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Abstract

The authors consider the Cauchy problem with a kind of non-smooth initial data
for quasilinear hyperbolic systems and obtain a necessary and sufficient condition to
guarantee the existence and uniqueness of global weakly discontinuous solution.
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8§ 1. Introduction and Main Result

Consider the following first order quasilinear hyperbolic system

Ou Ou

— 4+ A(u)=— =0 1.1

% AW <o, (1)
where u = (uq,- - ,u,)7 is the unknown vector function of (¢,z) and A(u) is an n x n matrix
with suitably smooth elements a;;(w) (i,7 =1,---,n).

By the definition of hyperbolicity, for any given v on the domain under consideration,
A(u) has n real eigenvalues A1(u), -, A\, (u) and a complete set of left (resp. right) eigen-
vectors. Fori =1,--- ,n, let [;(u) = (lj1(w), -, lin(u)) (resp. ri(u) = (ria(w), -, 7in(u)?)
be a left (resp. right) eigenvector corresponding to A;(u):

Li(u)A(u) = A (u)l;(u) (1.2)
and
A(u)ri(u) = Ai(w)ri(u), (1.3)
we have
det |l;;(u)| #0 (resp. det |ri;(u)| # 0). (1.4)

Without loss of generality, we assume that on the domain under consideration

Li(wrj(u) =6y (4,5 =1,---,n), (1.5)
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where §;; stands for the Kronecker’s symbol.
In particular, if, for any given u on the domain under consideration, A(u) has n distinct
real eigenvalues
)\1(71) < )\Q(U) <0 < )\n(u), (16)

system (1.1) is called to be strictly hyperbolic.
For the Cauchy problem of system (1.1) with the initial data

t=0: u=¢x) (—o0 <z < 00), (1.7)

where ¢(x) is a C! vector function with bounded C' norm, it was proved in [3-6] and
[12,13] that if system (1.1) is strictly hyperbolic, then, for any given initial data satisfying
the following small and decaying property:

0= igg{(l + ) (o) + ¢/ (@)} < 1, (1.8)

where p > 0 is a constant, Cauchy problem (1.1) and (1.7) admits a unique global C'! solution
u = u(t,z) with small C* norm for all ¢+ € R, if and only if system (1.1) is weakly linearly
degenerate, i.e., all the characteristics are weakly linearly degenerate (see also [9, 10] and [15—
18] for some related results). Here, we call A\;(u) (¢ € {1,--- ,n}) a weakly linearly degenerate
characteristic if, along the i-th characteristic trajectory u = u(?)(s) passing through u = 0,
defined by

o = ()
ds D (1.9)
s=0: u=0,
we have
Vi(w)ri(u) =0, V|u| small, (1.10)
namely
Ai(u(s)) = Xi(0), Vs| small. (1.11)

In the previous result, the initial data are supposed to be in the C' class. However, in
some practical problems, we are required to deal with the Cauchy problem for system (1.1)
with the following kind of non-smooth initial data

<
b=0: = qul®) z=0, (1.12)
ur (), x>0,

where u;(z) and u,(x) are C! vector functions on x < 0 and = > 0 respectively and satisfy
the following small and decaying property

0= sup{(1+ ) (g ()] + [ (=) )} +sup{(1 + ) (fup (2)| + Jup ()} < +oo, (1.13)

where p > 0 is a constant; moreover,
u(0) = u,.(0) and  u;(0) # u.(0). (1.14)

In this paper, we will generalize the previous result to Cauchy problem (1.1) and (1.12).
In the meantime, the method used in [6] and [13] will be simplified and improved. In order
to state the main result of this paper, we first give the following
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Definition 1.1. A continuous and piecewise C' vector function
- t’ ) S t )
w=ult,z) = -2 ws @) (1.15)
ug (¢, ), x > xi(t)

is called a weakly discontinuous solution containing a k-th weak discontinuily x = xy(t)
for system (1.1), if u = u(t,x) satisfies system (1.1) in the classical sense on both sides of
x = x(t),

u_(t,xg(t)) = up (t, zk(t)) (1.16)
and x = xi(t) is the corresponding k-th characteristic:
dxy(t
) el (1)) = Mo (1 101, (117)

moreover, the first order derivatives of u(t,x) have the first kind discontinuity on x = xy(t).
Our main result is the following

