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Abstract

This paper studies the existence of positive solutions of the Dirichlet problem for
the nonlinear equation involving p-Laplacian operator: —Apu = Af(u) on a bounded
smooth domain §2 in R". The authors extend part of the Crandall-Rabinowitz bifurca-
tion theory to this problem. Typical examples are checked in detail and multiplicity of
the solutions are illustrated. Then the stability for the associated parabolic equation
is considered and a Fujita-type result is presented.
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§1. Introduction

In this work we are mainly concerned with the positive solutions of the following
boundary value problem of nonlinear p-Laplacian equations

{ Apu = Af(u) in Q, ()
u=20 on Of),

where © is a bounded smooth domain in R™, p > 1, A > 0, and f(z) € C(R) is nonnegative,
nondecreasing. In certain physical settings f(u) = e*, and in some others f(u) = u® or
f(u) = (1 +u)® with & > 0. The more general case, e.g. (1.1) below, can be treated in the
same way. Here we want to point out that in our study of (F)), we often assume f(0) # 0,
except when it is expressed explicitly. So our non-negative solution of (E)) obtained is
non-trivial. We also investigate the stability of solutions of the parabolic counterparts of

(E)\):

vy — Apv = Af(v) in Qx(0,7),
v=0 on 00 x (0,T), (Py)
v = vg(x) on Q x {0},

and establish a new Fujita type result for (Py).
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The motivation of this paper is to extend the famous Crandall-Rabinowitz bifurcation
theory [7] for the Dirichlet problem of semi-linear elliptic partial differential equations to
nonlinear elliptic equations involving the p-Laplacian operator. To be precise, we mention
the following equation

—Apu = AV (z)e" in Q, (1.1)

where V' is a given positive, bounded, smooth function on Q. If p = 2 and n = 2, the
problem above was treated by T. Suzuki [22], H. Brezis and L. Merle [2]. In [1], the authors
studied (1.1) with p = n. There have been a lot of works on nonlinear equations with
p-Laplacian operator, even in the one-dimensional cases [19]. One may see [8] for more ref-
erences. When p = 2, the equation (1.1) is usually called Emden-Fowler equation [15], and
its study attracts attention of many mathematicians and scientists. See [3] and [16] for the
physical background. As mentioned in [4], such equations also appear as generalized models
in population dynamics. Our equation is a generalized Emden-Fowler equation. The main
difficulties in our case are due to the degeneracy and the nonlinearity of the p-Laplacian op-
erator. Although we have not completely succeeded in establishing the Crandall-Rabinowitz
theory for (1.1), we do obtain some good results, which should be very useful for future
study. On the other hand, many people studied the uniqueness and multiplicity of solutions
of nonlinear equations with the p-Laplacian operator. See the works of Pucci and Serrin
[20, 21], Dang, Schmitt and Shivaji [9], De Coster [5], and others [6, 11, 13, 14]. In this di-
recton we will check up typical examples, exhibit multiple solutions, and establish a stability
result of Fujita type. It is worthwhile to note that our result is different from Fujita’s result
[12], and of some new feature even in the case p = 2. Our main results are Theorem 3.1,
Theorem 4.1, and Theorem 5.1.

The rest of the paper is organized as follows. In Section 2, we introduce some basic
concepts and lemmas. Then, in Section 3, we derive a priori L*>°-estimates for the approx-
imation solutions, and then extend part of the Crandall-Rabinowitz theory to the problem
(Ey). In Section 4, we present some concrete examples to exhibit the multiple solutions.
An elementary and direct calculation shows not only the multiplicity, but also the exact
number of the solutions, which will be used in the next section. The final section is devoted
to establishing a stability result of Fujita type for the parabolic counterparts of problem
(En).

§2. Preliminaries

First of all, we recall the notion of solutions.

Definition 2.1. A function v € WYP(Q) is called a super-solution of the problem if
—Apu > Af(u) in D'(Q), and u > 0 on 90 in the trace sense. For convenience, we also
write it as

—Apu > Af(u) in Q,
u>0 on 0f.

