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NON-CONSTANT POSITIVE STEADY-STATES OF
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Abstract

In this paper, the authors deal with the non-constant positive steady-states of a
predator-prey-mutualist model with homogeneous Neumann boundary condition. They
first give a priori estimates (positive upper and lower bounds) of positive steady-states,
and then study the non-existence, the global existence and bifurcation of non-constant
positive steady-states as some parameters are varied. Finally the asymptotic behavior
of such solutions as d3 — oo is discussed.
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§1. Introduction

This paper deals with the positive solutions to the following elliptic system

Uy
A = (1 ),
1AUL = YUl L0+€U2ﬁ
(5 uU2U3 .
—dsAus = au (1——)—7, in Q,
200 2 K 5 1+ muq (I)
CcPoUL
(o0 )
32U = Us S+1+mu1
Opu1 = Opus = Opusg = 0, on 01,

where © is a bounded domain in R™ with smooth boundary 8, 9, is the directional
derivative normal to 0f), and all parameters are positive. The non-negative solutions of
(I) are in fact the non-negative steady-states (time-independent) of a reaction diffusion
system known as a predator-prey-mutualist model (see [7, 10]). In this model, u1, us and us
represent the population densities of the mutualist, mutualist-prey and predator respectively,
m and ¢ are the mutualist constants, and d; > 0, ¢« = 1, 2, 3, are the diffusion coefficients.
For the biological meaning of the other parameters, please see [7]. In paper [10], Zheng
studied the corresponding reaction diffusion system of (I) with non-negative initial data (as
well as the homogeneous Dirichlet boundary conditions). He first gave the maximum norm
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estimates of non-negative time-dependent solutions, and then discussed the stabilities of
non-negative constant solutions.

There are many related works on the non-constant positive steady-states of reaction
diffusion systems with homogeneous Neumann boundary conditions, see [2, 4, 5, 9] and the
references therein.

We first use the scaling

mup — uy, ux/K —ug, di/y—dy, do/a—ds, ds/s—ds, B/a—b, ac/s— a,

and then denote L = mLg, {* = {Km, a* = abK, and omit the super script *, the problem
(I) can be written as

7d1Au1 = U1 (]- - Louﬁ) é fl(ula Uz, ’U,3),
—dsAu :u(l—u— )éfu U, U3) in Q
2 2 2 2 a%ll+ ! 2\U1, w2, U3), ) (11)
7d3AU3:U3(*1+1+2 )*f3(u17u27u3)
Optty = Opus = Opusg =0, on ON).

We call u = (uy, us, us) a positive solution of (1.1) provided that u is a solution of (1.1) and
ui(x) >0in Q, 7 =1, 2, 3. Tt is easy to verify that the problem (1.1) has positive constant
solution if and only if £ < a, 1+ Ly < a — ¢ and this solution is unique and is given by

" f—f' CLL(] 1+ L() a(l + L() (a —1-0— L())) (12)

A B )
“*(“1’“2’“3)*(%5’ a—10’ b(a — ()2
when it exists. Throughout this paper we assume that £ < a, 1+ Ly < a — /.

This paper will be organized as follows: In §2, we first establish a priori positive upper
and lower bounds for the positive solutions of (1.1). In §3, we prove the non-existence of
non-constant positive solutions for a certain range of the parameters. In §4 and §5 we discuss
the global existence and bifurcation of non-constant positive solutions. Finally, in §6, we
study the profile of these solutions as d3 — oo.

§2. A Priori Estimates

We first state one proposition, which is due to Lin, Ni and Takagi [1].

Proposition 2.1. (Harnack Inequality) (cf. [1]) Let w € C?(Q)NCY(Q) be a positive
solution to Aw(x)+c(r)w(z) = 0 in Q subject to homogeneous Neumann boundary condition
with ¢ € C(Q). Then there exists a positive constant Cy, = Cy(n,Q, ||¢|loo) such that

maxw < C, minw.
Q Q

Theorem 2.1. The positive solution u of (1.1) satisfies

maxu; < Lo+ ¢, maxus <1, maxus < (a/b)(1+ ds/ds). (2.1)
Q Q Q

Proof. By the simple application of the maximum principle, we can get that

maxuy(x) < Lo + £, max ug(x) < 1.
Q Q
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Let w = adsus + bdsus, then

—Aw = auz(l — ug) — bug in Q,
Opw =0 on Of2.

