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ESTIMATE OF THE UPPER CRITICAL FIELD AND
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Abstract

The effect of an applied magnetic field on an inhomogeneous superconductor is stud-
ied and the value of the upper critical magnetic field H., at which superconductivity
can nucleate is estimated. In addition, the authors locate the concentration of the order
parameter, which depends on the inhomogeneous term a(z). Unlikely to the homoge-
neous case, the order parameter may concentrate in the interior of the superconducting
material, due to the influence of the inhomogeneous term a(x).
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§1. Introduction

Consider the following functional
1 1
T 4) = 5 [ 1V.abf + 5rale) = 0P + 2 = D (11)

which corresponds to the free energy of a superconductor in a prescribed constant magnetic

field he,. Here, Q C R? is the smooth, bounded, simply connected section of the supercon-

ductor and a(z) : © — R? is a given function satisfying 0 < mina(z) < a(z) in Q. The
Q

unknowns are the complex-valued order parameter ¢ € H'(Q,C) and the U(1) connection
A€ HY(Q,R?). h = curlA is the induced magnetic field, V41 = Vi) — ikpA. We denote

0j = curlA = 91 Ay — 0y Ay,  curl’A = (9y(curlA), —0; (curlA)),

9

6xj ’
Vi = (V —iA)*) = Ay —i(A - Vi + divA) — | A%,

The order parameter ¢ indicates the local state of the material, viz., |¢| is the density of

superconducting electron pairs so that, when |¢)| ~ 1, the material is in its superconducting
state, whereas when |¢| ~ 0, it is in its normal state. k > 0 is the Ginzburg-Landau
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parameter depending on the material. The modified Ginzburg-Landau functional (1.1) was
first written down by Likharev [14]. Then, this model has been used and developed by
Aftalion, Sandier, Serfaty, Chapman and Richardson [2, 8]. The minima of a(x) corresponds
to the impurities in the material.

It is well known that a superconductor placed in an applied magnetic field may change
its phase when the field varies. If the field is sufficiently strong, it penetrates through the
entire sample and the superconductor is in a normal state. As the field is gradually reduced
to a certain value H,,, called upper critical field, the nucleation of superconductivity occurs.
It is important both in theory and in applications to estimate the values of the critical fields
for superconductors, especially for type II superconductors with large value of .

Recently, there have been extensive works on the Ginzburg-Landau system with or
without the applied magnetic field (see [1-23]). We do not attempt to give an exhaustive
list of references, but briefly summarize the advances concerning this problem. In the case
a(z) = 1 in Q, the physicists Saint-James and De Gennes [19] were the first to study the
nucleation phenomenon for semi-infinite superconductor occupying the half space. They
found that the nucleation of superconductivity occurs first on the surface. Chapman [6]
made a study of the half-plane problem on H,., by using formal mathematical analysis.
Bauman, Phillips and Tang [3] rigorously estimated H., and found the location of nucleation
for a disk occupying a 2-dimensional cross section of a cylinder. Bernoff and Sternberg [5]
considered an arbitrary simply connected smooth bounded region in R? occupying an infinite
cylinder with 2-dimensional cross section. They estimated H., and found the location of
nucleation by using formal asymptotic expansions. In [11, 17], Helffer, Pan and Lu, Pan
rigorously obtained the estimates for H,., and the locations of nucleation for a cylindrical
sample which is placed in an applied magnetic field.

In this paper, assuming a(z) # 1, we want to address the question how the term a(z)
will modify the properties of the superconductor in the presence of an applied magnetic field.
We obtain rigorously the estimates for H,, and the location of nucleation for a cylinder which
is placed in an applied magnetic field. We found a new phenomenon that if the applied field
reduced to H,,, the nucleation of superconductivity may occur in the interior of the domain
since the term a(z) happens. Before starting our main results, we recall that the minimizers
of J(1, A) in HY(Q,C) x H(, R?) satisfy the following Euler equations

—(V —ikA)? = K%(a — [Y*)y in Q, (1.2)
curl’A = —i(@ Vi — V) — |[2PA in Q, (1.3)
(Viat) -v =0 and curlA = he, on 09, (1.4)

where v is the unit out-normal vector on the boundary of .
In order to make our discussion clear, we replace he, by o and A by g A respectively,
then the Ginzburg-Landau functional (1.1) can be rewritten as

K2

5 (a(@) = [P (1.5)

1
G, A) = B /Q |Vorat|? 4 (or)?|curlA — 12 +

It is well known that there exists a unique smooth vector field F' on Q such that
curlFF =1, divF =0 in Q and F-v=0 on 00 (1.6)

Note that (0, F') is a trivial critical point of the functional G. Moreover, (0, F') is the only
minimizer if o is large enough, which means that a sufficiently strong magnetic field pene-
trates the entire superconductor and completely destroys superconductivity. Now, we define
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o*(k) as
o*(k) = inf{c > 0: (0, F) is the only minimizer of G in H*(Q,C) x H*(Q,R?)}. (1.7)

Then, it naturally leads to the definition of the upper critical applied magnetic field H.., (k) =
o*(k). Denote

. o1 .1
o = min { mig e o yuin s (18)
. . f]R? ‘walg .
where [y is defined as By = inf + Then we have the following theorem

peH (R2,0) Jg V1
which estimates the upper critical field H, (x).

