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EXIT DISTRIBUTION LEAVING A BALL FROM
THE CENTER AND BROWNIAN MOTION****

ZHANG Huizeng* JIN MENGWED*™*  YING JIANGANG***

Abstract

It is showed that if the first exit distribution leaving any ball from the center is the
uniform distribution on the sphere, then the Lévy process is a scaled Brownian motion.
The paper also gives a characterization of a continuous Hunt process by the first exit
distribution from any ball.
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§1. Introduction

Suppose that E is a locally compact space with a countable base (LCCB) and a compat-
ible metric d. Let £ be the Borel o-algebra on E. For any « € E and r > 0, we let B,.(z) =
{y € E:d(z,y) <r}, B2(z) ={y € E:d(z,y) <r}and S,(x) ={y € E : d(z,y) = r}.
Let R? be the d-dimensional Euclidean space and B(R?) be the Borel o-algebra on R, Let
bB(R?) denote the set of all bounded Borel measurable functions. For any z,y € R?, we use
(x,y) and |z| to denote the inner product of z and y and the length of x respectively. For
any x € R? and any r > 0, let 0,.(x) = 0,.(,) denote the uniform probability distribution
on S, (z). For convenience, we let B, = B,.(0), BS = B2(0), S, = S;(0) and o, = 0,-(0). Let
ft denote the characteristic function of a probability x on R,

Let X = (Xy, P) be a Lévy process on R? starting at 0 with convolution semigroup
7= {m : t>0}. The Lévy exponent of 7 = {m;} is denoted by ¢, i.e., 7t;(z) = e (@) Let
D = {z: |z| <1}, the closed unit ball. By the Lévy-Khintchine formula (see Theorem 8.1
f16]),

o

@) = 5o Aa) = i) + [ 1= 4 ila, ) 1p()]u(dy),
where A is a symmetric nonnegative-definite d x d matrix, v is a measure on R¢ satisfying
v({0}) =0 and [p.(|y|*> A 1)v(dy) < oo, and v € R%. The representation of ¢ by A,v and v
is unique, and we call (A, v,~) the generating triplet of X or .

It is well known that any first exit distribution of Brownian motion leaving a ball is
uniformly distributed on the sphere of the ball. In this paper we shall consider the inverse
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problem. If any of such exit distributions of a Lévy process on R is uniform, then a natural
question is whether it is a Brownian motion (by a time scaling). We should mention a
program of an argument (which was actually suggested by R. K. Getoor). If the above exit
distributions of a Markov process are uniform, then Theorem II-5.11 of [1] implies that the
process has the same class of (lower semi-continuous) excessive functions as that of Brownian
motion which in turn implies that it has the same class of hitting distributions as that of
Brownian motion by Hunt’s Balayage theorem. Thus a well-known Theorem of Blumenthal-
Getoor-Mckean (see [1]) shows that the process differs from Brownian motion by a time
change. However Hunt’s balayage theorem needs the condition that the process is transient.
Without assuming the transience, little information can be retrieved from excessive functions
since they may only contain constants.

In the present article, we shall prove a Lévy process (without assumption of path
continuity or transience) with the first exit distribution from a ball being uniform on surface
is a Brownian motion (by a time scaling). The approach is rather elementary and does
not use the Blumenthal-Getoor-Mackean Theorem. The paper also gives a characterization
of a continuous Hunt process by the first exit distribution. Without loss of generality, in
this paper, we shall assume that the Lévy process is genuinely d-dimensional, that is, m
is not supported on any proper linear subspace of R?, since otherwise we may consider the
subspace instead.

§ 2. Continuity of Hunt Processes

Let {Q,F?, F° P* 6;, X;} be a Hunt process with state space (E,&) and transition
function (P;). Then Tpe(w) := inf{t > 0: d(X;(w), Xo(w)) > 7}, where d is a fixed metric
on E compatible with the topology, is a stopping time relative to {FP}. Let q(w) be a
property of w. Then ¢ is said to hold almost surely (a.s.) if the set A of w in Q for which
q(w) fails to hold is in F° and P*(A) = 0 for all z € E. Now we give the main theorem of
this section.

Theorem 2.1. The first exit distribution P*(Xr,, € dy,Tpe < oo) concentrates on
Sy(x) for all x € E and all v > 0 if and only if the sample path is continuous on [0, 00)
almost surely.

Before proving the theorem, we prepare a lemma.

Lemma 2.1. Let € > 0. Then P*(Xrg, € dy,Tp: < 00) concentrates on Byi(z) \
B2(x) for all x € E and all r > 0 if and only if almost surely, for allt >0, d(X;—, X;) < e.

