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Abstract

The general finite difference schemes with intrinsic parallelism for the boundary
value problem of the semilinear parabolic system of divergence type with bounded
measurable coefficients is studied. By the approach of the discrete functional analysis,
the existence and uniqueness of the discrete vector solutions of the nonlinear difference
system with intrinsic parallelism are proved. Moreover the unconditional stability of
the general difference schemes with intrinsic parallelism justified in the sense of the
continuous dependence of the discrete vector solution of the difference schemes on
the discrete initial data of the original problems in the discrete Wéz’l)(QA) norms.
Finally the convergence of the discrete vector solutions of the certain difference schemes
with intrinsic parallelism to the unique generalized solution of the original semilinear
parabolic problem is proved.
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§1. Introduction

1.1. In [1-10] the finite difference methods with intrinsic parallelism for the bound-
ary value problems of the linear and quasilinear parabolic system of non-divergence type
with smooth coefficients are studied, and these general difference schemes having the in-
trinsic character of parallelism are proved to be stable and convergent unconditionally. In
this paper, we shall consider the finite difference methods with intrinsic parallelism for
the boundary value problems of the semilinear parabolic system of divergence type with
bounded measurable coefficients, and various fundamental behavior of these schemes will be
discussed.

This paper is presented as follows. In Section 2 we at first construct general finite dif-
ference scheme with intrinsic parallelism for the boundary value problems of the semilinear
parabolic systems of divergence type with bounded measurable coefficients. In Section 3 we
prove a priori estimates of the discrete vector solution of the general difference scheme with
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intrinsic parallelism, so that the existence theorem follows from the fixed point theorem.
Then in Section 4 we prove the uniqueness of the discrete vector solution of the general
difference scheme with intrinsic parallelism. Moreover, in Section 5 the unconditional sta-
bility of the general difference scheme with intrinsic parallelism is justified in the sense of
the continuous dependence of the discrete vector solutions on the discrete initial data of the
original problems for the semilinear parabolic systems in the discrete H' norms. Further, in
Section 6 the convergence of the discrete vector solutions to the unique generalized vector
solution of the original problem of the semilinear parabolic systems is proved under certain
conditions.

§ 2. Difference Schemes with Intrinsic Parallelism

2.1. Consider the boundary value problems for the semilinear parabolic systems of
second order of the form

up = (A(z, t)ug )z + fx, t,u), (2.1)

where u(z,t) = (ui(x,t), -+, um(z,t)) is the m-dimensional vector unknown function (m >
1), uy = 4 and u, = 5+ are the corresponding vector derivatives. The matrix A(z,?)
is an m X m positive definite coefficient matrix, and f(z,t,u) is the m-dimensional vector
function. Let us consider in the rectangular domain Qr = {0 <2z <1,0 <t < T} with1 >0

and T > 0, the problem for the systems (2.1) with the boundary value condition
uw(0,t) = u(l,t) =0, (2.2)

and the initial value condition
u(z,0) = (), (2.3)

where (z) is a given m-dimensional vector function of variable x € [0,].
Suppose that the following conditions are satisfied.
(I) A(x,t) is bounded measurable with respect to (x,t) € Qr and Lipschitz continuous

with respect to t € [0,T]. There is a constant o > 0, such that, for any vector £ € R™, and
for (z,t) € Qr,

({,A(x,t)f) > UO|£‘2'

(IT) f(z,t,u) is bounded measurable with respect to (x,t) € Q7 and Lipschitz con-
tinuous with respect to u € R™. Then there is a constant C' > 0 such that |f(z,t,u)| <
|f(z,t)| + Clu| for (z,t) € Qr and u € R™, where f(x,t) = f(z,t,0).

(IIT) The initial value m-dimensional vector function p(z) € H'[0,1] and ¢(0) = ¢(1) =
0.