Let w(xg) = maxw(x). By the application of the maximum principle, it yields
Q

b’u:;(l‘o) S (IUQ(Io)(l — ’U,Q(’Io)) S (ZUQ(zo) § a
Consequently

bds max us < maxw = w(zg) = adaua(xo) + bdsusz(zg) < adz + ads,
Q Q

and hence
maxug < (a/b)(1+ da/d3).
Q
The proof is completed.

Theorem 2.2. Let d > 0 be fized. Then there exists a positive constant C = C(d) > 0
such that the positive solution of (1.1) satisfies

minu; > C, i=1,2,3 (2.2)
Q

provided that d; > d, i =1, 2, 3.

Proof. We assume on the contrary that the (2.2) does not hold, then there exist
sequences {dy;, da;, d3;}52, with dy,, do;, d3; > d, and the corresponding positive solutions

(w14, s, ugq) of (1.1) such that minwuy; — 0, or minwug; — 0, or minug; — 0 as i — oo.
Q Q Q
Moreover

maxuy; < Lo+, maxug; < 1 (2.3)
Q Q
by (2.1). We divide the discussion into three cases.

Case 1. minu;; — 0. Proposition 2.1 yields that uy; — 0 uniformly on Q as i — oc.
Q

Integrating the equation of uy;, we have

U4 .
uil—i)daszo, Vi>1.
/Q 1( Lo + lug;

This is a contradiction since u1; > 0 in  and u;; — 0 uniformly on Q.

Case 2. min ug; — 0. Since
9)

/Ugi(—1+ atzi )dx:O, ug; >0 in Q, ViZI,
Q 1+U1i

we get a contradiction.

Case 3. minug; — 0, and min uy;, minug; > 0, for some § > 0. Proposition 2.1 yields
Q Q Q

that uz; — 0 uniformly on Q as i — oco. By the regularity of elliptic equation it can be
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deduced that there exists a subsequence of (u1,, ug;, us; ), denoted also by itself, and positive
functions iy, tip such that uy; — iy, ug; — @z in C%(Q) as i — co. Moreover,

maxt; < Lo+ ¢, max g < 1 (2.4)
Q Q

by (2.3). Integrating the differential equation of ug;, we have

bus; - - .
O:/Qum(lfu?if 1fili)dxﬂ/Quz(17uQ)d:c as 1 — 00. (2.5)

As g > 0, it follows from (2.4) and (2.5) that @ = 1. In a similar way, from the differential
equation of uy;, we have @y = Lo + £. Since (14 Lg)/(a—¥¢) <1 and uy; — Lo + ¢, ug; — 1,
we see that

It contradicts the fact that

/u3i(—1+ ahai )dx:O, un >0 in Q, Vi>1.
Q 1+’U,1i

The proof is completed.

§ 3. Non-existence of Non-constant Positive Solutions

Let 0= po < p1 < p2 < pg < --- be the eigenvalues of the operator —A in Q with the
homogeneous Neumann boundary condition.

Theorem 3.1. Denote dy = [2L3 + (Lo + £)? + (2a/b)(b + a)L3]/(2u1L3). For any
given do > dg, there exists D > da, such that when ds > D, the problem (1.1) has no
non-constant positive solution provided that di > dy.

Proof. Denote f = ﬁfgf(x)dx for f € L'(Q). Assume that u = (u1, uz, u3) is a
positive solution of (1.1). We may assume that d3 > ds. By the third inequality of (2.1) we
get maxus < 2a/b. Multiplying the i-th equation of (1.1) by u; — 4;, and integrating the

Q

results over (), we have

= [ (in, wa. ws) = far, 1, 35)) s — )
Q
= /Q{fiui () (s = W)* + > fiuy (&) (ws — ) (uy — 1)}, i=1,2,3, (3.1)

J#i

where &; () lies between u and 1. By a simple calculation, fi,, <1, |fiu,| < €(Lo+¢)%/LE,
|fous| < bmaxuz < 2a, fou, < 1, [foug| < b |fouls [fous] < amaxuz < 2a%/b, and
Q Q
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faus < a— 1. Therefore, by (3.1), we get
/{d1|V(U1 — ﬁ1)|2 + da|V(ug — @2)|2 + d3|V(us — ﬁ3)|2}dw
Q
< [ = @l us = asf + (- Dlua o]
Q

