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Abstract

In this paper, a central limit theorem for strong near-epoch dependent sequences
of random variables introduced in [9] is showed. Under the same moments condition,
the authors essentially weaken the “size” requirement mentioned in other papers about
near epoch dependence.
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§1. Introduction

Mixingales cover a general class of practical and theoretical stochastic models. The con-
cept of mixingale generalized one-step-ahead unpredictability to asymptotic unpredictability.
It was introduced by Mcleish [10] for the case p = 2, and was extended by Andrews (1988).
Let {X,,,n > 1} be a sequence of random variables defined on a probability space (2, F, P).
{Fn,n > 1} be a sequence of o-subfields of F, which are increasing in n. For p > 0, put
1X]l, = (EIX[?) /7 and E, X = E(X|F,).

Definition 1.1. Let p > 1. {X,,F,,n > 1} will be called an L,-mizingale if there
exist sequences {an} and {u(m)} of nonnegative constants, where u(m) — 0 as m — oo,
such that for alln > 1, and m > 0,

[En—mXallp < p(m)an,
[ X0 = EnamXanllp < p(m +1)an.

A function p(m) is said to be size —\ if p(m) = O(m=*¢) for some ¢ > 0. Fur-
thermore, we will call {X,,n > 1} “a mixingale of size —\” if p(m) in Definition 1.1 is of
size —\. For mixingales, the earliest result was the moment inequality of the maximum of
partial sums, which was obtained by Mcleish [10] for the case of p = 2. From this result, one
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obtained some convergence theorems immediately. Also with the help of it, CLT and weak
convergence were proved (cf. [4, 11, 12] ). Mcleish’s inequality is about 2-th moment and
needs “size” —1/2, which are also required for CLT and weak convergence of a mixingale
(see [4, Assumption 1]).

The relationship between mixingales and mixing processes is similar to that between
martingale differences and independent processes. Just as martingale differences need not
be independent, so mixingales need not be mixing. We know that a function of a mixing
sequence, which depends on an infinite number of lags and/or leads of the sequence, is not
generally mixing. The definition in the following captures the idea of asymptotically mixing,
which goes back to Ibragimov (1962) and had been formalized in different ways by other
researchers. Let {V},,n > 1} be a sequence of random variables, and put

Fl=o(Vy,-- Vi), ELX = E(X|FD).

Definition 1.2. Let p > 0. {X,,n > 1} will be called L,-near epoch dependent (L,-
NED) on {Vy,,n > 1} if there exist sequences {d,} and {v(m)} of nonnegative constants,
where v(m) — 0 as m — oo, such that forn > 1 and m > 0,

| Xn — Eﬁi—:ﬁXan < v(m)d,.

Both mixingales and NED sequences are widely used in some fields, such as econo-
metrics, during the recent years. For NED sequences, the terminology size, which has been
defined for mixingale, is also applicable. We will call {X,,,n > 1} “an L,-NED sequence of
size —\” if v(m) in Definition 1.2 is of size —A. Suppose that {X,,,n > 1} is an L,-NED
on a mixing sequence {V,,,n > 1}, and further if the former has a size related to the mixing
dependence size of the latter, {X,,,n > 1} is then a mixingale (cf. [3, Theorem 17.5]).
Therefore, the theory of mixingale can be applied to studying L,-NED sequence. Transfer
the conditions imposed on mixingale to an NED sequence, when the r-th moment, r > 2,
of the sequence exists, “size” —1/2 of NED and “size” —r/(r — 2) (or —r/(2(r — 1))) of
a-mixing (or ¢-mixing) are required (see [4, Assumption 2]). Based on them, one showed a
CLT and weak convergence for an NED sequence (cf. [2, 4, 5]). For the CLT, Jong’s result
seems to be the most general one. So the following two questions are interesting: What
about the Mcleish inequality in the p-th moment, p > 2, case? Can the sizes of both NED
and mixing dependence be weakened?

Lin [9] considered these questions. In order to get an analogy of the Mcleish inequality
in the case of p > 2 and weaken “size” condition, we make a little restriction on NED
concept by introducing a new class of dependent random variables, which is a subclass of
NED sequence, but also “approximately” mixing. We called such sequence a strong NED
sequence. In that paper, we verified two strong NED examples which are given in [3] as two
NED examples, and established a maximal inequality on p-th moment, p > 2, under weaker
dependence sizes. Using this inequality, we will show a CLT for strong NED in this paper.
The conditions we supposed here are general. The moments condition is the same as that
required in the CLT for the original NED sequence, but the conditions imposed on “size” of
both strong NED and mixing are weakened essentially.

