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BIFURCATION OF LIMIT CYCLES FROM
A DOUBLE HOMOCLINIC LOOP WITH
A ROUGH SADDLE***

HAN MaoaN* BI Ping**

Abstract

This paper concerns with the bifurcation of limit cycles from a double homoclinic
loop under multiple parameter perturbations for general planar systems. The exis-
tence conditions of 4 homoclinic bifurcation curves and small and large limit cycles are
especially investigated.
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Consider a plane system of the form

i:f($7y)+8f0(l‘,y,€,5), y:g(l'7y)+5go(l',y,5,6), (1)

where f, g, fo, and go are C" functions, r > 3, & > O small and 6 € D C R" (n > 1) with D
being compact. Suppose for ¢ = 0, (1) has a double homoclinic loop L = Ly U Ly U Sy with
homoclinic orbits L; and Ly being homoclinic to the hyperbolic saddle Sy. We will establish
a Poincaré map near L based on some results of [1-3], and investigate the behavior of the
map.

For definiteness we suppose that L is oriented clockwise. Choose points A; € L near
So, 1 = 1,2,3,4 with Ay, Ay € Ly and Ay, A3 € Ly. Let I; be a cross section passing
through A; with the direction as follows

(—=g(As), f(Ai)), 1<i<4

Then a point B; on [y can be denoted as By = A; + any. Suppose the positive orbit y(Bj)
of (1) starting at By meets l; at a point B for the first time (see Fig. 1). Then B can be
written as B = Ay + P(a,&,0)n.
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Fig. 1

We call the function P above a Poincaré map of (1). Denote S(g,d) the saddle point of
(1) near Sy. Then by [3], there is a point By = A; + ap(g,0)n1 € l; on the stable manifold
of S such that the domain of P in a is a > ag(g,d) and that the following limit exists

lim P(a,e,6) = P(ag(e,9),¢,0).

a—agQ
Thus, the domain of P can be extended as a > ag(g, d). Denote by
G:ly — s, G:lg—ly

the Dulac maps and by
R:ly — 3, R:ly— 1

the regular maps. Let Bs, B3 and By be the intersection points of the orbit v(B;) with the
cross section [y, I3 and I4 in turn. They can be written as

By = Ay + G a,E,(S)ng = As + agna,

(
B3 = A3 + R(GQ,E, (5)77,3 = Az + asns, (2)
By = A4+ 6(&3,6, 5)714 = A, + aany,
B = A; + R(ay,e,6)n, = Ay + P(a,e,6)n,.

For the sake of convenience we suppose that the saddle point S is always at the origin. Then
a C" local coordinate change of the form

u x
v (1) 1o () +olle) Q
exists which carries (1) into the form
= aru(l+ hi(u,v,e,9)), 0 = agv(1 + ha(u,v,e,9)), (4)

where h; is C"~! with h;(0,0,¢,) = 0 and a; = a;(e,d) with a3 > 0 > ay. For p > 0 small,
let

All = (07p)7 Al2 = (pa 0); Aé = (Oa 7p)7 21 = (7p’ 0)7
1= {(u,v)|0 <u<p,v=p}, L= {(u,)|0 < v < p,u=pl
lh={wv)|-p<u<0uv=-p}, Uj={uv)-p<v<0u=-—p}

We suppose rg # 1. That is, the saddle at the origin is rough. Let

r=r(egd)=——, ro =1(0,0).
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Denote by B4(p,q(u,e,0)) the intersection point of the positive orbit of (4) starting at
Bj(u,p) € 1§ with I}, and by Bj(—p, —q(us, €, d)) the intersection point of the positive orbit
of (4) starting at Bj(—us, —p) € I5 with [);. Then similarly to Lemma 2.5 in [2], we have

Lemma 1. The Dulac maps q and G of (4) satisfy

q(u,e,8) = p'~ ’”u’”[K(p) + ¢o(u,e,9)],

q(u,e,8) =p'~ [ (p) + Po(u,&,8)],
qul(u,e,8) = rpt ~"u" K (p) + ¢1(u, g, 6)],
Ty (us,€,6) = rp'~"ul ' [K (p) + 7, (us, &, )],

— 0 7]
where K(p), K (p) = 0(p), 9o, p1,u5 > = o(u¥) for 0 < u < 1, and o, By, us 5> = ofuf)
3
for 0 < ug < 1 and any constant 0 < k < %

Now we take A; = O(p) as the pre-image of the A} under the transformation (3). Then
the following lemma is immediate from Lemma 1.1 in [1].