+ (f(Lo + E)Q/Lg + 2a)|u1 — ’U1||UQ — a2|

+ (2a2/b)\u1 — ﬂlH’u;), — ’l]3|) + (b+ 2&2/b>|U2 — ﬂ2||U3 — ’Ugl}dJJ

S/{(Hz(LoH)Q+a(0b+b))<u1_ul>z

202 b
ULo+0)*  ala+b) 2 22 | b2 22
+(1+ 217 ; +6)(U2—U2) +(a—1+7+£)(U3—U3) }d%

and using the Poincaré inequality, we then have
n1 / (d1|u1 — ﬁ1|2 + d2|u2 — ﬂ2|2 + d3|U3 — ﬂ3|2)dx
Q

< / {(1+ ULo + 0" + a(‘Hb))(m — p)?
Q

2132 b
Lo+ 0?2  ala+b) _ .9
+(1+ 217 - +s)(ugfu2)
2a2 b2
+ (0*14’74’&)(’“3*’&3)2}611’, (32)

where 0 < ¢ < 1. Since dy > dp, it follows from (3.2) that uy = @y, us = U, uz = Us
provided that d; > dy and d3 > 1. The proof is completed.

8§4. Existence of Non-constant Positive Solutions

We shall discuss the existence of non-constant positive solutions to (1.1). Let a =
(t1, G2, Gg), which is given by (1.2), be the unique positive constant solution of (1.1). For
dy, da, d3 > 0 and p > 0, we define

H(p; dy, dg, d3) =p® + (d7' + dy Yag)p? + dy H{d3 ' (1 — dg) + di g — bag(1 4 ay) "
+ 031 + A1) "} + (adidads) " a — 1 — £ — L), (4.1)
A éA(dl, dQ, dg) = {’L > 1|H(/.Li; d1, dg, d3) < 0}

Then, for any given dy, da, d3 > 0, H(p; di, d2, d3) = 0 has at most two positive roots, and
A(dy, da, d3) is a finite set. Moreover, as a > 1+ ¢ + Lo,

H(po; dv, da, d3) = H(0; dy, do, d3) > 0.

Theorem 4.1. Suppose dy, do, ds > 0 with H(u;; d1, do, d3) # 0 for alli > 1 and

A = A(dy, da, d3) £ 0. If > m(u;) is odd, then the problem (1.1) has at least one non-
i€ A
constant positive solution, where m(;) s the multiplicity of ;.
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Remark 4.1. Note that, for any given dy, da, d5 > 0, H(u; dy, do, Jg) = 0 has at
most two positive real roots, and p; < pg < --- < pp — 00 as k — oo. We conclude that,
for any B(dy, da, ds; ), the neighborhood of (dy, da, d3), the intersection

{(d1,d2,d3) | H(u; du, d2, d3) # 0, Vi > 1} N B(dy, da, ds; 0)
is an infinite set.

Remark 4.2. Denote 6 = 1 — £(1 + 41)~! + iz (1 + 1)~ L. If we assume al >
2+ (14 Lo)(a+¥) (when £ > 1 and a > 1, this is true), then § < 0. Note that

Jim H(ps dy, da, dy) =p(dydz) " drdop® + (da + drlia) p + 026)]

é(ﬁlld2)71,llh(ﬂ§ di, da). (4.2)

For any given k > 1, there exist suitable dy, do > 0 (dy, d2 may be small) such that
h(pr; di, d2) < 0 and h(pgy1; di, d2) > 0. Since h(u; di, d2) is increasing in pu, it follows
that

{mh(ui; dy, do) < pih(pg; di, do) < prh(u; da, do) <0, V1<i<k,

4.3
pih(pis di, d2) > pih(pesrs di, do) > pah(pegr; di, d2) >0, Vi>k+1 (43)

From (4.2) and (4.3) we see that there exists dj, which is large and depends on d; and da,
such that for all dsz > dj,

H(‘LLZ, dl,dQ, d3)<0, Vlglgk, H(‘LLZ, dl,dg, d3)>07 Vi>k+1.
Therefore, A(dy, da, d3) = {1, 2, --- , k} for such dy, do > 0 and d3 > dj.