2.2. Let us divide the rectangular domain Q)7 into small grids by the parallel lines
z=ua; (j=0,1,---,J)and t =t" (n =0,1,--- ,N) with z; = jh and t" = nr, where
Jh=1land N7 =T, J and N are integers, and h and 7 are steplengths of the grids. Denote
QF ={r; <z <zj1,t" <t < t"*t1} where j = 0,1,--- ,J—1;n=0,1,--- , N —1. Denote
UA = U = {vﬁj =0,1,---,J;n=0,1,--- , N} the m-dimensional discrete vector function
defined on the discrete rectangular domain Qa = {(z;,t")|j =0,1,--- ,J;n=0,1,--- ,N}
of the grid points.
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Denote
”Jr/\;',/ _\n,n+l1 ny,.n
Vi’ = A A (L= Al
ntpl _ . n,n+l ny,.n
vy = p5v0 + (1- Hj )Uj—la
noo—n
sun = it Y
7 )
h
* 1 A" n
2, n+l - n n+A; _ntly _ gn n+l ntp;
0 4v; _hQ(AJ+%(Uj+1 vj ) Aj_%(vj Vi1 )
1
2, n+l . — n n+l _  n+ly __ gn n+l _  n+l
0av; " = 2 (A7 1 (0 = o) = AT, (v] vit1))-

In the following the symbol C' is a generic positive constant which is independent of h, 7 and
vy, and maybe different from line to line.

Let us now construct the finite difference scheme with intrinsic parallelism for the
mentioned semilinear parabolic system (2.1)—(2.3) as follows:

n+1 n

V., — V. *

%:(si‘vﬁhﬁf“ (Gj=1,2---,J=1;,n=0,1,--- ,N—1); (2.4)
Ug:’U?ZO (n:0717"')N)7
v) = ¢; (j=0,1,---,.J), (2.6)

where ¢; = p(z;) (j =0,1,---,J), and there are ¢y = ¢y = 0; and

1 T =1 gt

n _ 2

itz T hr /QW/A(x,t)w< h ’ T )dmdt’
J

1
T—T; t —nts

n 1 n 2
= hT/Qv; f(x,t,(SOvj“)w( P )dmdt,

T

where w(z,t) € C§°(R?), w(x,t) >0, suppw C By = {|z| < 3, [t < 3} and

1
2

// w(x, t)dxdt = 1,
R2

and z;, 1 = (j+ h, e = (n+4 T Hw(z,t) = X5, which is the character function of
B 1 the results in this paper also hold.
Define the approximations 601);”1 in the following form
0,n+1 _ +1 +1 +1
v = Aadyuily +aguiT 4 pgaguiTy + v+ osug o+ agvig.

We assume

(IV) =z < A with A being any fixed positive constant as 7,h — 0; moreover, for all
1<j<J-1land 0 <n <N —1, there hold 0 < A7, v <1, and

n n n n n n n n __
)\j af; +ag; +piag; + ol + ap; + ag = 1,

AT od; |+ lags| + | ass] + |od;| + [ag;| + |ag;| < C.
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2.3. For a discrete function ua = u; = {u?y = 0,1,--- ,J;n = 0,1,--- , N} with
h j J
ug = u’; = 0, define the discrete norms as follows:
J—1
uflloe = max [, g3 = 3= [k,
<5< =
J—1 J—1
l6upli3 = [duf[*h, l6uplZ =D AT, 1 I6uf*h,
j*O J=0
+1 J-1 n+1
”52vn+1” —2‘62 n+1‘2h HUZ — vy QZZ v, U? 2h.
ATh 2 T 2 T

j=1
The following lemmas will be useful later (see [10, Chapter 1]).

Lemma 2.1. (Discrete Green Formula) Let u; and v; be discrete functions on {z;|j =
0,1,---,J}. Then

J—1 J—1
u; (Vi1 — vj —Uj_1)V; — Uy + UT_10V].

)

<.
I
o)

<

Lemma 2.2. (Discrete Gronwall Inequality) Let w™ > 0 be a discrete function on
{t"In=0,1,---, N} satisfying

w"™t —w™ < Br(w"™ +w") + O, n=20,1,---,N —1,
where B and C,, are nonnegative constants. Then
N
w" < (wO+ZC’kT>e4BT, n=20,1,--- N,
k=1
where T is small such that 4BT < %

Lemma 2.3. (Interpolation Formulas) For any discrete function
Uh:{uj|j:0,1,"' aJ}

with Jh =1 and up = uy = 0, we have

1 1
lunll2 < Udunll2,  Nunlloe < [[6unll3 [Junll3 -
§3. A Priori Estimate and Existence

3.1. We are going now to prove the existence of the discrete vector solutions for the
finite difference system (2.4)—(2.6). Let us now at first turn to the a priori estimates of these
solutions.