The following definition of strong L,-NED was introduced in [9]. Put

k+n

Sk(n): Z Xt~

t=k+1
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Definition 1.3. Let p > 0. {X,,,n > 1} will be called a strong L,-NED sequence
on {Vy,n > 1} if there exist sequences {dn} and {v(m)} of nonnegative constants, where
v(m) — 0 as m — oo such that for allk >0, n>1 and m >0,

1/2
Sk(n) = LTSl < (deﬂ) .
8§2. The Theorem

Theorem 2.1. Let {X,,,n > 1} be a sequence of random variables with EX,, = 0 and
E|X,? <M < oo for somep>2,n=1,2,---. Suppose that {X,,,n > 1} is strong L,-NED
on a p-mizing sequence {Vy,n > 1} with

p(n) = O((log ) P1+0/2), (2.1)

{dn} and {v(m)} satisfying

lim sup Supz dkﬂ/n =B < o0, (2.2)

n—oo k>0

v(m) = O((logm)~(+0/2)),

2. _pq2
o, :=ES; — o0 as n — 0o,

n
where S, = > X;. Then we have
j=1
Sp/on — N(0,1) in  distribution.
To illustrate the generality of our theorem, we give a simple example — a kind of linear

process, which arises very frequently in econometric modelling applications.

Example 2.1. Let {V,,, —00 < n < oo} be a zero-mean, L,-bounded (p > 2) p-mixing
sequence with mixing coefficient ¢(n) satisfying (2.1), and define a linear sequence

> 0V

Jj=—00
If the coefficients of innovation satisfy
6, = O((log|j))~>"/2/j),

we obtain
Sn/on — N(0,1) in distribution.

Proof. Note that > ¢'/2(2") < 0o, and

v(m) =27 3" (5] +16_]) = O((log(m))"+5/2) 50 as m — .
j=m+1
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From [9], we know that {X,,n > 1} is strong L,-NED on {V,,,—c0 < n < oo} with
d, = sup||V,||, and v(m) is as above. It is obvious that (2.2) and (2.4) are satisfied.

According to Theorem 2.1, we have
Sp/on — N(0,1) in distribution.

However, when applying Jong’s Theorem 2 (cf. [4]), the “size” of mixing coefficient
should be —p/(2(p — 1)) and the “size” of NED dependence be —1/2, which implies that

6; = 03| =*/>7).

So the conditions imposed on “size” are weakened essentially in our theorem.
To prove Theorem 2.1, we need some lemmas. Define {l,,} and {b, } to be nondecreasing
sequences of positive integers such that b, /n — 0, 1, /b, — 0, and 7, := [n/b,].

Lemma 2.1. (cf. [4]) Let {X,,1 <t < m,n > 1} be an array of random variables,
{Fnt,1 <t < n,n > 1} be an array of o-fields that is increasing in t for each n. Suppose
that

(a) i Xnt £> 0,

t=rn,b,+1
rn  (i=1)bn+ln

(b) Z Z Xnt ﬁ) 0;

=1 t=(i—1)bu+1

(C) Z E(Zniu:n,i—l) ﬂ’ 07
i=1

Tn

(d) Z(Zm - E(Zm'|~7:ni)) ﬁ’ 07
i=1

Tn

() D (E(ZnilFui) = E(Znil Fai1))* 2 1,

(f) i E((E(Zns| Frni) — E(Zni| Froic1)) 2 L(E(Zni| Fri) — E(Zni| Fri1)| > €)) — 0

by,
as n — oo for all € > 0, where Z,; = > Xnt. Then
t=(i=1)bn+1n+1

> X — N(0,1) in distribution.
t=1

Lemma 2.2. (cf. [9]) Let {V,,,n > 1} be a @-mizing sequence with mizing coefficient
w(n) satisfying (2.1), and let {X,,n > 1} be a means zero L,-bounded and strong L,-NED
sequence on {Vy,}, p > 2, with {d,} and {v(m)} satisfying (2.2) and (2.3). Then there exists
a finite constant C' depending only on {¢(-)} and {v(-)} such that for all positive integers k
and n,

E( max |sk(i)|p) < C(Dn)?/?, (2.5)

1<i<n

where D = B\ sup || X,,|2.
n>1
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Remark 2.1. For the case of p = 2, under the conditions of Lemma 2.2, Lin [9] showed
that