Corollary 4.1. Assume that al > (?> + (1 + Lo)(a + £). If m(u;), the multiplicity of
i, is odd for some i > 1. Then there exist di, do > 0 and d§ = di(dy, d2) > 0 such that,
for all d3 > dj, the problem (1.1) has at least one non-constant positive solution.

Proof. Let k > 1 be the smallest one for which m(uy) is odd, Remark 4.2 and Theorem
4.1 conclude our result.

Theorem 3.1 shows that if the diffusion coefficients of the mutualist, mutualist-prey
and predator are large, then such a predator-prey-mutualist system has no pattern phe-
nomenon. While, Corollary 4.1 shows that when the diffusion coefficients of the mutualist
and mutualist-prey are small, and the diffusion coefficient of the predator is large, then such
a predator-prey-mutualist system will have pattern phenomenon.

Proof of Theorem 4.1. We assume on the contrary that the problem (1.1) has no
non-constant positive solution. Choose

dy, dy > dy + dy + [2L2 + £(Lo + £) + (2a/b) (b + a) L2] /(21 L)
such that
(di !+ dy ) + dy H{d; o — Liad (14 i) T 4 Lagdy (14 @0) ')
=(dyda) " H{(da + dytig) 1 + [t — Llig(1 + @1) ™ + La2(1 + 41) 71} > 0. (4.4)
For any ¢ > 1, applying (4.4) we have
lim H (5 Cil, 6227 Js)

dz—00
=3 + (d7 + dy M) p2 + (didy) ™Mby — Lo (14 41) ™Y + La2(1 + 41) " (4.5)
> {pd + (A7t + dy V) + (dide) T Hag — Lag(1+ay) 7+ a3+ @) Y > .
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From (4.5) and Theorem 3.1 we see that there exists ds > 1 such that
CZS > d3€22/d2, H(,ui; 621, dAQ, 623) > 0, Vi > 1, (46)

and the problem (1.1) has no non-constant positive solution for (dy, do, d3) = (dy, da, ds).
For 0 <t <1, we define

a(t) fi(u1, ug, us)
ai(t) = dit +t(d; = di ), F(t,u)=| o2(t)fo(ur,uz,us) |,
a3 (t) f3(u1, uz, ug)
and consider the boundary value problem

—Au=F(t,u) in Q, Opu=0 on S (4.7

Then u is a non-constant positive solution of (1.1) if and only if it is such a solution of (4.7)
for t = 1. Set

X = {(u1, uz, uz) € [C*( Q)] | Opu; =0 on 9Q, i=1,2,3}.
For any 0 < ¢ <1, u is a non-constant positive solution of (4.7) if and only if it solves
d(t;u):=u— (I-A)"YF{tu+u}=0 on X,

where (I — A)~! is the inverse of I — A subject to the homogeneous Neumann boundary
condition. The direct computation gives

Dy®(t;0) =1— (I—A) Y (Fy(t,0) + 1),

where
*al(t) *Oél(t)g 0
Fu(t,0) = | aa(t)iz(l —dz)/(1 +d1) —aa(t)iy —bas(t)/a
a3(t)(ﬁ2 — 1)/b ag(t)a(l — sz)/b 0

It is easy to calculate that
det[p;I — Fu(1,0)] = H(ps; dy,da,ds), det[p;l — Fy(0,0)] = H(us; dy,ds, ds3).

Let L be the total number of eigenvalues with negative real parts (counting multiplicity)
of Dy®(1; 01). In order to calculate L, we decompose X = 313 X, where X is the eigenspace
i=0

] ) m(pi) m (i) .
corresponding to p;, i.e. X; = ]6_91 X5 = j6_91 Span{e;;}, and {@; 1, -+, Pim(un} is the
base of X;. Each X;; is invariant for D,,®(1; @), and £ is an eigenvalue of D, ®(1; @) on X;;
if and only if £(1 + p;) is an eigenvalue of the matrix I — (1 + p;) = (Fyu(1,1) + I). Hence,
on each X;;, the total number of eigenvalues with negative real parts of D, ®(1; @) is the
same as that of the matrix T — (1 + ;) " (Fu(1,0) + I) or the matrix ;I — Fy(1,1). Let
A1, A2 and A3 be the eigenvalues of the matrix u;I — Fy,(1,4). Then