Making the scalar product of the vector (U;H_l — v} )h with the vector finite difference
equation (2.4) and summing up the resulting products for j =1,2,--- ,J — 1, we have

—1 n+1

’U ’U
DML

Jj=1

n+1 o

b= i ( A f;L“)h. (3.1)

n
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Since
J—1 n+1 n
[ V"
. ( J J ,3 1240?+1)h
i=1 ’
1 J—1
= —*||5 nHA A+ *H5 il — o ZA [loj = v + [+ — o]
1 J—1
3 3 1
T AZ+%(1 = Wi — )\?)(U;LL — V41 ;LJF an)
j=0
1J71
5 (AT = AT Dlevh,
§=0
we have
J—1 n+1 _ Uﬂ )
ovit 5 = oerlf + 27 > |[=——| n
7j=1
1 J—1
1 1
oy 20 7 DAT 1 (o = o P+ i = o)
7=0
1 J—1
1
+ 3 2 g AT i — ol + (sen Tl )T — )P
j=0
J—1 vn+1
_ J +1 —1 2
—9r 0( ’fn )h+z by = AT D6,
=
n _ _.n o\ o n _ 3 . n
where 1= L=y — A sgnTl = 1if 7 ﬁ_% >0, sgnTl ) = -1 1fT+; < 0. Then
J—1 n+1 U 2
60711 = NovR 1 +2r Y |2 h
j=1
n+1 n
< 27‘ Z ( f”“)h‘ + Z A7,y — AT |60 P (3.2)

For the first term at the right hand side of (3.2), we apply the Cauchy inequality to obtaining

n+1 n

n+1 )
v J

5 (e <
T e -

=1

V;

ol (Pl

M

<.

J—1 n+1 n

< i;\v h+Z|f"“|2h (3.3)
and for the second term there holds
J-1
|A?+% — A;:%1||5v;’|2h < Ct|6v|A. (3.4)

<.
Il
=)
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By the assumption (II) and the definition of f;”'l, we have

v
S 1 PR < (0 R I3 g+ IR + g3+ 7 S
j=1

2). (3.5)

By combining (3.2)—(3.5) we obtain

37 "H—v” 2
16013 — |6vp] + o || Ze—2h

2 2
n+1 n+1 nH —Uh |2
< 7 (14 10u I3 + Iourllg + e 03 + ol + ma | 2—2 ).
By using Lemma 2.3, and taking CTA < %, we get
n+1 n|2 UZJFI _Uh 2 n+1 ni2
A R [ R Ll W 101 [ MR EY)

From the above inequality and Lemma 2.2, we have the estimates

aoimax flovilla < C(I0gnlla+1), - max (ovgll2, [lvallz) < C(I0enllz + 1), (3.7)

and also have

3 T ot —r gz (3
(Z )" (X)) < (38)
It follows that, by using the estimates (3.7) and Lemma 2.3,
max ||v e < C. (3.9)

n=0,1,-- ,N—

3.2. By the Brouwer’s fixed point theorem and the estimate above, we can obtain the
existence of the discrete solution va = v = {v}[j = 0,1,---,J;n = 0,1,--- , N} for the
difference scheme (2.4)—(2.6).

Theorem 3.1. Assume that the conditions (I)-(IV) hold, and there is a positive con-
stant 79 depending only on the given data and A such that T < 179. Then the general finite
difference scheme (2.4)—(2.6) with intrinsic parallelism corresponding to the original problem
(2.1)~(2.3) has at least one discrete solution va = vy, = {v}|j =0,1,--- ,J;n=0,1,--- ,N}.