Theorem 1.1. Suppose that in a neighbourhood of u = 0, A(u) € C? and system (1.1)
is strictly hyperbolic. Suppose furthermore that u;(x) and u.(x) are C vector functions
on xz < 0 and x > 0 respectively. Then there exists 0y > 0 so small that for any given
initial data satisfying (1.13)—(1.14) with 6 € (0,0¢], Cauchy problem (1.1) and (1.12) admits
a unique global weakly discontinuous solution u = u(t, ) containing n weak discontinuities
x=uxp(t) (k=1,---,n), where x = xx(t) with x;(0) =0 denotes a k-th weak discontinuity
passing through the origin (0,0), if and only if system (1.1) is weakly linearly degenerate.
Precisely speaking, the solution u = u(t,x) should have the following structure:

uO(t, ), (t,x) € Ry,
u=u(t,z) =< u(t,z), (t,eyeR, (I=1,---,n—-1), (1.18)
u™(t, x), (t,z) € Ry,

in which u(t,x) € C satisfies system (1.1) in the classical sense on R; (I =0,1,--- ,n)
with
{(t,2) [t >0, z <z (1)} (1=0),
Ry=<{(t,z) |t>0, z;(t) <z < x141()} (l=1,---,n-1), (1.19)
{(t,) |t >0, x > x,(t)} (I =n).
Moreover, fork=1,--- ,n,
uF V(1) = w8, 2(2)), (1.20)
0 p D 1,20 (0) = M 1, 20(1). (121)

Remark 1.1. In Theorem 1.1, some weak discontinuities may degenerate.

Remark 1.2. Suppose that (1.1) is a non-strictly hyperbolic system with character-
istics with constant multiplicity, say,

A(u) <+ <Ap(u) <A (W) =+ = Xogp (1) < Apgpp1 () <- - - <A () (p>1). (1.22)

Then, if there exist normalized coordinates, similar conclusion holds as in Theorem 1.1 (some
related results can be found in [7,14]).

The paper is organized as follows. In Section 2 we give some preliminaries. Then, the
main result is proved in Section 3. Finally, an application is given in Section 4.
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8§ 2. Preliminaries

By Lemma 2.5 in [12], when system (1.1) is strictly hyperbolic, there exists a suitably
smooth invertible transformation v = u(@) (u(0) = 0) such that in the @-space, for each
i = 1,--- ,n, the i-th characteristic trajectory passing through u = 0 coincides with the
u;-axis at least for |@;| small, namely,

Fi(ﬂiei)//ei, V|1~Lz‘ small (Z = 1, tee ,n), (2.1)

where 7;(%) denotes the i-th right eigenvector corresponding to r;(u) and

e; = (0,--+,0,1,0,---,0)T. (2.2)
This transformation is called a normalized transformation, and the unknown variables w =
(@, , )T are called normalized variables or normalized coordinates.
Let
w; = L (u)ug (i=1,---,n). (2.3)

By (1.5), it is easy to see that
n
Uy = Zwkrk(u). (2.4)
k=1

Let d 9 9

denote the directional derivative with respect to ¢ along the i-th characteristic. We have

B S Ow) — Mwgra() =1 ) 26)

Then, in normalized coordinates, it is easy to see that

d’LLi “ .
dit Y puplwujwr (=1, ,n), (2.7)
v j.k=1
where
and
L ory )
Piji () =(Ai(u) —Ap(w)) o (TUL, - TUE—1, Uy TUR1, "+ *  TUp )dT, Vi#k (2.9)
J
Obviously
piji(u) =0, \V”L,j (210)