)\1)\2)\3 = det[,uJ — Fu(]., fl)} = H(Ml, dl,dg, dg)
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Therefore, when H (p;;dy,da, ds) < 0, the number of \; having negative real parts is 1 or 3,
and when H (u;;dy,da,ds) > 0, the number of \; having negative real parts is 0 or 2. Hence,
modulo 2, the number of eigenvalues with negative real parts of D,®(1; @) on X;; is the
same as

51— sgu{ detl paT = Fu(L@)]}) = 50— sn{ Hw; do, da, ds)}),

provided that det[ ;I — Fy(1,1)] # 0. Consequently, modulo 2, the total number of eigen-
values with negative real parts of D, ®(1; @) on X, is 0 if H(u;; dy, dg, d3) > 0, and m(u;)
if H(pi; di, da, d3) < 0. Therefore, modulo 2, L = >~ m(u;)
i€ A
From the estimate of (4.6), similarly to the above arguments dealing with D, ®(1; @),
we have that, modulo 2, the total number of eigenvalues with negative real parts of D, ®(0; )
is 0.

Applying the first inequality of (4.6), it is easy to check that
az () azt(t) = as(t)/as(t) < dy/ds  forall 0<t<1.
By Theorem 2.1, the positive solution of (4.7) satisfies
maxu; < Lo+ ¢, maxup <1, maxuz < (a/b)[1+ a5 (t)/az'(t)] < (a/b)(1 + do/d3)
Q Q Q
forall0 < ¢ < 1. Denote C' = max{1, Lo+, (a/b)(1+d2/d3)}. Let d = min{dy, da, d3} > 0.

By Theorem 2.2, there exists a positive constant C' = C(d) > 0 such that the positive solution
of (4.7) satisfies

Q
Set

S={ueX| C/2<ui(z), uz(z), us(xz) <2C on Q}.

Then ®(¢; u) # 0 for all u € 93 and ¢ € [0,1]. By the homotopy invariance of the Leray-
Schauder degree (see [3]),

deg (®(0; -), X, 0) = deg (®(1; -), X, 0). (4.8)

Since both equations ®(0;u) = 0 and ®(1;u) = 0 have the unique positive solution @ in X,
it follows that

deg (®(0; -), ¥, 0) = index (®(0; -), @) = (-1)° =1,
deg (®(1; -), ¥, 0) = index (®(1; ), &) = (~1)° = —1.

This contradicts (4.8) and our proof is completed.
8 5. Bifurcation

In this section we discuss the bifurcation of non-constant positive solutions of (1.1).
Let the parameters a, b, £ and Lg be fixed, and consider dy, ds, d3 > 0 as the bifurcation
parameters. We shall only consider the bifurcation with respect to the parameter d3 when
dy and dy are kept fixed.
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We say that (ds; 1) € (0, 00) x X is a bifurcation point of (1.1) if for any & € (0, ds),
there exists d3 € [d3 — ¢, d3 + d] such that (1.1) has a non-constant positive solution. Oth-
erwise, we say that (ds; ) is a regular point.

In the sequel, we shall use S, to denote the positive spectrum of —A on Q with the
homogeneous Neumann boundary condition, i.e., S, = {1, po,- - }. We also introduce the
notation

N(dg):{u>0|H(dl,dg,dg,/i):()} for d3 >0,
where H(dy, da, d3; 1) is given by (4.1). Then N (ds) contains at most two elements.

Theorem 5.1. (Local Bifurcation) Let ds > 0 and consider the point (ds; 0).
(i) If S, NN (ds) = 0, then (ds; @) is a regular point of (1.1).
(ii) Suppose S, N N(ds) # 0. If the sum >  m(u;) is odd, then (ds; @) is a

i €N (d3)
bifurcation point of (1.1).
Proof. Define
dl 0 0 fl(ulau27u3)
D= 0 do 0 R F(u) = fQ(U1, us, Ug) , M= wI— D_lDuF(ﬁ),

0 0 ds f3(U1,U2,U3)

and let ¥(z) = u(z) — &. Then the problem (1.1) is equivalent to
—AV =D 'F(u+¥), ze€Q,
{ op¥ =0, r € 09,
which, in turn, is equivalent to

Flds; W) 20— (I— A YD 'Fa+¥)+¥} =0 on X. (5.1)

By direct computation, we have
Dy f(ds; 0) =T~ (L= A)" (D™ DuF (1) +1),

and as in §4, for each i, £ is an eigenvalue of Dy f(ds; 0) on X; if and only if £(1 + p;) is an
eigenvalue of the matrix M;. Moreover, H(d1, da, ds; ;) = det M;.