8§ 4. Uniqueness

4.1. Given the values {v7|j = 0,1,---,J} of the difference scheme (2.4)(2.6) on the

n-th layer. Let {U;L+1|j =0,1,---,J} and {2"T!j = 0,1,---,J} be the two solutions of
the difference scheme (2.4)—(2.6) on the (n + lg—th layer, i.e.,

P — vy

S =52t Lt (=12, 0 - 1),
v6’+1:v7} =0,

gt — vy _

e 52 n+1 f]‘n+1 (.7:17277‘]_1)7
-

—n+1 _ —n+1 __
vy =10y L=y,
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where fjﬁ‘*‘l (j=1,2,---,J — 1) are obtained from f;-"H (j =1,2,---,J — 1) respectively
by replacing v"+1 (j =0,1,---,J) with the corresponding T);-H'l (j=0,1,---,J). Then the
n+1 —n+1

difference w; = v — v satisfies

wj:Tg,quj—i-TR? (J=12,---,J-1), (4.1)
wo = wy = 0, 4.2)
where
* ].
5 ) 5 2 n+1 5 2A n+1 (A (A w]+1 w]) — A;L%(wj - M}lefl)v

T R?
n n+1 n+1
R]—f-+ _f-+~

4.2. Now making the scalar product of the vectors w;h with the vector equation (4.1)
and summing up the resulting products for j = 1,2,--- ,J — 1, and proceeding the similar
calculation as that in Section 3, we have

J—1 -
-
lsunl +2 3 i+ T30 8y DA,y )
i=1 =0
T B J—1
E Z % ij + (sgnt’ i+l )wj)2 =27 Z(wj, R})h.
i=o j=1
It follows that
J—1
TlownllA + lwnl3 < C72 Y R, (4.3)
j=1

By the assumption (II) and the definitions of f"+1 and f"Jrl we can conclude that

IF50 = £ I3 < Cllwnl 3.

So we have
J-1

YR} Ph < Clunl3. (4.4)

Jj=1

By combining (4.3) with (4.4) we get

7l|8wnll3 + [lwn 13 < C7%|[wall3-
Choosing C72 < 1, we obtain wy, = 0, i.e., UZH = 17;;“. The uniqueness of the discrete
vector solution for the difference scheme (2.4)-(2.6) is proved.

Theorem 4.1. Suppose that the conditions (I)-(IV) are satisfied. As the meshstep
7 < 79, where Ty is a constant depending only on the given data and A, the discrete solution
va = v, = {v}lj = 0,1,---, Jsm = 0,1,--- , N} of the difference scheme (2.4)—(2.6) is
unique.
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§5. Stability

5.1. Now we turn to consider the theorem of unconditional stability of the general
finite difference scheme (2.4)—(2.6) with intrinsic parallelism.

Suppose that the discrete vector function 9o = {o7|j = 0,1,---,J;n =0,1,--- ,N}
satisfies the finite difference system

ot L an
oy =07 =0 (n=0,1,--- ,N),
/f)?:@] (jzoula"'7<])7
where
. 1 T—T;1 gt
fn+1:7/ Flarst, 8%+ o (2, ~)dud.
J ht J Jon J h T
J

The m-dimensional vector function @(z) is different from ¢(z) by some errors. The
m-dimensional vector function @(x) also satisfies the condition (III).
Then the difference discrete vector function

wA:UA*ﬁA:{w?:U;(L*f}?lj:Oﬂlv"'aJ; n:()vla"'vN}

satisfies the system

w”.H_l —w®

= AT (T - ) (5.4)
wy =wj =0 (n=0,1,---,N), (5.5)
wi=¢; =@ (G =01 J)

The vector equation (5.4) can be rewritten as the following form

w’.”rl —w? o«
1 150 1
S SR e o
where
(f )n+1 o f(xj,thrl’&Ov;L-&-l) _ f(l‘j,tn+1,5ol~)?+1)
u)j =

(5%}?“

for 5%}}”1 # 0, and (fu);-”rl =0 for 50w;’+1 =0.
nt1

5.2. Making the scalar product of the vector uhr and the vector equation (5.7),

and then summing up the resulting products for j =1,2,--- ,J — 1, we have
J—1 w;l+1 _ 'LU;L 2
T Z ’ h
. T
Jj=1
J—1 wﬂJrl _ w? J—1 wn+1 —

J ’ (fu)?+150w?+1> .
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By the same argument as that in Section 3, we have the following inequality

J—1 +1
Sw™ 2 — 1|5 9 UQh
IS0 — w3+ 2r 3|

j=1

n+1

< 2r| Z( LR ).