ESk(n)? < CDn,
where D = B \/sup || X,,||3.
n>1
Remark 2.2. From the proof of Lemma 2.2 (cf. [9, Theorem 2.1]), we can see that

n
for fixed k > 0, the B in Lemma 2.2 can be replaced by > dzﬂ/n.
j=1

Lemma 2.3. (cf. [2]) Let X be a G-measurable, L,-integrable random variable for
p=1,and G C Gy CG. Then

X = BE(X|G2)[lp < 21X — E(X|G1)]|p-

Lemma 2.4. (cf. [13]) Let so < s1 < s2 < s3 and Y be an F33-measurable, L,-
integrable random variable for p > 1. Then

IECYIF2) = EYlp < 20(s2 — s1)' T/2[[Y ]
8§ 3. Proof of Theorem 2.1

From Lemma 2.1, Theorem 2.1 will be proved if we can verify the conditions (a)—(f) in
Lemma 2.1 with

iby,
Xot = X¢/0pn, Zni = > Xt
t=(i—1)bp+ln+1
and
Fnt = Fup, i= Fibn,
Take

T O(I/(ln)7277 /\<p(ln)71/4) as n — oo,
where 0 < < 1/2 is a constant specified later on.

Verification of (a). By Remark 2.1, 02 = O(n), and hence, b, = o(c2). Using
Lemma 2.2, we have

n

(3wl

t=rpby+1 t=rnbp+1

P 1
< ———C(Dy - b,)P/?
P - ohy (Dy - b )77,

where
b

Zdznbn+j/bn'

Dy =By \/sup||X,,|2, By =limsup
n>1 n—oo j=1

So the right hand side of the inequality above is
O(0;2 - b,)P/? = 0(1).

Therefore by the Markov inequality, (a) is verified.
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Tn

Verification of (b). Let T' denote the set {t 'te U[(z —1Db,+ 1,06 — 1)b, + ln]}
i=1
Then applying Lemma 2.2, we obtain

rn (i=1)bn+in

S o e

i=1 t=(i—1)bp+1 teT

< (1/6P)C(Dy - 1l )P'2,

where
Dy = By \/sup [Xall2, By = hmsupz A2 Jrpl,.
n>1

So the right hand side of the inequality above is

rn o (i=1Dbp+ly 42 \p/? 2
oy > 07) = O(ralno 2P/ = o(1),
i=1 t=(i—1)b,+1 "
which implies (b) immediately.

Verification of (c). We will show that E(Z,;|Fn,—1) is a strong L,-NED sequence
with respect to

HE™ = o ({Viicm)bn1nt10 7 s Vierm)bn })-

By Lemma 2.3, we have

k+s k+s
| > EZuilFui) ~E( D] EZuilFai MR )|
i=k+1 i=k+1 P
k+s
< Y Bl Fui1) = E(E(Zni HEL 7)1 Fri1)
i=k+1
k+s by iby,
<> > xe-e( Y xumiin)|
i=kt1  t=(i—1)bp+ln+1 t=(i—1)bp+1n+1 P
k+s ibp iby,
<2 | Y xe-e( X XalF )|
im=kt1 t=(i—1)bn+ln+1 t=(i—1)bp+1n+1 P
k-+s iby, 1/2
<2 ) vml)- (Y diod)
i=k+1 t=(i—1)bp +1p+1
k+s
< 2min(v(m),v(l,)) Z Cni
i=k+1
k+s
<c V(m)lin< Z Cnit/(ln n)1/2a
i=k+1
where
ibp
2= S @02 = Olbuor?) = o(1).