(i) If S, N N(ds) = 0, then det M; # 0 for all i, i.e., 0 is not the eigenvalue of
D\pf(éig; 0). This implies that Dq,f(dg; 0) is a homeomorphism from X to itself. The
implicit function theorem shows that for all ds close to d3, ¥ = 0 is the only solution to
f(ds; ¥) =0 in a small neighborhood of the origin, i.e., (ds; ) is a regular point of (5.1).

(i) If S, NN (ds) # 0, it is easy to show that 0 is a simple eigenvalue of M; for any i
satisfying p1; € S, NN (d3). Now, suppose on the contrary that the assertion of the theorem
is false. Then there exists a (,23 > 0 such that the following are true:

(a) S, NN (ds) # 0, and > m(u) is odd.

i €N (ds)

(b) There exists § € (0, ds) such that for every ds € [ds — 8, d3 + 0], ¥ = 0 is the only

solution to f(ds; ¥) = 0 in a neighborhood Bj of the origin.
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Since f(ds; -) is a compact perturbation of an identity function, in view of (b), the
Leray-Schauder degree deg (f(ds; -), Bs, 0) is well defined and does not depend on d3 €
[dg — 5, ds + d]. In addition, for those d3 € [623 — 5, ds + d] where Dy f(ds; 0) is invert-
ible, deg (f(ds; -), Bs, 0) = (—1)*{4) where v(ds) is the total number of eigenvalues with
negative real parts (counting multiplicities) of Dy f(ds; 0).

Let ~

H(dy, dg, d3; p) = didadszH(dy, dz, d3; p).

For p; € Sp ﬂ]\/’(cf;;), as fl(dl, do, Jg,; wi) = 0, the direct calculation yields

0 = 5 PR .
aidgH(dl’ ds, ds; ,ui) = —d3 1[(1 1(CL— 1 —K—LQ) +d1(1 —’LLQ)/J,i] < 0.

Since S, NN (ds) contains at most two elements, there exists § < 1 such that

9 ~
—H(dq, ds, d3; u; 0
ads (dv, da, ds; i) <

for all ds € [0?3 — 6, ds + 0] and p; € S, ﬂj\/(d}) Therefore
H(dy, dy, ds — §; pi) H(dy, da, ds + 6 11;) <0,
and in turn,
H(dy, d, ds — 6; i) H(dy, do, ds + 0 pii) <0, Vi € S,NN(ds).  (5.2)

Since S, does not have any accumulation point, by taking ¢ sufficiently small, we may
assume that N'(dz) NS, = 0 for all dy € [ds — J, d3) U (ds, d3 + 0]. Therefore, Dy f(ds; 0) is
invertible for all ds € [ds — 6, d3) U (ds, ds + 6].

Now, for each ¢ and d3 € [(Zg — 6, ds + 0], X; is invariant under Dy f(ds3; 0), and the
number of eigenvalues with negative real parts of Dy f(ds; 0) on X, is the same as that of
the matrix M;. Hence, modulo 2, the number of eigenvalues with negative real parts of
Dy f(ds; 0) on X; is the same as

1 1
5(1 —sgn{det M;}) = 5(1 —segn{H(dy, da, ds; 1;)}),

provided that H(dy, ds, ds; p;) # 0.

On the other hand, if u; € N (623) then the number of eigenvalues with negative real
parts of Dy f(ds; 0) on X is independent of ds € [Jg — 6, ds +4]; whereas if p; € N(Cig) then
the difference between the number of eigenvalues with negative real parts of Dy f(ds; 0) on
X; for ds = ds — 6 and d3 = d3 + 6 is 1 by (5.2). Thus, modulo 2, l/(ng +9) — 1/((17,3 —0)
is equal to the sum 3 (), which is odd. Therefore, deg(f(ds — 9, -), Bs, 0) #

i EN(JS)
deg (f(ds+96, -), Bs, 0), and we have a contradiction. This shows that (ds; @) is a bifurcation
point of (5.1).