Moreover, noting (2.4) and (2.7), we have

+ Z Vi (uw)rg (w)uwg |dt A dx
k=1

dui
dit

dus(dz — Ni(w)dt)] = [

= Z Fijk(w)ujwidt A dez, (2.11)
k=1
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where
Fijr(u) = pigr(u) + VA; (w)re(u)di;. (2.12)
Noting (2.8) and (2.10), it is easy to see that
Fiii(u) = Vi (u)ri(u), V. (2.15)
On the other hand, we have (see [1-3] or [12])
dwi - .
i > vigrwwjw, (=1, ,n), (2.16)
v j.k=1
where
1 .
Yigh () = S {(A (@) = Ae(u))ls (W) Vri(w)rj (w) = VA (u)r; ()i, + (G1F)} (2.17)

in which (j]k) stands for all terms obtained by changing j and k in the previous terms.
Hence

Yigj(u) =0, Vj#i, (2.18)
Wm(u) = —V)\i(u)ri(u), VZ (2.19)

Noting (2.4), by (2.16) we have (see [1])

n

dw; (dx — X\;(uw)dt)] = Z Tk (w)wjwedt A dz, (2.20)
3 k=1
where 1
Piji(u) = 5 (A (u) = Ae(u)li(w)[Vrw(u)r; (w) = Vi (w)re(w)]- (2.21)
Hence

8§ 3. Proof of Theorem 1.1

In order to prove the sufficiency in Theorem 1.1, in what follows we always assume
that 6 > 0 is suitably small.

By the existence and uniqueness of local weakly discontinuous solution to the Cauchy
problem (see [11]), there exists T > 0 so small that Cauchy problem (1.1) and (1.12) admits
a unique weakly discontinuous solution u = u(¢, x) containing at most n weak discontinuities
x = zk(t) (k =1,---,n) on the domain R(Tp) = {(t,z) | 0 <t < Tp,—o0 < z < +00} =

U Ru(T0):
1=0

w0 (t, z), t,x) € Ro(To),
u=u(t,z) = { ulb (t,2), t,x) € Ry (Ty) (I=1, ,n—1), (3.1)
w™ (¢, x), t,x) € R,(Ty),
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where
{(t,2) [0<t <To, x <2i(t)} (I =0),
Ri(To) = ¢ {(t,z) |0 <t < Ty, m(t) <z <zpp1(t)} (il=1,---,n—-1), (3.2)
{(t,2) |0 <t < Ty, > z,(t)} (I=mn).

In what follows, we establish a uniform a priori estimate on the C° norm of u and
the piecewise C° norm of u, on any given existence domain of the weakly discontinuous
solution v = u(t,z) to Cauchy problem (1.1) and (1.12). Noting (2.3), we only need to
establish a uniform a priori estimate on the C° norm of u and the piecewise CY norm
of w = (wy, -+ ,w,) on any given existence domain of the weakly discontinuous solution
u=u(t,x).

Noting (1.6), we have

A1(0) < A2(0) < -+ < Ay (0). (3.3)
Then, there exist positive constants § and Jy so small that
Nit1(u) = Ni(u') > 250, Viu|, [W'| <6 (i=1,---,n—1), (3.4)

[Ai(u) — N (u)] < Viul, |u'| <6 (i=1,---,n). (3.5)

Without loss of generality, we may assume that
For the time being we assume that on any given existence domain R(T) = {(¢,z) | 0 <

t<T,—c0<z<+o0}= U Ri(T') of the weakly discontinuous solution

1=0
w0 (¢, x), t,x) € Ry(T),
u=u(t,z) =< ub (t,z), t,r) e Ry(T) (I=1,---,n—1), (3.7)
u(™(t, ), t,z) € R, (T)

to Cauchy problem (1.1) and (1.12), where

{(t,2) [0<t<T, x <x:(t)} (1=0),
R(T)=¢{(t,z) |0<t<T, z)(t) <x < myy1(t)} (il=1,---,n—-1), (3.8)
{t,2) |0<t<T, z>xz,(t)} (l=mn),
we have
lu(t, z)| < 0, Y (t,x) € R(T). (3.9)
At the end of the proof of Lemma 3.3, we will explain that this hypothesis is reasonable.
Let
{t2) [0t <T, o < (M(0) + o)t} (i=1),
DI = {(t,2) | 0 <t < T, (Mi(0) — o)t <z < (N (0) + o)t} (i=2,--+,n—1),
{(t,x) |0<t<T, > (A(0) = dp)t} (i=mn).