The above inequality can be reduced to the following inequality

n+1 n .92

J—-1
w —w
0w = owp A + | 2 | <7 3 () 0w P < Ol .
j=1

Then, by Lemma 2.2(ii) we obtain, for n =0,1,--- /N — 1,

1 wlliﬂ wy, 012
w1 + Z | s < o3, (5.8)
which gives
6w 3+ 315 Ak < ClloulB (5.9)

k=0
5.3. This shows that the discrete solution va of the finite difference scheme (2.4)—(2.6)

in the discrete functional space VV2 (Q A) is continuously dependent on the discrete initial
vector function ¢(z) in the discrete functional space of the form H'. We have proved the
following stability theorem.

Theorem 5.1. Under the conditions of Theorem 3.1, the following estimates hold
for the difference vector function wa = va — Ua = {w;L = v; — f)ﬁj =0,1,---,J;n =
07 17 e 7N}}

o~ 8al% 600, < Cllon — Eally

where C' is a constant independent of steplengths h and 7; and

lenll3 + l6pnll3,

a2

2

N—-1
'IU —w
NE B+ 5716 3w 3+ Z [
n=0

Wi (@Qa) T 2

§6. Convergence

6.1. In this section we will discuss the unconditional convergence of the finite difference
scheme (2.4)—(2.6) with intrinsic parallelism on the basis of the obtained estimates and
the convergence properties of the discrete solutions va = vj = {fuﬂj =0,1,---,J;n =
0,1,--- ,N}.

Lemma 6.1. For the discrete solution of the difference scheme (2.4)—(2.6), there are
estimates

max [vf —v,|<C|a:]—a?J\2 0<j,j <J; (6.1)
n=0,1,--- ,N
max [ — o | < O™ —"|F, 0<n,n <N, (6.2)

§=0,1,,J
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where m and s are integers satisfying 0 <m < J —1,0 < s < N; and the constants C are
independent of h,7,m,s and vj.

Proof. It is easy to see that
[vi —vji| < lovg|2]z; — x5 |2

and then (6.1) follows from the estimate (3.7). By Lemma 2.3 and (3.7)—(3.8), there hold

’ ’ 1 ;L ;L
ok = vi lloo < [16(vr — oy I3 o —vi I3 < Cllvg —vp 13,

’ gy k+1 71)}6 2 % /1 !
o =iz < ([ ) T =1 < o — e,
k=0

so the above two inequalities yield (6.2). The proof of Lemma 6.1 is completed.
6.2. Let us define the piecewise constant functions
U;(.’t,t) = U;H_l’ ’U;h(l’,t) = 51)?-"—1, vz—h(xvt) = p
for (z,t) € @} (j=0,1,---,J—=1; n=0,1,--- ,N —1).

Lemma 6.2. Assume that the conditions (I)-(IV) hold and ;5= < A for any given
constant A > 0. When h — 0,7 — 0 (for some subsequence), there is a function u(z,t) €

W2(271)(QT) such that

(1) vf(z,t) — u (x,t) uniformly in Qr;

(ii) o7, (z,t) — ug(z,t) weakly — in L*(Qr);

(iii) o7, (z,t) — ut(z,t) weakly  in L*(Qr).

Proof. Using Lemma 6.1 and the discrete compactness method in [10], we can prove
(i). (ii) and (iii) follow from the estimate (3.8). Lemma 6.2 is proved.

6.3. Define the piecewise constant functions, for (z,t) € Q} (j =0,1,---,J — 1;n =
0717"' 7N_ 1)7

U (@ t) = 8", AR, t) = A7, f(et) = 7T

Lemma 6.3. Assume that the same conditions as those in Lemma 6.2 hold. When
h — 0,7 — 0 (for some subsequence), there are

(i) 0] (z,t) — u(z,t) strongly in L*(Qr) and a.e. in Qr;
(i) A7 (z,t) — A(z,t) strongly in L*>(Qr) and a.e. in Qr; fi(z,t) — f(x,t,u(z,t))
strongly in L*(Qr) and a.e. in Qr.