Lemma 2. Suppose that the orbit arcs B{ B} and B4BY) of (4) lie on the image of the
orbit arcs B1 By and BsBy of (1) under (3) respectively. Then there exist CT functions

Wi(’ll/,cf, 6a) = Noi(€757p) + Nli(ea 6ap)u + O(U2)7 1= 1) 273747

where No; = O(e), lin%) N1,(0,6,p) = B;sin 6 with 0 the angle of L at Sy, and
p—i

ﬁl = 53 = |T71(075)(07 1)T|a 52 = ﬂ4 = |T71(075)(0a 1)T|
such that

a = Wl(u,s,é), G(a,s,é) = WQ((](U,E,(S),S,(S),
az = W3(u33576)3 é(a37€75) = W4(§(U3,€76),6,5). (5)

By the process of deriving (1.1.9) of [1], we have
Lemma 3. The reqular maps R and R satisfy
R(a27 g, 5) = b0(€7 67p) + bl (57 67 p)a’Q + O(Clg),
E(aﬁlv g, 5) = EO(Ev 57p) + Bl (57 57 p)(l4 + O(ai)a
where by, by = O(¢), by = K1(p) + O(e), by = Ki(p) + O(e) with K1 >0, K; > 0.
Let .
M;(6) = j{ exp ( - / (fa+ gy)dS) (f90 = 9fo)e=odt. (6)
L; 0
The distance of the intersection points of the two separatrices of the origin near L, with Iy

is given by
eM;(0)

£ (45),9(A5)]
where j = 1,4 for i =1 or j = 2,3 for i = 2. Define

di(e,6,A;) = +0(e?), (7)

F(a,e,6) = P(a,e,8) —a, d(e,6) = F(ap(e,9),¢,0).
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The function F is called a succession function of (1). We can prove now

Theorem 1. Suppose ro # 1. Then for e > 0 small,

(1) My (8)d(e,6) >0 if (ro—1)M(8) <0;
(IT) Ms(6)d(e,8) >0 if (ro —1)Ma(6) <0
(IIT) My(8)d(e,6) >0 if (ro —1)M71(5) >0 and My(d) #0;
(IV) My(8)d(e,8) >0 if (ro — 1)Ma(5) >0 and M (6) # 0.

Proof. Let L} denote the 4 separatrices of (1) near the origin, i = 1,2, where L§ UL
and L} U LY lie on the stable and unstable manifolds of the origin respectively. There are
13 different distributions of the separatrices and 5, 3 and 5 distributions appear respectively
for d(e,6) <0, =0 and > 0. First, consider the case of dy > 0. Let

AT =Ly"Nly, AP =L7Y"nNl;, Bl'=LiNl, 1=1,4.

Then a possible distribution is as shown in Fig. 2.

Fig. 2

Let
AP = A+ a" (e, 0)ni, i=1,3,4,
= A; + bl (e, 0)ny, i=1,4.
The domain of F'is a > aj(e,d) (= af(e,d) in this case), and
F(ao(g,0),e,6) = bi(g,d) — aj(e,d) = d(e, 9).
By the definition of R,

bY = R(bY,e,8), a = R(a},e,9).