Theorem 1.1. Let Q C R? be a bounded, smooth and simply connected domain. As-
sume that a(z) € C*(Q) and 0 < ap = mina(z) < a(z) in Q. Then, we have
Q

lim — = —. 1.9
K—00 K ’yO ( )
In particular,
He, (k) =0"(k) = —(1+0(1) as k— +oo. (1.10)
Yo

The nucleation phenomenon can be described by the concentration behavior of the
order parameter 1) when o is close to H.,. Denote

1 1
0, = {9: cQ: = min } (1.11)
a(zg) =€ a(w)
1 1
(), = {x €ON: — = min 7} (1.12)
a(xg) z€09 a(x)
Then we have the following theorem which locates the concentration of the order parameter
.
Theorem 1.2. Under the assumptions of Theorem 1.1, let k,, — +00, 0, < 0% (k)
and Z—Z — 7% Let (¥, Ay) be a non-trivial minimizer of the functional G with k = k,, and
0 = oy. Then curld,, — 1 in C(Q), || ¢n [[Le@)— 0 and m — 0 on Q\ (2 U

(0)m) as n — +oo.
Corollary 1.1. Assume that a(z) € C%(Q), 0 < ap < a(z) < 1 in Q and a(z) has a

. . . 1 . 1
unique maximum point xg € 2 and o) < Bo xneuarslz o Then
H., = ra(zo)(1 + o(1)) as Kk — +00. (1.13)

Moreover, let (1, Ay) be a sequence of minimizers as in Theorem 1.2. Then, as n — 400,

M_,o if x€Q\{xo},

| ¢n Lo @) (1.14)
M —1 if T =xo. |

| ¥n L)

Corollary 1.1 indicates that the order parameter may concentrate in the interior of €
and have a spike-layer.

We organize this paper as follows: In Section 2, we collect some basic results needed
in this paper. In Section 3, we derive an asymptotic estimate for a variational problem. In
Section 4, we give a proof of Theorem 1.1. In Section 5, Theorem 1.2 is proven.
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§ 2. Preliminary Lemmas and Notations

In this section, some preliminary results which will be used in this paper are given.
Throughout this paper, we denote

1
w(z) = 5(=x2,21). (2.1)
Consider the following functional

. f]RQ |vhww|2
(6% h = mf —_— . 2.2
() YeHI(R2,C) oo [U[? (22)

Then the minimizers of (2.2) satisfy

~Vid=ayp in RZ (2.3)
Let f v w|2
R2 hw
B(h) = in —_— 2.4
@ VeH (RL.0)  fpa [V 24
Then the associated eigenvalue problem can be defined as
(Vhot) v =0 on OR?, (2.6)

where v = (0, —1) is the outward normal vector to OR? ..

Lemma 2.1. (cf. [18, Lemma 2.1])
(i) For every h # 0, a(h) = |h|. The associated eigenfunctions are given by

2
f(x)exp(—%) if h>0,

1;[}(3:) = . ‘h|7’2
f(x)exp(—T) if h<0,

where r = |z| and f(z) is any function analytic in R? such that

f(x)exp ( — %) € L*(R?).

Moreover, let a < a(h). Then (2.3) has no nontrivial bounded solution.
1
(ii) There exists a constant By with 0 < By <1 — N such that B(h) = Bo|h|. More-

em
over, (2.5)—(2.6) has no nontrivial bounded solution for all § < B(h).

Lemma 2.2. (cf. [17, Proposition 2.5]) Let ¢ satisfy the following equations respec-
tively:

Vi =M1 =¥y in R (2.7)

~Vi b =M1- |9y in R, (Vhot) - v=0 on OR3. (2.8)

Then the only bounded solution of (2.7) is ) = 0 for 0 < X\ < |h|. Similarly, the only bounded
solution of (2.8) is » =0 for 0 < X < Golh|.
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In later sections, the gauge transformation will be used frequently and thus a decom-

position of vector field into gradient and curl parts is needed. Let A(z) = (A'(z), A*(z)) €
C?(BRr). Here Bp is the closed ball with radius R. Denote a% = g—‘;‘;(O), aly = %(O),
a' = A'Y(0) and a?(0) = A2(0) respectively. Let H(z) = curl A(z). Then curl 2A(z) =
(02 H,—01H) and we have the following lemma.