The sub-solution is defined in the similar way except the inequalities are reversed. u is called
a solution if it is both a super- and sub-solution.

Throughout this work only positive solutions are concerned.
The following existence result is known even in much more general case, see e.g. [17].
For completeness, we sketch the argument, which will be used in the next section.
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Lemma 2.1. If the problem (E)) has a bounded, positive super-solution, say U €
WLP(Q) N L>(Q), then there exists at least a bounded, positive solution u < U.

Proof. We construct a sequence of approximate solutions as follows: Set ug = U; and
by induction, for every positive integer k define u = upy1 € Wo1 (Q) as the unique solution
of the following problem

(2.1)

—Apu = Af(ug) in Q,
u =0 on Of).

Then from the maximum principle we see that {uy} is a sequence of nonnegative functions,

and non-increasing in k. Consequently, u(x) := klim ug(x) exists on Q. It is not hard to
—00

verify (see the argument in the next section) that u is a solution of (E)), and v < U.

Remark 2.1. The above conclusion also applies to the case f = f(x,u), provided that
f(z,u) is continuous in (x,u), and nondecreasing in w.

Throughout this paper we denote

A" = A*(Q2) := sup{A > 0 : The problem (F)) admits solutions}.
Lemma 2.2. If the problem (E)) has a bounded super-solution, then A* > A.
Lemma 2.3. The problem (E\) admits solutions for all X\ € [0, \*) if A* > 0.

Proof. In fact, if A > X, then a solution of the problem (E)) must be a super-solution
of the problem (Ey/).

Lemma 2.4. If both 1 and Q3 are bounded smooth domains, and 1 D €, then
A*(Q1) < AF(Q2).

Proof. It suffices to note that a solution of the problem with Q = Q; must be a
super-solution of the problem on 5.

§ 3. Existence of Solutions

In order to establish the existence of solutions, we utilize a similar iteration scheme
as above, except now ug € L>(Q2) not necessarily to be a super-solution: For any positive
integer k, suppose up € Wy () N L>®() is known and let u = uj 1, € Wy*(Q) be the
solution of the problem (2.1). To guarantee the iteration process available, an L*-estimate
is necessary. Define

X(M):={veWy?(Q):0<v< M ae. }
with M > 0. By induction we assume that uy € X (M) with some M > 0, and we will prove
that © = up41 € X(M) if A > 0 is small enough.

Proposition 3.1. For any M > 0, there exists A(M) > 0 such that if A € [0, \(M)]
and u, € X(M), then u = up11 € X(M), i.e. 0 <u < M ae.

It should be noted that the sequence {uy}, different from that in the proof of Lemma
2.1, is not necessarily monotone. In fact, this estimate does not rely on the monotonicity
property of f(z), and no growth restriction on it is imposed either.

Proof. For any s > 0, we have

u— s) |Pdz = ) (u — s)Tdx u— s)tdax. .
/Q|V< Y P A/qu( )dSAf(M)/( yrd (3.1)

Q
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Now we consider three cases: p < n, p=mn, or p > n, separately.
In the case p < n, by the Holder inequality and the Sobolev imbedding theorem, we

get from (3.1) that
/ (u—s)Tdr < Aii”? (/ |(u — s)+|p*dx> ”
Q Q

< Ai_‘%*ﬁ( [V (u— s)*Pde)”
Q

1

<A B0 [ (e stdr)”,

Q

where p* = np/(n —p), As = |Q N {u > s}|, B is the Sobolev’s imbedding constant. This
leads to

/ (u— s)Tde < AL (BPAL(M)) 7T
Q

with 6 = p/[(p — 1)n] > 0. On the other hand, for any r > s, denoting again A, = |QN
{u > r}|, we have

Ar(r—s) < /Q(u —s)tdux,

and hence

A, < (BPAf(M)) 7T AL (3.2)

1
r—s

Now for arbitrary 6 € (0,1), we set s, = M (1 —6%), k=0,1,2,--- , and define
Y = A, = Q0 {u> si}.