t=(i—1)bp+1ln+1
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Moreover .,
> i = O(rabl{?0,Y) = O(Y/?),
i=1
SO
k+s k+s 1/2
n Z Cni < c( Z cmu(ln)n) for some ¢ > 0.
i=k+1 i=k+1
The 7 in the last inequality is chosen such that we can define
(I=n1+4d/2)=1+5/2,
where 0 < 6* < §. So E(Z,,;|Fn,i—1) is a strong L,-NED sequence with
v (m) = p(m)'=" = O((logn)~1+9°/2),
Furthermore, note that
¢(n) = O((log n) P110/2)) = o((log n) PI+7/2),
Let
k+j
Sp() = Z E(Znil Foji-1)-
i=k+1
Then applying the method in the proof of Lemma 2.2 and Remark 2.2, we obtain
E(IS7(ra)|P) < C(Dry )P,
where
D B*\/1<su<p |E(Zni| Fnic1)ll2, B = Zcmu )T
Moreover, by Lemma 2.4 and the definition of strong NED, it follows that
IE(Z il Fui-0)llp
ibn+[ln /2]
SCI)(HE( ( n1|fL Ir)b _/s_[ln/g)‘]:nz 1)”
b +[ln /2]
+ ||Zm - ( 7n|—7:(Z l)bn+[ln/2])|| )
< ¢ (4([ln/20)*2/P Zuilly + v([1n/2]) ¢
= O((p([ln/2D)* 727 + v([1n/2])*)bn07, ). (3.1)
So we get
* - _ _1\p/2
E(ISE(ra)l”) = O (9l /2>~ + ([l /2)?)rnbuoy® + w(l) by 201" = o(1),
which implies (c).
Verification of (d). The proof is analogous to the verification of (c).
Verification of (e). From the definition of X, we should only prove

i=1
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Note that
n 2 Trbn 2
E(3- Xar) —E( D Xw)
t=1 t=1

i: Xnt)(i: nt+ZXm)

t=r by, +1 t=1
n Tnbp
<Ht Z Xnt H;Xnt"_;Xnt 220(1)
Tnbn+ = =

by the argument of the verification of (a). Next, we note that

rn (1—=1)bp+1y

Z Xnt

i=1 t=(i—1)bp+1

=o(1)

by the argument of the verification of (b). Therefore, (3.2) will be verified if we can show
that

7AZ"(E(ZnA]:'m,) - E(Zni|-7:n,7,'71))2 - E(i Zni)2 & 0. (33)
i=1 =1
We divide the left hand side of (3.3) into three parts, that is
S (EZuil i)~ EZal Fai))? — E( Y Zu)
i=1 i=1
= { Y (E@uilFai) ~ EZuil Fai ) = > 22}
i=1 i=1
Tn Tn Tn Tn 2
+ Z2, - EZZ b+ EZ2 —E( > Zni
{2 -2ezp+ {ezn -e( 3L 2u) |
=1 + 1 +1s.

Next we show that I; 2 0, I, % 0 and I3 — 0 respectively.
Note that

E‘Ill < Z E| nz‘]:nz - E(Zni|fn,i—1) - an)
( (Znil Fni) — E(Zpi| Frie1) + Zni)|

< Z ||an - nz|]:nz ||2 + ||E( ni‘]:n,ifl)H2) : SHZn'L||2

Similarly to (3.1), we have
IE(Zuil Fri—1)ll2 = O((p([la/2)V? + v([La/2))03/ 207,
and similarly

1Z0i = E(Znil Fai) 2 = O((o([ln/2)'2 + v([ln/2)0 %7, ).
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Therefore

ElL| = O((¢([la/2D)"? + v([La/2]))rabnoy, ) = o(1),

which implies I; % 0.

To prove I LN 0, we denote
hr(x)=al(|lz| < K)+ KI(z > K) — KI(z < —K).
It is obvious that
|hi () = hic(y)] < [z —yl.

Let
Z:’;l = hKJCm (an>7

where K5 will be chosen later on and c¢,; is as in the verification of (c). Note that for any
e >0,

E(Zgi/cii-[(z?n'/cii > 5))

iby, ibp 2
< €<H>/25‘ 3 Xt‘p/( 3 df)p/
t=(i—1)by+ln+1 t=(i—1)bp+ln+1

< 005(2—:0)/2

for some absolute constant Cy. Hence, Z2,/c?; is uniformly integrable. Then

E‘Z 72— 772

< 2EZ(Z21'I(ZZ¢ > K3cl,))

T
< 2max max E(Zi/eni) 1(Z0:/chs > K3) Z;Cii <§
1=

by the uniformly integrability of Z2,/c?, and the fact that

Cfn‘ = O(Tnbnggz) =0(1),

i=1
provided K is large enough. So if we can show

Tn

Jn |3z e

’ =0 for any 6 >0, (3.4)
P

I, %0 is proved.
We will show that Z2 —EZ:? is strong L,-NED with respect to H:™" which is denoted
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as in the verification of (c).