Hence it follows from Lemma 3 that

blf - a‘ng = ﬁ(bz,&,(g) - E(CLZ’&&) = [51 + O(E)W’Z - ai)

Thus B
d(e,6) = [br + O(e))(bf — ai). (8)
From (7), we have
aff _ai = d1(5,5, A4)7 ag _a§ :d2(5757A3)' (9)
The mean value theorem together with (5) and (9) gives
W?jl<agvg’6):W?jl(a375 6) 1(a3’€ d)
oWy u_ g
= 82 (O(¢),¢,6)(a5 — a3)
1

= —-d 0,A3) = ds.
N13+O(5) 2(57 9 3) 2
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By the definition of G,
by = G(ay,e,9), a¥ = G(a3, e, 6).
Lemma 2 implies that
ai = W3(0,¢,8) = Noa, ay = W4(0,¢,0) = Nog.

Hence we have from (5),

b — af = (Wyogo Wy ')(ay,e,8) — (Wyoqo Wy ')(a3,e,0)
= W4(q(d37675),€,5) — W4(0,E,5),
= N14q(d;75a6) +O(|q(d§7575)‘2)

Thus we obtain by Lemma 1,

U u 1—r d2 r k

by —aj = Nup' ™ () (L+0(e")). (10)
From (8)—(10), if ro > 1, we have

d(e,8) = [b1 + o(2)][(b% — ai) + (af — a})]

- o i)+ o () e 4] ay

If rg < 1, then

d(e,d) =

7 1—7_r 1
(Nlj}](ﬁg, PRI (%) a+oey+oE)] (12)

From the above discussion, if do = 0, then formula (11) always holds no matter whether
ro — 1 is positive or not.

If dy < 0, by using the inverse of G, we know that there exists N = N(p) > 0 such
that for € > 0 small,

d(e, ) = (Ns% + 0(5)) [ - (_TdQ) ’ (1+o(e)) + O 7) (13)
if rp > 1, and .
d(e,6) = (N(p) + O(e))e[M1(6) + O(e™ " + ¢)] (14)

if ro < 1. From (11)—(14), it yields that

M5 (8)d(e,d) >0 as (ro — 1)M2(d) <0,
My(8)d(e,d) >0 as (ro — 1)Ma(d) > 0. (15)
On the other hand, we can define another Poincaré map from 3 to I3, which gives
another succession function F(a,¢,d). Let the domain of F' be a > @y(e, d). It is clear that
d(e,9) and d(e,8) (= F(ag,e,9)) have the same sign. Moreover, similarly to (15), we can
prove
Ms(6)d(e,68) > 0 as (ro —1)My(d) > 0,
d(s,6) >0 as (ro — 1)My(d) < 0. (16)
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Then the conclusion follows from (15) and (16).

A limit cycle in a neighborhood of L is called large (resp., small) if it surrounds (resp.,
does not surround) the saddle point S. As was mentioned in [4], if 7o # 1 then Equation (1)
has at most two limit cycles in a neighborhood of L. In fact, this conclusion can be proved
easily by analyzing the stability of limit cycles and the relative positions of separatrices.
The following theorem gives some sufficient conditions for the existence of small and large
limit cycles.

Theorem 2. Let 1o # 1 and M1(8)M3(5) # 0 for all 6 € D. Then there exist g > 0
and a neighborhood U of L such that for 0 < e <eg and d € D,

(1) Equation (1) has a unique limit cycles in U and it is small as My (5)M2(6) < 0;

(IT) Equation (1) has a unique limit cycles in U and it is large as M (6)Ma(5) > 0
and (7‘0 — I)MQ((S) > 0;

(IIT) Equation (1) has a precisely two limit cycles in U and they are small as M (§) Mz(9)
>0 and (ro — 1)M;(d) < 0.

Proof. For definiteness we suppose o > 1. In this case L is outer stable while L; and
Lo are inner stable. Moreover, any limit cycle near L is stable if it exists. Note that the
outer stability of L is equivalent to F'(a,0,0) < 0 for a > 0 small. By F(ag,¢,9) = d(e, d),
for € > 0 small F has a unique zero in a > ag if and only if d(e,d) > 0. This means that a
large limit cycle is bifurcated from L if and only if d(e,d) > 0. In the same way, a unique
small limit cycle is bifurcated from L; if and only if d; < 0,5 = 1,2. Then the conclusion
follows from Theorem 1. The proof is completed.