Then by the induction inequality (3.2) we have

[BPAf (M)] 7

Yiiq < Yo,
M=M= 0)ek Ck

By the fast geometric convergence lemma (Lemma 4.1 in [10]), klim Y, = 0 follows from

M=) 5,0
%< [Gmnres)
Setting 15 X
_ p— p— p—
s - (L2978 M

priQp/mf(M)
we see that if A € [0, \(M)], then

[ M(1-6) 1 }1/501/52<[ M(lfﬁ)1 }1/591/52
(BPA(M) f(M))7=T (BPAf(M))7=T
and therefore, Y, — 0 as kK — oo, that is, u < M a.e. in 2.
If p = n, we replace p* by any ¢ > n in the above argument, and obtain the same
conclusion with

Yo < 10| =

)

_ (1 _ e)nfle(nfl)/tiMnfl _ qg-n
MM =""mron " Tw-ng
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where 3 = B(q) is the Sobolev’s constant of imbedding Wy () — L9(2), namely,

1
lull ey < B9 (| Vul

Ln(Q)-

In the case p > n, by the imbedding theorem, we get from (3.1) that

1_1 1_1 1 1
[l Lo (@) < BIQ="# [Vl Le) < BIQ™ T2 (AF(M)IQ)7 [[ull w0,
and thus )
yza P
[ull Lo () < (BPAIQf= f(M)) =T
Hence, ||ul| () < M follows from 0 < X\ < A(M) = 7P|Q|~P/" (M)~ MP~L.

Using this proposition, we derive the following result.

Theorem 3.1. There exists \* € (0,00] such that for any A € [0,\*), the problem
(Ex) admits at least one solution u € W, *() N CH*(Q).

Proof. We use notation and the iteration process as before. Fix any M > 0. We
let A € (0,A(M)), and take ug € X (M) (arbitrarily). Then for every k and the solution
uy, of the problem (2.1), we have 0 < ux < M, and further, |lux|w1.r0) < C(M) for all
k > 0. Therefore there exist subsequence of {uy}, denoted by {ux} again, u € X (M) and
w € LP () such that

Up —u in Wr(Q),
Up — U a.e. in €,
\Vug[P2Vu, —w  in L7 (),

with p’ = p/(p—1). Finally, a monotone argument (Minty technique) can readily show that
w = |Vu[P~2Vu, which evidently implies that u is a solution of (E)), namely,

/ |Vu|P~2Vu - Vipdr = )\/ f(u)pdx
Q Q

holds for any ¢ € K/ol P(Q). Furthermore, by the regularity theory of p-Laplace equations
(cf. [18]) u € C1*(Q) with 0 < o < 1. This completes the proof.

This result can be considered as a generalized version of the Crandall-Rabinowitz theory
[7].

Remark 3.1. This theorem also applies to the general case where f = f(z,u), which
will be used in the following sections. From above L>°-estimation process we may present a
lower bound for \* as below:

(1 —@)p—tep=1)/3 pyp—1
A > sup ;
M>0,0<0<1,p<q<p* 5P|Q|p/n sup f(xa Z)

Qx[0,M

where f(r,z) is nonnegative, continuous on Q x [0,00), § = §(q) = (¢ — p)/[(p — 1)q], and
B = B(q) is the imbedding constant of W1P(Q) — L%(Q).

Corollary 3.1. If liminf 277!/ f(2) = oo, then \* = oo, that is, the problem (E)) has
solutions for all A > 0.
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Remark 3.2. In the case that function f(z) is nondecreasing, the iteration procedure
above can be used to produce the minimal solution. In fact, if we denote u, := klim u with
— 00

ug = 0, and let u be a solution, then

up Sup <o Sup—1 Sup S-S
follows from the induction argument and the comparison principle, and hence u, < wu.
Moreover, if 0 < A1 < Ay < A", then uy, < w,,.

§ 4. Multiplicity of Solutions: Typical Examples

This section contains some important examples. It should be pointed out that some of
these results are not new and may be found or deduced from the results in, e.g. [5, 9, 13].
However, by elementary calculation we can show not only the multiplicity of positive solu-
tions, but also the exact number of the solutions.