(3.10)
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Obviously
| DF c r(T). (3.11)
i=1
On any given existence domain R(T) = U Ri(T) of the weakly discontinuous solution
1=0

u = u(t,z) to Cauchy problem (1.1) and (1.12), let

w® =@ w®y (1=0,1,-- ,n) (3.12)
with
wl(l) = 1;(u®)u® (i=1,---,n), (3.13)
WS (T)= max  max sup  {(1+ |z — M(0)e) w0l (8, 2|}, (3.14)
l:l,--- ,n l:O,l,-“ s (t,CL‘)GRL(T)\DZT
US(T)= max max sup  {(1+ |z — M) Dt 2)[}, (3.15)

=L =01 (4 g) e Ry (T)\ DT

Wi(T) = max max { sup/ |w£i71)(t,m)|dt + sup/ |wz(z) (t,x)|dt},
¢ Je;NRi—1(T) ¢;NRi(T)

i=1,n j#i cj
(3.16)
where ¢; denotes any given j-th characteristic on DI
SO LONIS
Wi(T) = max sup {/ |w;"™ " (¢, z)|dx +/ |w;" (t,m)|dm}, (3.17)
=l no<t<T S Ja) @i(t)
where
—00 if i1=1
t) = ’ ’ 3.18
alt) {(/\i(O)—éo)t, it =2, ,m, (3.18)
i (0) + Go)t, fi=1,--,n—1,
b(t) = {( (0)+ o) L " (3.19)
+00, if i=n
and
Uo(T) = |lu(t, z) || Lo (r(T))> (3.20)
1=0
According to the definition of the weak discontinuity, it is easy to get
Lemma 3.1. On the k-th weak discontinuity x = xx(t), we have
wk =™ ik (3.22)
Lemma 3.2. For each i = 1,---,n and any given point (t,z)EDT, let c; : & =

&(1) (7 < t) be the i-th characteristic passing through (t,x) and intersecting the x-axis at
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(0,x40). Then there exist positive constants dy, (k = 1,2,3) independent of (t,x) and i, such
that
and, if (T, fi(T))éD]T for some j, then

&(1) = A (0)7| = dslziol. (3.24)

Proof. When i € {2,---,n — 1}, for any given point (t,z)€ED}, by the definition of
DY we have
T > ()\1(0) + (50)?5 or r < ()\1(0) — 50)t. (325)

In what follows, we prove (3.23)—(3.24) for the case x > (X\;(0)+00)t. When z < (X;(0)—do)t,
(3.23)—(3.24) can be similarly proved.
Noting (3.5), for 7 < ¢, it is easy to get

gi(T) Z (/\1(0) + (50)7’7 (326)
(/\i(O) - %O)T <E(T) —aio < (AZ-(O) + %‘J)T (3.27)
Then, noting (3.6), we have
G < 2000, (3.28)
do
in particular,

< %
Thus, noting & > (A;(0) + dp)t, we immediately get (3.23).

Since (7,&;(7))€DY, in order to prove (3.24), we first consider the case j = i. By
(3.26)—(3.27), it is easy to get

) = MO 2 55 (330)

(0) + 60 Zi0-

Now we consider the case that there exists j # ¢ such that (7,&(r))€D]. When j < i,
noting (3.3) and (3.30), we have

do
1€i(7) = A (0)7| > [&i(T) — Ai(0)7] > mxzﬂ- (3.31)

When j > i, since (7,&(7))€D], we have
fi(T) > (AJ(O) + 50)7’ or fZ(T) < ()\J(O) — (50)7‘.