Generally, by the Poincaré-Bendison Theorem, it is easy to prove that if rq # 1, then
there are at most two limit cycles near L for ¢ small.

In the following, we treat the case that M;(§) or Ms(d) has zeros. This is more
interesting. We will suppose § € R. If the vector field defined by (1) is central symmetric,
then d; = dy and d = 2d;. In this case , the bifurcation diagram of limit cycles is easy to
understand. Hence, we suppose (1) is not symmetric. More precisely, we assume

M1 ((5) =0 — c1, MQ((S) = 60(5 — Co, Co 75 O, CpC1 — C2 75 0. (17)

There are 8 cases to consider as follows:

C2
Casel. 719>1, ¢g >0, ¢ > —;
Co
C2
Case 2. 1r9<1, ¢g>0, ¢ > —;
Co
C2
Case 3. 19<1, ¢g<0, ¢ > —;
Co
C2
Cased. 19>1, ¢ <0, ¢ < —;
Co
C2
Case 5. 19>1, ¢g>0, ¢ < —;
Co
C2
Case 6. 1r9<1, ¢g>0, ¢ < —;
Co
C2
Case 7. 19>1, ¢ <0, ¢ > —=;
Co
C2
Case 8. ro <1, cg <0, ¢ < —.
Co

Before stating the next theorem we introduce the following definitions.
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Definition 1. Let L} and L] denote the saddle separatriz near L; and belonging to
the unstable and stable manifolds of the origin respectively for e > 0 small, i = 1,2. If

LY =Lj =L,
we call L; a left homoclinic loop. If

Ly = L3

Il
b‘
3

we call L, a right homoclinic loop. If

LY =L5 = L,
we call L, an upper homoclinic loop. If
Li =Ly = Ly,

we call Lg a down homoclinic loop.

Definition 2. We say that the distribution of limit cycles of (1) is m + (i,7) if it has
m large cycles near L, i small cycles near Ly and j small cycles near L.

By (7) and the implicit function theorem, there exist C' functions
0"(e)=c1 +0(e) and 67 (g) = ca/co + O(e)

such that
d1(€,5l*,141) = d2(€ ox Ag) =0

and
(6 —=06/)d1 >0, co(d—07)dy >0. (18)
Therefore, for ¢ > 0 small, Equation (1) has a left (right) homoclinic loop if and only if

= §f(e) (6 = d;(¢)). For the existence of an upper or down homoclinic loop and the
distribution of limit cycles, we have

Theorem 3. Let ro # 1 and (17) hold. Then
(I) There exists a continuous function 6};(e) with

05(0) = 67 (0) for ro >1
and
07(0) = 6:(0) for o <1

such that a down homoclinic loop exists near L for 6 = §}(¢) if and only if one of the cases
1-4 occurs.
(IT) There exists a continuous function 0%(g) with

0:(0) = 65(0) for ro>1
and
0:(0) = §/(0) for o<1

such that an upper homoclinic loop exists near L for 6 = 6} () if and only if one of the cases
36 occurs.

(IIT) The distributions and bifurcation diagrams of limit cycles for e > 0 small for all
cases are given by Fig. 3.
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) 1 d  0+4(1,0) 5 d 0+(0,1) 5
0+(1,1 "
@1 9y 1-+(1,0) 1+(0,1)
0 1+(0,0) g 1+(0,0) 0
14+(0,1) o o
14(0,1) 14(1,0)
1+(0,0)  Or 0+(0,1) 04 0+(1,0) 0z
Case 1 Case 2 Case 3 Case 4
1) 0 0 1)
0+(1,1) 5 0-+(0,1) 5 0-+(1,0) 5
T l T
0+(1,0) «
% | gan 14(L,1)
1+(1,0) I I
. 0+(1,0) 0+(0,1)
1+(0,0) O
Case 5 Case 6 Case 7 Case 8
Fig. 3

Proof. We only consider the case 1 and case 4. The other cases are similar. For the
case 1, we have
rog > 1, co >0, c1> Cg/Co.