To begin with, let us check the one-dimensional case.

4.1. One-dimensional Case

Consider the solution of the following problem

{—<|u'|“u'>' =Af(w) i (ab), @)
u(a) = u(b) = 0.

It is not hard to see that if w(z) is a nontrivial solution, then it reaches maximum at
x = (a+10b)/2, say u((a+b)/2) = M > 0, and satisfies
(L= Jw@Px [ seis=o.
p M
and thus o
I Ry
u'(z) = sgn(x 5 ) 1 ’ A u(m)f(s)ds .

Consequently, we arrive at

LU rwa] ™ as= (0= D7 (- )

From this we derive a sufficient and necessary condition for the problem to have a
non-trivial solution: There exists M > 0 satisfying

r= ()G oa] e

Moreover, there exists a one-to-one mapping between the solutions and the roots of equation
I(y) = B, where

I(y) = /Oy {/syf(t)dt}_l/pd& = (b;“) [(1- %)_1A} v (4.3)

In summary, we have
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Theorem 4.1. The problem (4.1) has a solution u satisfying maxu = M if and only
if the equation I(y) = B possesses a root y = M.

Example 4.1. Let f(u) = u® with « > 0. Of course, the problem has minimal solution
u = 0 for any A\. Condition (4.2) reduces to

A= (a+ 1)(b 2 )p(1 — 1) [/M(Maﬂ _ 3a+1)—1/pd5r

—a p 0

2 \P 1 1 1
— 1 1—?'(7 1—= MP—(O‘“)BP( 1——)
(a+1) b—a) ( p) a+1’ p/’

1
where B(t,7) = / s'71(1 — 5)""'ds denotes the Beta function with ¢,7 > 0. From this

equality we Conclu(c)le:

(1) If a # p — 1, then for every A > 0, there exists a unique M > 0 so that (4.2) is
fulfilled, and consequently the problem admits a unique nontrivial solution— the maximal
solution;

(2) If &« = p — 1, then condition (4.2) is satisfied only for a particular A, namely, the
problem has nontrivial solutions if and only if

rRe (1) (- D) o

In particular, if p = 2, then A\ = [r/(b — a)]?, the first eigenvalue of Laplacian operator in
Q = (a,b).

Remark 4.1. The above calculation also shows:

(1) If @« > p—1, then M = M()), the maximum value of the nontrivial solution, is
decreasing in A, and M — 0 as A — o¢;

(2) If @« < p—1, then M = M () is increasing in A, and M — oo as A — co.

(3) In the case & = p — 1, A = )\, the problem admits a family of solutions. In fact,
let u1(z) be a nontrivial solution, then wp(x) = hui(x) are also solutions for all A > 0.
Moreover, it is not hard to verify that any solution must be of this form.

Example 4.2. Let f(u) = (1 +u)® with a > 0. Then

M
(M) =(a+ 1)1/1)/ (M + 1)a+1 —(s+ 1)a+1:|71/pd8
0

= (a+1)"HYPG((M + 1)~ (@ FD),

where we denote

1
G(Z)zzl/p—l/mm/ (1 — ¢)~V/p= 141/ (041 gy

with z € (0,1). Analyzing the behaviors of G(z) as 2 — 0 and as z — 17 we find that
(1) If @ > p—1, then the problem has exactly two solutions for A € (0, A*), one solution
for A =0 or A*, and no solution for A > \*, where

A= (a+ 1)1_p(i>p(1 - 1) max GP(z) < oo;
b—a p/ 0<z<1 ’
(2) In the case a = p — 1, the problem admits a unique solution for \ € [0, ), and no
solution for A > A, where A is given by (4.4);
(3) If & < p — 1, then the problem admits a unique solution for every A > 0.
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Example 4.3. Let f(u) = e*. Then we have
M 1
I(M) = / (eM - es)*l/pds = e*M/p/ (1- s)*l/psflds.
0 e~ M

Let .
E(z) ::z/ (1—s)"1/Ps1ds, 0<z<1.