Lemma 2.3. (cf. [18, Lemma 3.1]) A wvector field A(x) = (Al(x), A%(x)) € C*(BR)
can be decomposed as

1
A(z) = A(0) + VE(x) + V{(x) 4+ curl A(0) w(x) — §|a:|2curl2A(O) + D(x), (2.9)
where )
() = ylatmn® + (a3 + D)azs + ades?)
1 (2.10)
C(l‘) = 6[61$13 + 3621‘121'2 + 363$1$22 + 643723}

with ¢; = a3y + 02H(0), ¢a = ajy, cs = afy and cs = a3y — 01 H(0) respectively. Moreover,
|D(z)] = o(]z]?) as # — 0 and if A € C3(BR), then |D(x)| < C(R)|z|® in Br. Here C(R)
s a constant which depends on a given radius R.

In the following we assume that €2 is a smooth, bounded, simply connected domain in R?
and 0 € 9. The boundary 92 of Q) can be represented as z = z(s), where s is the arclength
of 00. Let 7(s) = (71, 72) = Z/(s) be the unit tangent vector and v(s) = (v1, v2) be the unit
outer normal. We choose the positive direction of 02 in such a way that the orientation of

(v, ) is coincident with the orientation of the zixo coordinates. Then, 11 = —v9, 79 = 14.
We denote the relative curvature of 02 under the given orientation by k.. The mapping
x = F(s,t) = z(s) — tv(s) (2.11)

determines a C''-transformation of coordinates, and g(s,t) = |det DF| = 1 — tk,(s). In the
following, we change the variables y; = s and y» = ¢t with y = (y1,92). Denote e; = 7,

ea = —v. Then, for a given vector field A(z), a new vector field A associated with A can be
defined by
Aly) = A (y)er + Aes, (2.12)
where . L
A (y) =9W)AF () -eily) and A (y) = A(F(y)) - e2(y). (2.13)
One can easily verify that
curlA(z) = 5(81A2 Y )

divA(z) = ; o (f) + 0a(9 A7)

~ 1. ~
curl?A(z) = 8, H(y) - e1 — ;alH(y) - €2,

where H(y) = (81Z2 - 8221). Now, define D(g)W = %&Wel + 0;Wey and D(g)zW =

[D(g) 1 Wler +[D(g)52Wlez with D(g)n W = L8 —iA" )W and D(g) 2 W = (9 —id )W
respectively. Then, we can define

N 1 —1 N 1 —2
D(g)W = 5(31 —iA )W, D(g)pW = 5[32(9W) —iA gW]
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and
A(g)zW = D(9)5 D(g) 2 W + D(9)%2D(g) 52 W]
1 1 —1 i—1 —1
- 5{31 [g(alw Ny W)] - A i W)}
+ g{arz (W — i ZW] — i g(0sW — iAW)}

If 4 (y) = $(F(y)), then Vav = D(g) 750, V4 = A(g)7¢ and Ay = A(g)¥. Now, let
Vx = (01x)e1 + (O2x)ea. (2.14)
Then operators D(g)4 and A(g); have the following gauge invariant properties:
D(9) vy (€X¢) = eXD(9)zp,  Al9)a vy (e™p) = ¢XA(g)xp- (2.15)

Lemma 2.4. (cf. [18, Lemma 3.2]) Let Q be a smooth domain in R® with 0 €
0. Assume that A € C*(QN F(Br)). Then, in the new coordinates y straightening the
boundary, the vector field A(y) associated with A(x) has the following decomposition for
Yy € Br:

(A", A%) = A(0) + VE(y) + V(y) + curl A(0) w(y)

- %[curle(O) — k,(0) curl A(0)7(0)] + D(y), (2.16)
where
&) = 3l(a} + k()P + (ad + af — 26 (0)a iy + ada?)
{y) = %[511113 + 3211 2y2 + 3E3y1y2” + Eay2’]
with

&1 = aly — ay +afy + ke (0)(af + a3) — k,*(0)a’ + k7.(0)a?,
Gy = aty + k- (0)(a2 — 2a}) — k,%(0)a® — K.(0)a?,

& = aiy — kr(0)(a} + ab),

&y = aiy — afy +aj,.

Moreover, |D(y)| = o(|y|?) as y — 0 and if A € C3(Q2N F(BRr)), then |D(y)| < C(R)|y|?® in
B}. Here C(R) is a constant which depends on the radius R.