If & (1) > (A;(0) + 6p)7, similarly to (3.30) we get

1§i(7) = A (0)7] = v L 03 (3.32)
J

(0) + do
while, if &(7) < (X;(0) — do)7, noting (3.27), it is easy to get

do
&(7) = A;(0)7| = mﬂﬁio- (3.33)
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The combination of (3.30)—(3.33) proves (3.24).
When i = 1 or n, noting the definition of D¥ and DI

~, similarly we can get (3.23)—
(3.24).

Lemma 3.3. Suppose that in a neighbourhood of u = 0, A(u) € C? and system
(1.1) s strictly hyperbolic, i.e., (1.6) holds. Suppose furthermore that the initial data satisfy
(1.13). Then there exists 8y > 0 so small that for any fized 6 € (0, 6], on any given existence
domain R(T) of the weakly discontinuous solution w = u(t,x) (see (3.7)) to Cauchy problem
(1.1) and (1.12), we have the following uniform a priori estimates

WE (T) < 510, (3.34)
Wi (T), Wi(T) < ks, (3.35)
Us(T) < ks, (3.36)

here and henceforth k; (i =1,2,---) are positive constants independent of 0 and T.

Proof. We first estimate WS (T).

For any given i € {1,---,n}, passing through any fixed point (t,z) € R(T)\D}, we
draw the i-th characteristic ¢;: € = &(7) (7 < t) which intersects the z-axis at a point
(0,z4). When (t,z) € R)(T)\DT for some | < i, noting Lemma 3.1, integrating (2.16)
along ¢; from 0 to ¢ yields

ti1 n
w (t,2) = w0, 2:0) + / 3 i @)D (7, €5(r))dr
0

jym=1

=1 oty p41
+ Z/ Z ’Y'L'jm(u(k))wg’k)wg}i) (T7 EZ(T))dT
k=1 ¢

ik jm=1
t n
l
[ mau ) () (3.37)
it jm=1

while, when (¢,z) € R;(T)\D! for some [ > i, similarly we have

tin n
wz(l)(t,x) = wl(n) (O,xio) + / Z 7ij7rt(u(n))w§n)w57?) (T’ gi(T))dT
0

j,m=1
vy

k=142 tik

n

3 i D)V wE D (7 g (r))dr

tik—1
J,m=1
n

Jr/ Z ’Yijm(u(l))wj(-l)w%) (1,&i(7))dr, (3.38)

tii+1 jm=1

here and hereafter, (¢;r,xr(tix)) stands for the intersection point of ¢; with the k-th weak
discontinuity = x4 (t) (k = 1,---,n). Moreover, by the definition of DY and D, when
i =1, (3.37) disappears, and, when ¢ = n, (3.38) disappears. Then, by using Lemma 3.2
and (2.18) and noting (3.9) and |&;(7) — A;(0)7] > do7 when (7, &;(7))EDT, it is easy to see
that

(14 |z — X(0)t)) ) (¢, 2)|
< C(1+ |zao) (| (0, 2i0)| + [w™ (0, 2:0)]) + C{WS (T)Wi(T) + (WE(T))?}, (3.39)

i
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here and henceforth, C' denotes different positive constants independent of § and T'. Noting
(1.13), it turns out that

WE(T) < CL{0+ WS (T)WA(T) + (WS (T))2}. (3.40)

We next estimate Wy (T) and Wy (T).

For i € {1,---,n — 1}, passing through any given point A(t,z) € DI N R,(T), we
draw the j-th characteristic ¢; : £ = &;(7) (7 < t, j > i) which intersects the i-th weak
discontinuity = = z;(t) at a point B(tp,zp). In the meantime, the i-th characteristic
¢i & =¢&(1) (r <t) passing through point A intersects the boundary x = (X\;(0) + dg)t of
DT at a point C. By (2.20), using Stokes’ formula on the domain ABOC we get

/t w (A (D) = X (D)) (7, (7)) dr

= / [0 (A(0) + 8o — As(uD)) (7, (A (0) + d9)7)|dr
ocC

+// | > Tam (@) ) ¢, 2)|dtda. (3.41)
ABOC ' T7

Then, noting (2.22), (3.4) and (3.9) and by using Lemma 3.2, it is easy to get that
[ wldr = [ 1ol < COVL@) + WDWAT) + (WL @)P). (342
cj tp

When j < i, the j-th characteristic ¢;: & = &(7) (7 < t) intersects the boundary z =
(Xi(0) + o)t of DI at a point B(tg,rp). Using Stokes’ formula on the domain ACB,
similarly we still get (3.42).