k+s k+s
k
| 3 z-e( X @inagii)|
i=k+1 i=k+1 p
k+s
k
D7 0o (Zni) = B, (Zud IHELT )
i=k+1
k+s
k
> Wsen (Zoi) = Heyer, (E(Zni HEETE),
i=k+1
k+s
Y Nhksen(Zni) = hicseni EZui HEETE ) | - 2K 50ns
i=k+1
k+s
||Zn17 nl‘Hk—‘rs—_I-m)” '2K§Cn¢
k+1—m/llp
i=k+1
k+s iby,
55 D SR
i=k+1  t=(i—1)by+ln+1
iby,
ibn,+mly
7E( Z Xt F G o 1 41—, )H + 2K
t=(i—1)bp+in+1 P
k+s iby,

I N

I A

IA

I A

<2 wm)( Y ded) " 2men
i=k+1 t=(i—1)bp +lpn+1
k+s
<4Ks - v(mly,) Z 2,
i=k+1
k-+s
<eovm (Y @),
i=k+1

where 7 is as in the verification of (c¢). Moreover we have
1252 — EZ;;'L?”P < 2Kscnil| Znillp = O(bno,,?).

Therefore, applying the method in the proof of Lemma 2.2 and Remark 2.2, we obtain

Tn

H Z Z*Z Z*Q

’ < C(D**T’n)l/Q,

where

Tn

=B\ swp 1232 —EZ3|2, B = () /s

1<i<ry, i—1

So

H Z Z*Q Z*Q

Then I, % 0 is proved.

‘ =O(rabpo,* + rubuoy,?v(l,)*") 12 _ o(1).
P



A CENTRAL LIMIT THEOREM 273
Consider I3. Let m = [l,,/3] and note that
1 [ Tn
5l = ‘Z Z EZpi Zn,
=1 j—z+1
S ibn jbn+m
<Z Z |E nz_ nl|fzz T:;n+l +1— m))(ZnJ ( n]|‘7:jj Dby +1l,+1— m))|
i=1 j=i+1
— - ibn+m jbn+m
+Z Z nz - ( m,|-7:(l Ir)b +1l,+1— m))E(Zn]u:(J] f)b +lp+1— m))|
1=1j=1+1
by +m jbn+m
+ |E(E(an|-7:l Dbp+ln+1— m)(an - E(an|‘7:jg 1)bp+ln+1— m)))')
ibn+m jbn+m
+Z Z IECE(Znal 7 11— E (g | " 11—
i=1 j=i+1
=:I51 + I52 + Iss.
Using the Cauchy-Schwarz inequality and the definition of strong L,-NED, we get
~ - b, +m
I31 S Z Z ||Zm' - E(Zmu:(z ;r)b 41, +1— m)||2
i=1 j=it+1
jbn+m
Han ( "J|]:jj irb +lp+1— m)||2
<3 M
i=1 j=i+1
< 72u(m)?buo, 2 = O(v(1,)?72") = o(1).
Similarly
~ ~ by +m
Tap <> > 1 Zni = E(Znsl Findi vt w1 —m)ll2 - 1205112
i=1 j=i+1
by, +m
+Z Z 1Znj = EZug|F 1) ll2 - [ Znill2
i=1 j=i+1
< 2r2v(m)bno,? = O(v(l,)' ") = o(1).
{E(Zm\]-'(’f 1”; 4l +1-m)} 18 @ p-mixing sequence since {V;,,n > 1} is p-mixing. Noting
that m = [l, /3] we get
ibp+m
133<Z Z m) P NEZnl FE, 112
=1 j=i+1
jbn+m
NEZag F T e
m)1/2z Z 1 Znill2 - 1 Znjl2
i=1 j*i+1

< p(m)!2ribyo,? = Op(m)'V*) = o(1).

Therefore, combining the facts above together, we obtain I3 — 0.
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Verification of (f). Let

Wi = E(Znil Fui) = E(Zuil Friz),

and ¢,; be as in the verification of (c). Then

Tn

Tn
2 ) < 2 /.2 . ) ) 2
; EanI(|WnZ| > 5) — 1%2}7; E(an/cnz)I(|Wnl/CHZ| > E/an) z_; an

= O( max E(W2,/c2)I(|[Whi/cni| > a/cm)).

1<i<rn

Applying Lemma 2.2, we get

||Wni/cnin < HE(Zni/Cnilj:ni)Hp + HE(ZM/Cnil}—mifl)Hp
ibn 1/2
<2 Zuifenls=0( D (dE/oR)1/e)) " =0q),

t=(i—1)bp+1p+1

which implies that W2, /2, is uniformly integrable. Therefore (f) is verified.

The proof of the theorem is complete.
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