Theorem 5.2. (Global Bifurcation) Let ds > 0 and suppose that S, NN (ds) # 0. If
the sum Y. m(u;) is odd, then there exists an interval (a, b) C R such that for every
i €N (ds)
ds € (a, b), the problem (1.1) admits a non-constant positive solution u = u(dz). Moreover,
one of the following holds:
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i) dg=a<b<oo and S,NN(b)#0;

(

(i) 0<a<b=ds and Sp NN (a) # 0;
(iii) u(a)=10 or u(b) =1u;
(
(

iv) (a,d) = (Ci3, 00);
v) (a, b) = (0, ds).

Proof. Let

I'={d;s>0]S,NN(ds)#0},
S =closure{ (dz, u) e R" x X |u >0, u#1, usolves (1.1)}.

In view of the estimates (2.1) and (2.2), following the arguments of [6] or [8, pp.181-183]
and incorporating the calculation of the degree deg (f(ds; -), Bs, 0) that we presented in the
proof of Theorem 5.1, we can conclude that S contains a component (maximal connected
subset) C which meets (ds; @) such that

(1) C meets T x {} at a point (ds; ) with ds # ds; or

(2) C meets {d3 > 0} x {a1} at a point (ds; @) with ds # ds; or

(3) C is non-compact in (0, o) x X.

Now, in the case of (1), either the assertion (i) or the assertion (ii) of the theorem
holds. If (2) happens, then (iii) holds. Finally, if (3) holds, then, applying the estimates
(2.1) and (2.2), we see that either (iv) or (v) holds. This completes the proof.

§6. Asymptotic Behavior

In §4 we proved that for the suitable ranges of the parameters A = {a, £, Lo} and d;
and da, the problem (1.1) has at least one non-constant positive solution for all large ds
(Corollary 4.1). In this section we shall discuss the asymptotic behavior of such solutions as
d3 — OQ.

Theorem 6.1. Let A, b, di and ds be fized, and let (uys, ug;, us;) be non-constant
positive solutions of (1.1) with d3 = ds;, where, d3; — 0. By passing to a subsequence if
necessary, we have

lim (ulz; U2i, ’U,32) (ﬂ/la 17,2, T)a

71— 00
where T is a positive constant, and (U, U2) s a positive solution to the problem
- - Uy ‘ .
—d1 At = (1 - 7~) m €, Optiy =0  on 09,

LO + EUQ (6 1)

b
—dy Ay :a2(1 iy — — ) in Q. O,ia—=0 on 9.
1—|— (5%

Proof. By applying Theorem 2.1 and the regularity for elliptic equations, it follows

that, for any non-negative integer k, there exists a positive constant C' = C(k, A, b, n) such
that, for all d3z’ > dg,

Hulinck(ﬁ)v ||U21'||ck(§)7 ||U3Z||ck <C (6.2)
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By passing to a subsequence if necessary, (u1;, ug;, ug;) — (i1, 2, 43) in [C%(Q2)]? for some
nonnegative functions @, 4y and 3. Moreover, since d3 ; — 0o, (U1, U, U3) satisfies

~ - U . ~
—di AU = (1 - m> in Q, Oty =0 on 09,
bi-
—dyAdiy = iy (1 iy — f‘;l) in Q  Onia=0 ondQ, (6.3)
—Atlz =0 in Q, Optis =0 on 0.

Therefore, 13 = constant 2. > 0. Integrating the differential equation for uz; we have

alUz; = .
u3; —1+7)dx20, ug; > 0 on ), Vi. 6.4
/Q 3< 14 uq; ’ (6.4)

_If 7 = 0, the second equation of (6.3) yields @2 = 0 or 4y = 1. Since ug; — o uniformly
on (), we see from (6.4) that 4y = 0 is impossible. Hence @z = 1, and consequently, the
first equation of (6.3) yields 43 = 0 or @43 = ¢ + Lo. Since uj; — 4p uniformly on 2 and

a> 140+ Ly, we see from (6.4) that neither 43 = 0 nor @; = ¢ + Ly. This contradiction
shows that 7 > 0.

_ As above, 4y # 0 and 4z # 0. The maximum principle asserts that 4; > 0, 43 > 0 on
Q. The proof is completed.
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