Noting V& = (aylg, ayzg) in (2.16), and using (2.12) and (2.14), we can rewrite (2.16)
as

A(y) = A(0) + VE(y) + V((y) + curl A(0) D(y)

2 ~
_ %[ curl? A(0) — k,(0) curl A(0) 7(0)] + D(y), (2.17)

where W(y) = —Le; + Les.
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8 3. Variational Problem

In this section, the asymptotic behavior of the following variational problem

. Jo(V —icA)y|?
A) = f 3.1
uod) bR (©,0) Jo alz) ]2 3.1)

is examined in the region o > 1. Here A is any vector field with curl A equal to 1 and
a(z) € C?(Q) with 0 < mina(z) = ag. Then, the associated eigenvalue problem is
Q

~V2 0 = pa(z)p in Q (Voat))-v=0 on 9. (3.2)
(o A) is the first eigenvalue of this problem.

Theorem 3.1. Let Q C R? be a bounded, open, and simply connected domain with
00 € C?. Assume that a(z) € C?*(Q) with 0 < ag < a(z) in Q, A € C?(Q), andcurl A =1 in
Q. Then, there exists a universal constant By, which is given in Lemma 2.1, with 0 < By < 1
such that

. p(ocA) .1 .1
o—lggo lo| — { veq a(x)’ po €00 a(x) } (3:3)

To prove Theorem 3.1, several lemmas will be given first.

Lemma 3.1. Under the assumptions of Theorem 3.1, we have

A 1
lim sup plod) < min —. (3.4)
BIPT SR )

Proof. For any v € H'(Q,C), we have |V_,4v| = |Voat¥| = |Vyath|. Thus,
u(—cA) = u(cA). Therefore, we may assume o > 0. We shall show that for any xo € Q,

I;IEJsrlig wed) < a(x - Without loss of generality, we may assume xg = 0. Set § = W and

let Bg C € be a ball with radius R. Now, for any ¢ € H'(Q,C), let ¢s(x) = (5x) and
As(z) = A(dz)/6. Then

w(cA) < nf fBR|VaA1/J|2 ) fBR/& V4,02

m —_— __v°
o e (Bn0) [, a@IOE  oem(Bass) Iy, aBoI0R

Using Lemma 2.3 and noting that VE&(dx) = 6VE(z) and w(dx) = dw(x), we have
As(z) = Vxs(x) + w(z) + Bs(x),
where
xa(@) = $A0) 7 +£(2) +80(2),
Bs(z) = —g|z|2cur12A(O) + %D(éa:),
B5()| < SfenAQ) o2l +o(R)] v By,

Therefore, using gauge invariance property, we have

2
(L+ 002

2 2 2 4 2
| e A(0) (1 + o) oo 2,

[VaseX 3> < (1+ N)|Vuo|* +
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where 0 < A\ < 1. Hence

u(cA) . 1 2
f ———— (1 + A Vo
g = ¢€H51(%R/57(C) fBR/a a(§x)|¢|2 {( " )/BR/J | ¢|
(14 )4 2) . 12 2 4y 412
+ I (s o)t AOF [ oo},

Brys

Now, choose ¢ = ¢, = un,, with an eigenfunction u(x) = u(|z|) = exp(—|z|?/4) and a
smooth cutoff function 7,, whose support is in B,, such that 1, =1 on B,, 5. Then, for a
fixed R and all small 9,

p(6A) 1 )
S A G A
2
+ (127))\\)5(1 + o(m))2|cur12A(0)|2 /Bm |‘T|4|¢m|2}-

First, letting o tend to +oo for a fixed m > 1 and A € (0,1) in the above inequality, we get

. u(cA) 1+ A / 5
lim sup < Vebm|*-
e S T a0l Ju, YO

Then, sending A to 0 for a fixed m and m to 4+oo sequentially and using Lemma 2.1, we

obtain )
wod) _ Je[Voul” 1 a(l):%.
a

lim sup < =
ot e = a(0) [ [P a(0)

This completes the proof of Lemma 3.1.

Lemma 3.2. Under the same assumptions of Theorem 3.1, we have

. (o A) 1
1 < —_ 3.9
imsup =7 < fo iy oS (8:5)

where By is the positive constant given in Lemma 2.1.

Proof. Using the same argument as in the proof of Lemma 3.1, the conclusion of
Lemma 3.2 follows.