For i = n, passing through any given point A(t,x) € DL N R,(T), both the j-th
characteristic ¢;: £ = &;(7) (7 < t) and the i-th characteristic ¢;: £ = &(7) (7 < t) intersect
the z-axis at points B(0,zp) and C(0, x¢) respectively. Using Stokes’ formula on the domain
ACB, similarly we have

[ lar = [ g (o)lar < Clo+ WE@W(T) + WLDR). (343)

On the other hand, for i € {2,---,n} and any given point A(t,z) € DI N R;_1(T),
similarly we have

[ 1 Plar = [l el < COVET) WL DA + (W (D). (344
Moreover, for i = 1, we have
/ i dr = / 0l (7,6 (M)l < C1O + WETWA(T) + (WE(T)?). (3.45)
cj 0

Thus, we finally get

WA (T) < C{0 + WE(T) + WE(TYWi(T) + (WS (T))?}. (3.46)
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Similarly, we can obtain (cf. [9])
Wi(T) < C{0+ WE(T) + WE(T)W(T) + (WS, (T))?}. (3.47)

The combination of (3.40) and (3.46)—(3.47) gives (3.34)—(3.35) (cf. [13]).

Finally, we estimate Uy (7).

Passing through any given point (t,z) € R(T'), we draw the n-th characteristic ¢, :
& = & (1) (7 < t) which intersects the z-axis at a point (0,z¢). When (t,z) € R;(T) for
1€{0,1,--- ,n— 1}, integrating (2.6) (in which ¢ = n) along ¢, from 0 to ¢ gives

tni n—1
uD(t,2) = u®(0,z0) + /0 > M) = A ()l (W) (7, &0 (7)) dr

m=1
-1 tn kt1 n—1
1 D D S R e e e NI
k=1"tnk m=1
t+ n—1
+ / > M) = A (u))wDry (uD) (7, &0 (7)) dr; (3.48)
tnl m=1

while, when (¢, z) € R,,(T), similarly we have

t n—1

u™ (t,z) = u™ (0, z0) +/0 Z (An (u™) = A ()0 vy (w7, €0 (7)) 7. (3.49)

Then, noting (1.13) and by using (3.34)—(3.35), it is easy to see that
lu(t, z)| < C{0 + W (T) + Wi (T)} < C8. (3.50)

Thus, (3.36) follows immediately. At the same time, (3.50) also means that hypothesis (3.9)
is reasonable.

Lemma 3.4. Under the assumptions of Lemma 3.3, suppose furthermore that system
(1.1) is weakly linearly degenerate, then, in normalized coordinates there exists 8y > 0 so
small that for any fized 8 € (0,00], on any given existence domain R(T) of the weakly
discontinuous solution u = u(t, x) to Cauchy problem (1.1) and (1.12), we have the following
uniform a priori estimates

US(T) < k4, (3.51)
Wao(T) < ks56. (3.52)

Proof. Similarly to (3.16)—(3.17), let

Ui(T) = max max { sup/ |u51_1)(t,z)|dt + sup/ |uz(-l) (¢, x)|dt}, (3.53)
i=1,-,n j#i Cj ¢;NR;—1(T) €i c;NRi(T)
zi(t) b(t) .
Uy(T)= max sup {/ |u§zfl)(t,x)|dac +/ |u§l)(t,x)|dx}. (3.54)
=Lno<e<t tJa(h) i (t)