Noting that E”(z) = —pz~'(1 — 2P)"'"1/» < 0, E(z) > 0, and E(z) — 0 as z — 0% or
2z — 179, we see that the problem admits solutions if and only if

0xs ¥ i= (725)" (- 5) g o)

Furthermore, for each A € (0, A*), there are exactly two different solutions u, and @y with
uy, < Ty; and for A = 0 and A = A*, the problem admits the solutions u = ug(= 0) and
u = u)~, respectively.
Remark 4.2. In above examples, if lim zP~!/f(z) = 0, then the problem has exactly
zZ— 00

two solutions uy and uy with uy <y for A € (0,A*), and it is easy to see that u,, < u,,,
but maxwy, > maxuy, if 0 < A < Ag <A

It should be noted that the above anti-ordered property for the maximal solutions is
important in the study on the stability of solutions of the corresponding parabolic problem
in Section 5.

Example 4.4. More generally, we consider the case limsupzP~!/f(z) = 0. This

Z2— 00

indicates that for any K > 0 there exists My > 0 such that
f(z) > K2P~1 for all z > M.

Then we have, for any y > My,

I(y) < /OMO {/U f(t)dt} _1/pds T+ K Yppl/p /y (P — sp)*l/pds

S A{o

[ n(tan

Plainly, this inequality implies that I(y) — 0 as y — oo, which means that there exists
B* > 0 such that the equation I(y) = [ has at least two roots for 5 € (0, 5*), at least one
for 0 = (B*, and none for § > #*. Correspondingly, there must exist A* > 0 such that the
problem (4.1) possesses at least two solutions for every A € (0, A\*), at least one for A = \*,

and none for A > \*.

Now we turn to multi-dimensional case.

4.2. Multi-dimensional Case

Let Q C R™ be a symmetric domain, e.g. the annulus Ry < |z| < Ry, where 0 < Ry <
Ry < 00, and let consider radial solution w = wu(]z|). Then the problem (E)) reduces to

_ = (n=1)(pn=1\, 1 |p—=2, 1\ _
{ re D ) = Af(u), € (R, Ra), w3
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We first introduce a change of variables as follows: If p # n, we set
r=m["' ™, w(p) = u(r),

where m = (p — 1)/(p — n), and the problem becomes

{—(WP-%'V = Xo(p)f(v),  pe(ab),

v(a) = v(b) =0, (4.6)

where

min {(ml Ra) /™, (jm| Rz) "/},
b= max{(m|R2)"/™, (m|R)V™), (o) = ).

S
I

If p = n, we use the change of variables
r=e¢’, wv(p) =ur),

and arrive at the same problem but with a = log R1,b = log Rs, ¢(p) = €"*.
Then applying Theorem 1 in [9] to the problem (4.6), the following result which is
similar to Example 4.4 can be obtained:

Example 4.5. If limsup 2771/ f(2) = 0, then there exists A* € (0,00) such that the

Z—00

problem (4.5) has at least two solutions for A € (0, A*), at least one for A = A\*, and none
for A > A\*.

Remark 4.3. Similarly to the reasoning of (4.2) we can get that

(1= D) () anp < a0n < 2 (1- 2 (2 ) rany,

where @ = arg,?i(b@(p)’ Q= agl;gbga(p), M = argzxi(bv(p) and function I(y) is given by (4.3).

This clearly_pr_ovides a prior_i estimates of up_pe_r bounds of the solutions, as well as the
estimate of A*.

8 5. Stability for the Parabolic Problem—A Fujita Type Result

In this section, we are concerned with the corresponding parabolic problem, and study
the large time behavior of the solutions. Let v be a solution of the following problem

vy — Apv = Af(v) in Qx(0,7),
v=20 on 900 x (0,T), (Py)
v = vo(x) on Q x {0},

where function vg(z) is nonnegative, and sufficient smooth. Since C''*“-estimates are estab-
lished on the bases of L>-estimates for the solutions (cf. e.g. [10]), we have the following
well-known conclusions:

Lemma 5.1. Assume that there exists constant C > 0, independent of T > 0, such that
v(+,t) < C for allt € (0,T). Then there must exist a subsequence {ty} in (0,00), such that
klim v(x,ty) exists and is a solution of the problem (Ey). In particular, if tlim vz, t) = u(z)

—00 — 00

exists, then u(x) must be a solutions of (E)).
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Our aim is to answer the following questions:

How is the behavior of v(z,t) as t — oo ? When does it converge to a steady solution,
and when to infinity? Since the problem (E)) may have multiple solutions, which one is
stable, and which is not?