Lemma 3.3. Under the assumptions of Theorem 3.1, we have

.. p(cA) . 1 o1
> — — - .
Hmin S 2 min { mig 2o 60 iy 2 )

Proof. For ¢ > 0, denote § = ﬁ Let ¢° be the minimizer of variational problem

(3.1), then v satisfies (3.2). Without loss of generality, let max [¢°(z)] = 1 and denote
€N

the maximum point of |[¢°| by x°. Now, assume that {0} is a given sequence such that

o — +o0o. Then, choose a subsequence oy, such that

:u(o"fj A)

O'kj

2% — 20 and

—d

for some non-negative number d. For the simplicity of the notation, we denote oy; by o.
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Case 1. 2° € Q. We shall show d > mln ( - Let s = (Q—2%)/8, ps(x) = ¢°(x° +0z)

and As(z) = (1/6)A(z° + 6x). Note that curlAg( ) = 1. Then, using (3.2), we verify that
15 satisfies
p(oA)
o

—V2, ¥ = a(z® 4 6x)s  in Qs (3.7)

and [¢5(0)| = 1 = ||¢hs]| . We have that {15} converges in H}_(R?) up to gauge transfor-

mations. Passing to a subsequence we may assume that [t5| converges in L _(R?) as § — 0.

On the other hand, using the relation from Lemma 2.3 that As(x) = Vxs(z)+ws(z)+ Bs(x),

where y5(z) = +A(2%)z+£(2)+6¢(x) and setting 15(x) = exp(ixs)ps(z) to (3.7), we obtain

p(oA)
o

—V2¢s = a(ac‘s +x)ps + f5(x), (3.8)

where fs(z) = —[idiv Bs 4+ 2w - Bs + | Bs|?|¢s — iBs(z) - V5. Moreover, since |V, 1 5;ps| =
|Va,9s] and [Vgs|* < |Viip,s¢s +i(w + Bs)ds|* < 2|Viyp;¢s|* + 2|(w + Bs)gs|*, {[Vs|}
is also uniformly bounded in leoc. Passing to another subsequence we have ¢5 — ¢o weakly

in H{_ and strongly in L2 .. But since div Bs(z) = (div A)(2° + dz) — (div A)(2?) — 0 and
|Bs(x)| < Cd|z|, we have fs — 0 in L . Therefore the limiting function ¢y satisfies

~V2¢o =da(a®)py  in R (3.9)

with |¢po(z)| < 1. Using the fact that ¢g is smooth, which results from (3.9) via Theorem
4.1 in [18] and denoting ¢s(x) = ¢s(x) — ¢o(x), we get from (3.8) and (3.9) that

~V265 = da(z°)¢5 + f5 (3.10)

with f5 = f5 + [“(%A)a(x‘s + dz) — da(x®)]ps — 0 in LE_ and ¢5 — 0 in L?_. Now,
applying Lemma 4.2 in [18] to (3.10) we have |V, d5] — 0 in L% .. But since Vs <
2|V, bs5]% + 2|wds |2, we also have [Vgs| — 0 in L2 _ so that

loc
b5 —0 in HL,. (3.11)

Denote w = (w!,w?) and V,; = 8; — iw’. Then, applying Theorem 4.1 in [18] again to
(3.10), we get
ViVrts — 0 in L. (3.12)

Therefore, from (3.11) and (3.12), we conclude that 9; Gk(b(; — 01in L2
to the result that ¢5 — 0 in HZ .. Now, we apply Sobolev embedding Theorem and conclude
that ¢>5 — 0in C,, viz., ¢5 — ¢o in CZ_. In particular, we get ¢o(0) = ;in% 0s(0) = 1.

i > Which in turn leads

Therefore, ¢ is a nonzero bounded and smooth solution of (3 9) in R? and thus from Lemma
2.1 we have da(z") > (1) = 1. Hence, d > - o] 2 mln ( 7> which is the conclusion of this
case.

Case 2. 20 € 9Q. We only have to prove d > f3 5161(191512 ﬁ Using Lemma 2.4 and the

same argument as in the proof of case 1, we conclude that da(zg) > B(1) = By and hence
d> ,60 > 0o mlr{l2 ﬁ This completes the proof of the case 2 and the lemma.

Proof of Theorem 3.1. From Lemmas 3.1 and 3.2, we have

A 1 1
lim sup plod) < min { min ——, Gy min —}, (3.13)
c—oo O] e a(z)’ " 2€d9 a(x)
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Similarly, from Lemmas 3.3, we have

. pu(0A) . .1 1
> —_ _— .
lim inf == = min { min a(@)’ 0 B, b (3.14)

Hence, combining (3.17) and (3.18), the conclusion (3.3) in Theorem 3.1 follows, viz.,

A 1 1
lim M = min{min—,ﬂo min —}
o—00 ‘O’| =19 a,(x) e CL(],‘)

§4. Estimates of the Upper Critical Field

Recall (1.5) that
2

Gl 4) = 5 [ [Vawatl? + (o] curl 4 =17 + B (afa) = o)

and set
c(k,0)

= inf o A
(¢,A)€H1(él,(1c)><H1(Q)R2) (1/), ),

where H'(Q2,C) is the Sobolev space of all complex-valued functions and H!(£,R?) is the
Sobolev space of all vector-valued functions. It is known that there exists a unique smooth
vector field ' on €2 such that

curlF =1, divF =0 in Q and F-v=0 on 00.