Proof. Note that, by the definition of (501);-”1 and the estimates (3.7)—(3.8),

197, (2, £) — of, (2, )| 7 2 QT)
N
<Y |oop|3r + Cr Z ‘
n=0

It follows that (i) can be proved easily by using Lemma 6.2. Now we prove (ii). Note that
by (II) we have f(-,-,u) € C(R™), and by (3.9) oA [|6°07 | < C. There holds

_UhH T<C<h2+7')

||f;L—($ﬂt) - f(xatvu(xvt))H%?(QT) —0 as h — Oa T — 0.
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Lemma 6.3 is obtained.

6.4. Denote by Jj' the number of j satisfying A7 # 1 or p7 # 1, and let Jo =
max Jg. We introduce the following assumption.

0<n<N-1
(V) Jo is any fixed constant for all o > 0 and 7 > 0.
Define
U;wh(x’t) :g ?41};}4_17 (x’t) € Q_;L (j = 1727' o a‘]_ 17 n= 0517"' aN_ 1)7
vrrh(x7t) :3 1241}?4_17 (l‘,t) GQBL (n:()a]-a"’ 7N*1)'

Let ®(z,t) € C*°(Qr) and ®(z,t) = 0 near x = 0 and z = [. Denote @7 = ®(x;,t").
Define the piecewise constant functions @7} (z,t) = <I>;.L+1, for (z,t) € Q}. When h and 7 are
small, there hold

//QT vl n(x, )®F (x,t)dzdt

k.
§ 4l +1<1>”+1hT

Il
=z 3
Ly
[,
,L [

62 ;L“@;L“m

n=0 j=1
N-1 Jz_:l (L= ADAT L (075 = vfyy) + (1= p) A7, (077 - U?_l)fb"“
i
n=0 j=1 h
=I1+11

It is easy to see that
I— // Az, thug(z,t) D, (x, t)dadt for h—0, 7 —0;
T

and
n+1
u

2 1
1] < 240A _maxx_ ||<1>”+1||oo( Z ’ i )2(TJ0T)%

SO
I—-0 for h—0, 7 — 0.

There holds

/ /Q [0 (21 8) — 0, — f7 (s 1)) (2, )zt

N-1J-1 ,ntl _ 0
_ 97 c2.n+l _ entl|gntlp o
= Z [ - 6 4v; [P ®@7  hr = 0.
n=0 j=1

By letting h — 0,7 — 0 (for some subsequences), we have

// ((ug(z,t) — fx,t,u))®(z,t) — Az, t)us Py (x, t))dadt = 0.
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Moreover, since the subsequence v} (z,t) is uniformly convergent to u(x,t) in the rect-
angular domain Qr, the limiting m-dimensional vector function u(x,t) satisfies the homo-
geneous boundary conditions (2.2) and the initial condition (2.3) in classical sense. This
means that the m-dimensional vector function u(z,t) € H*(0,T, L*(Q)) N L>=(0,T, H*(Q))
is just the generalized solution of the boundary problem with the homogeneous boundary
conditions (2.2) and the initial condition (2.3) for the semilinear parabolic system (2.1) of
partial differential equations. The uniqueness of the generalized solution for the problem
(2.1)—(2.3) can be justified in usual way. By means of the uniqueness of the generalized solu-
tion of the homogeneous boundary problem (2.1)—(2.3), we then can obtain the convergence
theorem for the finite difference scheme (2.4)—(2.6) with intrinsic parallelism as follows:

Theorem 6.1. Assume the conditions (I)-(V) hold. As the meshsteps h and T tend
to zero, the m-dimensional discrete vector solution va = vj, = {v;’|j =0,1,---,J;n =
0,1,--- N} of the finite difference scheme (2.4)—(2.6) with intrinsic parallelism converges
to the unique generalized solution u(x,t) € H*(0,T, L*(Q)) N L>(0,T, H*(Q)) of the bound-
ary problem (2.2) and (2.3) for the semilinear parabolic system (2.1) of partial differential
equations.
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