Based on the knowledge on the solutions to the problem (E) ), a partial answer to these
questions is given as follows:

Theorem 5.1. Let v be as above, a solution of (Py). Assume that for every A € (0, \*),
the problem (E)) possesses exactly two solutions, maximal and minimal ones, denoted by wy
and uy, respectively.

(1) If there exists N > X, so that vo < Uy, and Ty (z) < ux(z) at some point x € Q,
then
lim v(z,t) = u,(x);
t—o0

(2) If there exists N < A, so that vg > Ty, and Ty (x) > Tx(z) at some point x € Q,
then either there exists T* > 0 such that

lim supwv(z,t) =00, or lim v(z,t) = oc.
t—=T* cQ t—oo

This conclusion is also true for X = \* if we denote Uy« = uy~.

Note that in this case u, is a stable solution of (Py) while @, is unstable.

Proof. First let M’ > ), and consider a solution W to the following problem

Wy — AW = Mf(W) in Qx(0,7),
W =0 on 90 x (0,7), (5.1)
W =0y (x) on  x{0}.

In order to avoid the non-uniqueness we choose the maximal solution as W. Let w be the
(minimal) solution to the problem

wy — Apw = Af(w) in Qx(0,7),
w=0 on 90 x (0,7),
w=0 on Qx {0}.

Then w < v < W follows from the comparison principle. Next by setting h = W; and
differentiating (5.1), we find that

he — (p — 1)div(|Vu[P=2Vh) = A\ f'(W)h in Qx(0,7),
h=0 on 90 x (0,7),
h <0 on x {0}.

Here we used in the last inequality the fact
Wi(z,0) = Apﬂ)\/ + Af(an) < Apﬂ)\/ + )\If(ﬂ)\/) =0.

Thus by the maximum principle, we get h < 0in Qx (0,7"). This means that W is decreasing
in ¢, and hence we may set T' = oco. In view of Lemma 5.1, W (x,t) must approach one of
the solutions of (E)) as t — oo. Since

W(z,t) < W(z,0) =uy(x) <ux(z)
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at some point = € {2, we arrive at tlim W(z,t) = uy(x). In a similar way we derive that
— 00
w(x,t) is increasing in t, and converges to u,(x) as t — oco. Therefore tlim v(x,t) = uy(x).
—00
In the case vo(x) > Ty (z) with M < A, we suppose that the conclusion is not true. In
virtue of a priori C1®-estimates (cf. e.g. [10]), we see that litm inf v(x,t) must exist for all
—00

x € Q. On the other hand, by considering the minimal solution W of the problem (5.1) we
find that

(a) W <win Q x (0,00);

(b) W is nondecreasing in ¢, since Wy(x,0) = Aty + Af(uxn) > Apuy + N f(an) =0
in this case.

Therefore, tlim W (z,t) must exist and be a solution of (E)), and hence tlim W(x,t) <
ux(x), which contradicts the fact that W(z,t) > W(z,0) = ux (x) > ux(z) at some points
xz €.

Example 5.1. f(u) =

Example 5.2. f(u)

Example 5.3. f(u)

u® witha >p—1,and n = 1.
(14 wuw)* witha>p—1,and n = 1.
6u

=e% and n =1.

It is clear from the statement of the theorem that our result is different from that of
Fujita [12]. Nevertheless, we consider Theorem 5.1 as an extension of the Fujita theory to
the problem (P)), and we believe that the Fujita theory keeps true in the present case.

Acknowledgement. The first author would like to thank Prof. M. Kiessling for
helpful discussions on related topics when he was at Rutgers University, New Brunswick in
1996.
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