We now estimate US (T).
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Similarly to (3.37)-(3.38), when (t,z) € R)(T)\DT for some | < i, integrating (2.7)

along ¢; from 0 to ¢, we have

(l)(t x) = u 0 Ti0) / Z pijm(u®)u ) wi (r,&(r))dr

Jjym=1

+Z/ 32 pan Pl ()
/ szm ()l D (7, () dr (3.55)

while, when (¢,z) € R)(T)\D! for some [ > i, we have

tin
WOt 2) = E")(O,xw)—i—/o prm )M ) (, £5(7))

jm=1
ik—1 ” b1
> [ N
k=142 ik ]m 1
+ / Z pim (WD)ul w® (7, €,(r))dr. (3.56)

R ——
Then, noting (2.8) and using Lemma 3.2, similarly to (3.40) we get
US(T) < C{O + U (T)Wi(T) + W (T)US,(T) + Ui (T)WS,(T)}. (3.57)
Hence, using Lemma 3.3, we get immediately

US(T) < CO{1+ U, (T)}. (3.58)

We next estimate Uy (T) and Uy (T).
For ¢ € {1,--- ,n — 1}, similarly to (3.41), by (2.11) we have

/t [u™ (0 () = A (D)) (7, (7)) |dr

</ 1 (A4(0) + 8o — Mi(u®)) (. (A:(0) + Go)r)|dr
ocC

+ / / [ P Oy u) ) (3.59)
Apoc | =,

Then, noting (2.13)—(2.14), the second term on the right hand side of (3.59) can be rewritten

n
// ‘ Z Fikm(u(i))u,(;)wﬁ,i) (t,z)|dtdx
ABOC k,m=1

- // ‘ Z Fign (u®) u D (t, ) + Fig(u)ulPw (¢, 2) |dtda. (3.60)
ABOC

as



GLOBAL EXISTENCE OF WEAKLY DISCONTINUOUS SOLUTIONS 331

Since \;(u) is weakly linearly degenerate and u = (uy,--- ,u,)? are normalized coordinates,
by (2.15) we have

Fiii(uiei) = 0, v |ul| small. (361)
Then, using Hardmard’s formula, we have
Fiii(u(i)) = Fm(u(i)) - Fiii(uz('i)ei)

aF i [ 7 ; 7
/ m 5),-- Tu§)17ug),7'ug<21,"' ,Tuff))ul( ) dr. (3.62)
0 121 auz

Hence, similarly to (3.42), using Lemma 3.3, from (3.59) we get

[ 1= [ g olar
Cj tp

< C{UL(T) + Uy(T)WE(T) + US, (T) WA (T)
+ U (TYWE(T) + Une (T)US, (TYWA (T)}
< C{US(T) + 6UL(T)}. (3.63)

For i = n, similarly to (3.43), we have

/ | dr = / ) (7,6, (1)
0

< C{O+ D(THWS(T) + UL (T)WA(T)
+ UL (TIWL(T) + U (UL (T)WA(T) }
< CO{1 + US(T) + Uy (T)}. (3.64)

Moreover, similarly to (3.44)—(3.45), we can estimate
/ |u§i71)|d7 for i=1,---,n
.

Hence, we get

Uy (T) < C{US(T) + 0(1 + Uy (T))}. (3.65)
Similarly, we have
UL(T) < C{US(T) + 6(1 + U (T))}. (3.66)
Thus we get
Uy (T),Uy(T) < C{0 + US,(T)}. (3.67)

Finally, (3.51) follows immediately from the combination of (3.58) and (3.67).

We finally estimate Woo (T).
For any given i € {1,--- ,n} and any given point (¢,z) € DT let ¢; : € = &(7) (1 < t)
be the i-th characteristic passing through (¢, ), which intersects the x-axis at a point (0, x;0).
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When (¢,2) € R;—1(T), integrating (2.16) along ¢; from 0 to ¢ gives

n

. ti1
wi ™V (t2) = w” (0, 2:0) + / > Yim @y w?w (7, € (7)) dr
0

Jj,m=1
i—2 tiks1 M k
3 [ 3 el ()
k=17%ik  jm=1
t n . )
+/t~ > i @)l i (7, 6(7) )drs (3.68)