Note that (0, F) is a trivial critical point of the functional G(¢, A) with

2
G(0,F) = —/ a’(z).
4 Jo
If
2
c(k,0) < —/ a®(x),
4 Jo
then G(v, A) has a non-trivial minimizer and we have the following lemma.

Lemma 4.1. The functional G(¢, A) defined by (1.5) has a non-trivial minimizer on
HY(Q,C) x H*(Q,R?) provided
wlokF) < K2 (4.1)

On the other hand, if G(¢, A) has a non-trivial minimizer (1, A), then pu(okA) < k2.
Proof. Let ¢(x) satisfy [|1g| () = 1 and

fQ |vcmF7vZJ|2 _ fQ ‘VaanO‘Q

Horl) = o T a@WE ~ Jya@

Then
/wmww:mﬁm/wmwﬁ
Q Q

If u(oxF) < k2%, we may choose &y > 0 such that u(ckF) < k? — §y. Define

K

1/10 B vV 2(1050

P,
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doa K2 K2 K2
G, F) < —ﬂ/ |¢1|2+—||w1||%w/ W+—/ o < —/
2 Jo 4 Q 4 Jo 4 Jo

2
c(k,0) <G, F) < %/9(127

which implies that G(1, A) has a non-trivial minimizer on H'(Q,C) x H'(2,R?). On the
other hand, if G has a non-trivial minimizer (¢, A), then

then

Hence

2
GW’A) S 7/ a27

4 Ja

which in turn implies that
42 ;2
[ Vo4 S wP? < %5 [ @
Q Q

Hence

/|vmw|2 < nQ/a|w|27
Q Q

and thus from the definition of p(oxA), we have

7&2 |VMA¢‘2 < K2,

plorA) <
Jo alvP?
The proof of this lemma is complete.
Next, define the quantity o, (k) as
o.(k) =min{o > 0: p(orF) = k*}. (4.2)

Then the following lemma gives an estimate of o, (k) for large k.

Lemma 4.2. Let 0*(k) and o.(k) be defined as in (1.7) and (4.2), respectively. Then

we have
K

0" (k) > 0x(k) = — + 0o(K) as Kk — +oo. (4.3)
Yo
Proof. Since we know from (4.1) that G has a non-trivial minimizer when 0 < o <
0. (k), we have 0* (k) > 0. (x). On the other hand, since y(o.xF) = x? and lim % = 0,

T—00
w(oxkF)

OxK

we get = = — 70 as kK — 400 and thus the conclusion of this lemma follows.
Hereafter, we consider two arbitrary sequences {x} and {o} such that k, 0 — +o00 and

o<o*(k), lim = v, where 0 <y <. (4.4)

K—+00 O

For the simplicity of the notation, we set ¢ = 1/y/ok. Then from (4.4) we see that
k2 < (v +o0(1))/e%. Now, rewrite the functional G as

1 1 K2
G, A) = 5 [ 1Viajeopavl? + Zlowld = 1P + o P
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Denote the minimizers by (¢°, A%), then, (¢¥°, A®) satisfies

- V%1/52)A¢ =r*(a— [Y|*)Y in Q, (4.5)
curl’ A = (¢, V(1 /e2y40) in Q, (4.6)
(Vaje2ya¥) - v =0, curl(A—-F)=0 on Of. (4.7)

Here (¢, A®) is called a minimal solution of (4.5)—(4.7). Due to the gauge invariance of the
Ginzburg-Landau equation (4.5)—(4.7), we may always assume that

divA®* =0 in €, A®-v=0 on 0NQ. (4.8)
We need the following estimates.

Lemma 4.3. Let (¢, A%) be a minimal solution of (4.5)—(4.8). Then

C
HwEHLm(Q) <1, ||v(1/52)A6"/JEHL2(Q) < ;7 ||14E — FHHl(Q) < Ce. (4.9)

Lemma 4.4. Let (¢, A%) be a minimal solution of (4.5)—(4.8). Then, we have

IV /e2yas ¥ m1(a) < 6% (4.10)
Moreover, for any 1 < p < oo and 0 < a < 1,
[A%lw2r@) < Cp), A% llere(@) < Cla), (4.11)
where the constants C, C(p), and C(a) are independent of €.

