus fAm = Afoym € G(M). This means that G(M) is an [[R<]]-submodule of [M*<].
For any f,g € [[R%<]] and any z € F,
Flg2) = (f9)z = cyg)0)% = €1 0)9(0)%
= (€1(0)¢9(0))% = ¢£(0) (€9(0)2) = €5(0) (92)-

Thus gz € E. This means that E is an [[R%<]]-submodule of A.
Let V be a left R-module and W < V. Suppose that a : W — F is an R-
homomorphism. Define 6 : G(W) — E via

0(A\w) = a(w), Yw e W.
For any f € [[R%<]] and any w € W, we have
0(fAw) = 0(Ar(0)w) = a(f(0)w) = £(0)
= cro(w) = fa(w) = fO(Aw)

Now it is easy to see that 6 is an [[R%=]]-homomorphism. Since A is injective, there exists
an [[R%<]]-homomorphism h : G(V) — A such that the following diagram commutes:

GW) — G(V)
IS
A

a(w)

For any v € V and any f € [[RS<]], we have

fh(Aw) = h(fAs) = h(Ap0)w) = h(cro)Au) = cpoyh(Av).

Thus h()\,) € E. So we can regard h as an [[R*<=]]-homomorphism from G(V) to E. Now
for any w € W,
hA(w) = h(Ay) = 0(Ay) = a(w).

Thus (hA)|w = «. This means that E is an injective left R-module.
For any z € F, and any 0 < s € S, we have

B(2)(s) =Y es(u)B(z)(u) = (e55(2))(0)

ues

= B(es2)(0) = B(ce,(0)2)(0) = Blcoz) = 0.
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Thus ((z) = Ag(z)(0)- Hence A™'3: E — M is an R-homomorphism.
Suppose that F; is an injective left R-module and 7 : By — M is an R-homomorphism.
Then there exists an [[R%<]]-homomorphism § such that the following diagram commutes:

[B7=]
10 N
s (M
For any e € E1, and any 0 < s € S,
f&()\e) = 5<f)\e) = 6()\)’(0)@) = (S(Cf(o))\e) = Cf(o)é()\e).

Thus 0(Ae) € E. Now, by 3(5(Xe)) = Ags(r.))(0), it is easy to see that the following diagram

By
léA \'r]

commutes. This means that A™'3 : E — M is an injective precover of M.
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