Hence for £ > 0 small,

8/ (g) > 67 (e).
Note that L is stable in this case. We have

F(a,0,0) <0 for a >0 small.

Thus it follows from (18) that do > 0 as § = 6; and d; < 0 as § = 4. Therefore from
(8)—(11), we have
d(e, 6/ (e)) > 0, d(e,6y(g)) > 0. (19)

Since d(e,0) = F(ao,¢,0) and F(a,&,0f) < 0 for 0 < ¢ < a < 1, there exists a*(¢) >
ao(e, d;) such that
F(a*,e,0;) =0.

This means that Equation (1) has a unique large cycle for § = §;. By the Poincaré-Bendison
Theorem, for € > 0 small and 0 > §;(¢), the large cycle exists with no small cycles. By (19)
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and the continuity of d(e,d) there exist 6%(¢) € (§;(¢),d;(¢)) such that d(e,d5) = 0. Then
by (18) we have

di(e,05(e), A1) <0,  da(e,05(e), Ag) > 0. (20)
Hence, by (11), it yields that §5(0) = 6;(0) = ¢; and 6}5() = ¢1 + O(e™ ™! 4 ¢). From (20),
Equation (1) has a down homoclinic loop for § = §j(¢). Note that Equation (1) has at most
one small cycle near Ly or Ls. The bifurcation diagram in this case follows easily.

Now suppose that the conditions in Case 4 hold. Then 6; (¢) < §7(¢). By (18), we have
dy > 0 for § = ¢, and then Equation (1) has a right homoclinic loop and a unique large
cycle. As § increase from 47, the right homoclinic loop is broken and then generates a small
cycle. Note that do < 0 for 6 > 4. From (7) and (13) it follows that d(s,d) = 0 (> 0) if
and only if

—M(8) + O + ™) + o(e"0) = 0 (< 0).

The above equation has a unique solution
§d=06,(e) =ca/c1 + o(e).

Hence d(e,0;) = 0. Obviously, 6} > &5 since d(e,d;) > 0. In the same way, there exists a
function

§5() =c1+0(e+e™ ) < 5 (e)

such that d(e,d}) = 0. Then the bifurcation diagram in this case follows. The proof is
completed.

Below we give an application to Theorem 3. From [5] we know that the cubic system

i=y, y=-z(®—1)—(*—a)y

has an unstable symmetric double homoclinic loop L = L; U Lo U O and a stable large cycle
for some a > 0. Consider a perturbed system of the above in the form

T =y, = —x(x® —1) — (22 — a)y + e(bx — 1)y. (21)
From (6), we have M; = B;b— A;, i =1,2,---, where

ae
L

¢ ¢
> exp/ (2 —a)dsdt, B;= xy? exp/ (2% — a)dsdt.
0 L; 0

i

Obviously,
A1:A2>0, B = —-By <0.

Let § = B;b. Then we have
ro<l, co=-1<0, ¢ —ca/co=24;>0.

Hence the case 3 occurs. Thus, Theorem 3 implies the existence of 4 homoclinic bifurcation
curves § = 03(g), j =1,7,u,d, with

du(e) > 67 (e) > 05(e) > d5(e) for € >0 small

and
55(0) = 07 (0) = Ay, &5(0) = 85(0) = —A;.

Let

1 ., .
= —05(e), j=1,ru,d.

bi(e) = B0

J
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Then for the phase portraits of Equation (21) near L, for £ > 0 small we have Fig. 4.

@“-

b < b (e) b=b(e bi(e) < b < bi(e)
b= b (e) bi () < b < bx(e) b=0b*(c)
) <b<bile b="0bje b > bi(e)
Fig. 4

Note that Equation (21) is invariant under the change (z,y,b) — (-, —y, —b). Thus

we have
bi(e) = =bl(e) >0 and bl(e) = —b;(e) > 0.
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