Proof of Theorem 1.1. By (4.9) and (4.11), we have, passing to a subsequence if
necessary,

A — A% in CH*(Q)  as e —0, (4.12)
curl A’ = curl F = 1. (4.13)
Denote ) )
U L 4ge
A(a) = e kT b
2 ver (@0 Jga(@)Y]

Using (4.12) and by the method used to prove Theorem 3.1, we have
lim 2y1((1/2%)A%) = lim £ps((1/2%) A°)
£— £—
1

1
— 3 m —— 1 —_— = . .1
. { gcnelg a(x)’ Po xnelg(lz a(x) } o (4.14)

On the other hand, from Lemma 4.1 we have u((1/62)A%) < k2. Hence
g > e2((1/£2) A4°). (4.15)
Combining (4.4), (4.14) and (4.15), we have

Yo > = lim = > 1111(1)52u((1/52)A5) = 0.
o e
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Therefore, 79 = 7. Now, we show that o* = 7—’1 +o(k) as k — +00. In fact, if this conclusion
is not true, by Lemma 4.2, there exists a sequence k,, — 400 such that c*(k,) > o.(ky) as
n — oo. Thus, we may take a sequence {0, } satisfying c*(k,) > o, > 0x(kn) as k, — 0.
Hence

En < Yo (1 + o(1)) as n — oo. (4.16)

n
Passing to a subsequence, we have klim Zﬂ = ~, and thus by (4.16), we get v < 0. But,
—o00 "k

by the above argument, we have v = 7. This yields a contradiction. Hence, o* = % +o(k)
as k — +00, and the proof of Theorem 1.1 is complete.

8 5. Nucleations

In this section, we shall prove that the order parameter concentrates at the maximum
points of a(z). More detailed information can be obtained by considering the following two

cases: 1 1
I) 70 = min — < [ min ——,
(1) 70 =min 2oy < Po 1ot 775

—_

. 1 .
(I1) 0 = Bo b ) < min @

We will show that if (I) holds, then the interior nucleation occurs, and if (II) holds
then the boundary nucleation occurs. This is a new phenomenon that has never been stated
before. Let 2° € © be a maximum point of [¢°] and denote Ae = [[V%|| () = [¥°(a7)].
Now, passing to a subsequence, we may assume il_I% 2f = 29, Define

1
ve(y) = exp ( - EAE(CEE) . y)z,bs(xe + ey).
Theorem 5.1. Under the assumptions of (4.4), we have

curl A° — 1 in C*(Q), (5.1)
[4°]| Lo () — 0.

On Q\ (2, U (0Q),,), it holds that

Y@ .
e 0 as € — 0. (5.3)

Moreover, if (1) holds, then z° € Q, ﬁ = melg ﬁ, and (5.3) holds on Q\ Q,,. After
x

passing to a subsequence, we have

Pe

— — ¢ in C>“
19| Lo ()

loc >’

where ¢o exp(—in) is an eigenfunction of (2.3) with h =1 and n satisfies An = 0 in R2.

If (I1) holds, then x° € (92) 1, ﬁ = mia?z ﬁ, and (5.3) holds on Q\ (0Q),,. After
fAS

straightening a portion of the boundary around x°, ¢ /||V¢||L=(q) converges to 50, where
do exp(—in) is an eigenfunction of (2.5)—(2.6) with h =1 and An =0 in R? .
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Several lemmas will be given first and then Theorem 5.1 will be proven. We consider
two cases.
Case 1. lirr(l) dist (z¢,08) /e = +o0.
E—

Case 2. dist (z°,00) < Ce.
In the case 1, we set Q. = (2 — 2°)/e and define

Acly) = TG b ey) — A6, Ealy) = S[F7 + ey) — F@)L

Noting curl A.(y) = (curl A%)(2 +ey), we find that (¢e, A) satisfies the following equation

K .

= Vipe = ~(a(@ +ey) — e e in Qs (5.4)
CUYIQ(AE — F.) = e*(pe, Va.p:) n €, (5.5)
(Va.pe) - v=0, curl(A. —F.)=0 on 0f.. (5.6)

First, it is easy to check the following lemma.
Lemma 5.1. If the case 1 holds, then
[eellcze(Br)y < C(R),  [|Ae = Felc2o(Br) < C(R). (5.7)
Lemma 5.2. If the Case 1 holds, then (5.2) holds.