iiel jm=1

while, when (¢, ) € R;(T), similarly we have

w (t,2) = w!™ (0, 240) +/ Z %‘jm(u(n))ws‘n)w»(w?)(ﬁ &(7))dr
0

j,m=1
n tik—1 M
+ > / S A (w0 (g (1))
k=i42 v tik j,m=1
t n o
H [ e ) o () (3.69)
tijitl jom=1
Since \;(u) is weakly linearly degenerate and v = (uy,--- ,u,)” are normalized coor-

dinates, by (2.19) we have
~iii(uie;) =0, Vu;| small. (3.70)
Then, noting (1.13) and (2.18), similarly to (3.63) and (3.64), it is easy to get
iV (1, 2)], |wi ()| < C{0+ WE(D)Wa(T) + (WE,(T))?
+ WL (T)Wao(T) + UL (T) (W (1))} (3.71)
Thus, noting Lemma 3.3 and (3.51) we have
Woo(T) < CO{1 + Woo (T) + (Woo (T))?}, (3.72)

which implies (3.52).
From Lemmas 3.3 and 3.4, the sufficiency in Theorem 1.1 follows immediately.

We now prove the necessity in Theorem 1.1.
For the Cauchy problem of a scalar equation

Ov ov
a + )\(U)aix = 07
(), xz <0, (3.73)
t= 0 : v =
Yr(z), x>0
with
$i(0) =¢,(0)  and  ¢;(0) # ¢(0), (3.74)

where 9;(x) and ¥, (z) € C! and satisfy (1.13), it is easy to get
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Lemma 3.5. There exists 0 > 0 so small that for any given 6 € (0,0q], Cauchy
problem (3.73) admits a unique global weakly discontinuous solution if and only if \(v) is a
constant in a neighbourhood of v = 0.

Then, noting that in normalized coordinates the characteristic A;(u) is weakly linearly
degenerate if and only if

i (u;e;) = const., Y |u;| small, (3.75)
we easily get the necessity in Theorem 1.1 (cf. [4,5]).

Remark 3.1. Comparing with the method used in [6] and [13], the estimates on the
domains DT and DI and the estimates for v; = [;(u)u (i = 1,--- ,n) are all omitted in the
proof of Theorem 1.1.

§4. Application

Consider the following Cauchy problem for the system of the planar motion of an elastic
string (cf. [8,13])
U — vy =0,
T 4.1
w- (17 o D

r

with the initial condition

A w ) = (ﬂo—Ful (x),f?jo-f—’Ul (x)) (JSSO),
R {@o Fur(e), o +uea) (o> 0), 2
where
(u(0),0:(0)) = (ur(0),v,(0))  and  (u(0),v;(0)) # (u,.(0),v,.(0)), (4.3)
u = (up,u2)T, v=(vy,v2)T, r = |u| = Vu? +u, T(r) is a C? function of r > 1, such that
T' (7o) > To) o, (4.4)
To

in which %y and 7y are constant vectors and 7o = |ug| > 1, (w(x), vi(x)) and (u,(z),v.(x)) €
C' and satisfy (1.13). Let
U= (“) (4.5)

v
By (4.4), in a neighbourhood of Uy = (%0), (4.1) is a strictly hyperbolic system with the
0
following distinct real eigenvalues:
T T
MU) = —/T'(r) < X(U) = - (r) <0< A3(U) = (r) < M(U) =+/T'(r). (4.6)

r

X2(U) and A3(U) are linearly degenerate in the sense of P. D. Lax, then weakly linearly
degenerate. Moreover, A;(U) and A\y(U) are also linearly degenerate, then weakly linearly
degenerate, provided that

T"(r) =0, V|r —ro| small. (4.7)
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By Theorem 1.1 we get

Theorem 4.1. Suppose that (4.7) holds. There exists 0y > 0 so small that for any fized
0 € (0,6y], Cauchy problem (4.1)—(4.2) admits a unique global weakly discontinuous solution
U="U(t,x) ont >0, which possesses at most 4 weak discontinuities x = x(t) (k=1,---,4)
passing through the origin.
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