Proof. In fact, as ¢ — 0 we have 2° — 2° and since
1
Ac(y) = Z[A°(@° +ey) - A°(@%)] = VAT (2%)y + O [yl ),

we have A.(y) — VA%2%)y in C2.(R?) as ¢ — 0. Therefore, A. — F. — VA (2%)y —
VF(z%)y in C¢.(R?). By (4.12), (4.13) and (5.7), we have that the convergence is actually

loc
in C\.%(R?) and
A. - VA (@) =w(y) +Vn  in CL¥(R?) as ¢ — 0,

loc

where w(y) = 2(—y2,y1). Here
1
n(y) = 5[81A(1)(950)y% + (92 A7(2°) + 01 A3(2°)) 1y + 02 A5 (°)y3]

and An = 0 in R? since divA®(2?) = 0. By (5.7), passing to a subsequence, we have p. — @q
in O2%(R?) as ¢ — 0. Sending ¢ — 0 in (5.4) and using (4.4) and the above relation, we

have —VZpo = y(a(z°) — |@o|?)¢o in R2. Let ¢o = ¢o/+/a(20), then
Vi =~a(2®)(1 = [go[*)o  in R
Noting that

1 1
a(mo),y < a(mo),-)/o = a(mo) min { ;ﬂelgll @, 50 aflelélslz m}
1 1
= a(2%) min — = a(2®)—— <1,
z€Q a(x) max a(x)
A

and Lemma 2.2, we see that )9 = 0. Thus, pg = 0. So, ¢ — 0 in Clzo’g(RQ) as ¢ — 0.
Hence, we have

Ae = |97 @) = [9° (@) = |p=(0)| = 0 as e —0.
This completes the proof of (5.2).
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Moreover, (5.3) holds

a(w)

Lemma 5.3. If the case 1 holds, then x° € Q,,, 70 = min
z€Q

on Q\ Q,, and (PZ — ¢g in C’1 holds for a subsequence, where ¢o(y) exp(—in) satisfies

~V2p=¢ in R (5.8)

Proof. Let ¢. = ¢./\.. Then ¢. satisfies
- VAo = (ala® tey) = AToc e i Q. (59)
(Va.¢e) - v=0 on 0f.. (5.10)

By standard Schauder estimates, we have ||¢5||02 aBr) < C(R). Passing to a subsequence,
we have that ¢. — ¢p in Cfog(RQ). Let do = o exp(—in). We let ¢ — 0 in (5.9), using
(4.4), then

~V2ho = ya(a®)¢y  in RZ (5.11)
Noting |<Eo(0)| = ilg(l) |p(0)] = 1, we see that do # 0. Recall that the first eigenvalue of
(5.11) is 1. Hence, ya(x®) > 1. On the other hand,

va(z?) < yoa(2°) = a(2®) min { min %,50 min L} = a(2”

€Q a zed0 a(zx) =) a(z) ~

So ya(x°) = ypa(x°) = 1. Therefore, v = v, a(io) = =, 2° € Q,,, and ¢. — ¢y

min —~
N e a(z)
in Clzof, where ¢g = ¢ exp(—in) is the bounded eigenfunction of (2.3) corresponding to the
first eigenvalue 1 with A = 1. Hence, (5.8) holds. Fix Z € Q\ ©,,. Replacing 2¢ by Z and
repeating the above argument we have that (5.3) holds on Q\ ©,,. This completes the proof

of this lemma.

Now we consider the Case 2. In this case, 20 € 9Q and dist (2%, Q) < Ce. Choose Z¢ €
0N such that dist(x®,z°) = dist(z®,09). Let F. be the diffeomorphism which straightens
a portion of the boundary around Z° as defined in Section 2 with F.(0) = Z°. Denote
ye = ]—"{1(3:5) and 2° = y°/e. Note that 2° is bounded. Passing to a subsequence, we
may assume 2° — 2. Note that F. depends on e, but their domains contain a ball Bg,
with Ry independent of ¢, and both F. and det DF. are uniformly smooth on this ball.
For the simplicity of the notation, we denote F. by F, and det DF. by ¢g. Let A =
[gAS - 61]61 + [A® - es]es be the vector field associated with A°. Note that A (0) = A%(z°)
and A°(0) - e5 = 0. Define

Pe(y) = exp(—ix:)¥" (ey), (5.12)

where y. = %ylAE (z°) - e1. The same argument as in the proof of Lemma 5.3 gives
Lemma 5.4. If the case 2 holds, then (5.2) holds, ° € (0)m, Yo = Bo m})n
(5.3) holds on Q\ (92, and

a(m) , and

= g in CEO(R2), (5.13)
(KR [P

where ;50 exp(—in) satisfies
—V2¢=0Byp in R%, (Vo) - v=0 on ORZ. (5.14)

Proof of Theorem 5.1. (5.1) follows from (4.12) and (4.13). (5.2) and (5.3) follow
from Lemma 5.2 and Lemma 5.4. Other conclusions of this theorem come also from Lemma
5.3 and Lemma 5.4 and the proof of this theorem is complete.

Proof of Theorem 1.2. This is the consequence of Theorem 5.1.
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