Proof. The sufficiency is obvious. Now we prove the necessity. For convenience, we
denote Tpe by T". Then T" is a stopping time relative to {FP} for all 7 > 0. Next, we
define 7§y := 0, T7 :=T" and inductively for n > 1,

Ty =T, +T" 0bpr =inf{t > T, : d( Xy, Xpr) > 1}

Obviously, each T) is a stopping time relative to {F?}. Since T increases with n, the limit
ST =lmT, exists and S” is a stopping time. On the set {S” < oo}, we have lim X(T))) =
n n
X (S™) almost surely by quasi-left continuity. On the other hand, the right continuity of
paths implies that d(X (T} ,,), X(7T},)) > = almost surely for all n, which precludes the
existence of lim X (T77). There would be a contradiction unless S™ = co almost surely. In
n

the latter event, we have [0,00) = |J [T};, T} ) almost surely. Note that if 7)) = oo, then

n=0
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[T,,Ty,,) = 0. In each interval [T};, T}, ), the oscillation of X(-) does not exceed 2r by
the definition of T, ;. We have therefore proved that for each r, there exists €, such that

P*(€,) =1 for all z € E, and for any w € €, [0,00) = U [T}, (w), T} (w)) and X (-,w)

n=0
does not oscillate by more than 2r in any interval [T} (w), T, (w)). Let Q, = () Q..

m=1
Then P*(2,) =1forall x € E.
By strong Markov property of Hunt process and by our condition, for any = € F,

1 ES ES 1 1
E””[— < d(X(Ti), X(T7" ) < — + €, T < oo}

m ~ n—1 m

Therefore for any positive integer m, there exists an €, with P*(Q ) = 1 for all z € FE

1
such that, for any w € ], and any integer n with 77" (w) < oo, we have

1 Sd(XTL(CU),X El (w)> < l‘|‘€-

m i ", m

n

Let 2, = () €, and Q° = Q, (.. Obviously P*(Q2°) =1 for all z € E.
m=1
We assert that if w € Q°, then for all ¢t > 0, d(X;— (w), Xt(w)) < e. Otherwise there
exists some ¢ > 0 such that d(X;—(w), X¢(w)) > e. Thus d(X;—(w), X¢(w)) > 3 + € for

oo 1 1
some positive integer m. Since [0,00) = |J [Tw" (w), T, ;(w)), the proof is divided into the
n=0

following two cases.
1 1 1
Case 1. Suppose that ¢ € (T;;" (w), T, (w)) for some n. Then by definition of 77 |,
d(X;— (w), Xi(w)) < 2 which is impossible.

1 .
Case 2. Suppose that t = T, (w) for some n. Then T,;" (w) < co. Hence

AKX (@), Xew) = d(X 1 (@)X 3 ()
< d(XTn# (W), X . (w)) n d(XT# (w),XT#_(w))
1 2 7“13 o ’
<(GrI)tmmmte

which is also impossible.
Therefore for any w € Q°, d(X;— (w), X¢(w)) < e for all ¢t > 0.

Proof of Theorem 2.1. We need only to prove the necessity. Since P*(Xr,. €
dy,Tpe < o0) concentrates on B,.(x) for any x € E and any r > 0, for any positive intéger
n, P*(Xry, € dy, Tpe < 00) concentrates on B, 1 () \ By (z) for any « € E' and any r > 0.
It follows from Lemma 2.1 that for any positive integer n, almost surely d(X;_, X;) < % for
all ¢ > 0. Therefore almost surely the sample path is continuous on [0, 00).
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Remark. From the proof above, it is seen that to get the path continuity, it is enough
that there exists a sequence {r,, } with r,, > 0, limr,, = 0 such that the first exit distribution
n

P* (XTBC: €dy, Tp. < oo) concentrates on S, (z) for all z € E and all 7, > 0.

It is known that Lévy processes are spatially homogeneous Hunt processes on Euclidean
space. Now suppose that {Q, F, P*, X;} is a Lévy Process on R? with convolution semigroup
{m:}, and its generating triplet is (4, v,v). Suppose that m # dy. Then for any r > 0,
P%(Te < o0) = 1. By the Theorem 19.2 of [6], Theorem 2.1 and Lemma 2.1 above, we
immediately have the following corollaries.

Corollary 2.1. Let € > 0. Then the following three conditions are equivalent to each
other:

(1) For all v > 0, P*(Xry, € dy) concentrates on By \ By.

(2) Almost surely for all t > 0, d(X;—, X;) < e.

(3) That v{]z| > €} = 0.

1) For allr > 0, P°(Xr,. € dy) concentrates on S,.

(
(2) The sample paths are continuous on [0,00) almost surely.
(3) The Lévy measure v = 0.

)
)
)
Corollary 2.2. The following three conditions are equivalent to each other:
)
)

Similarly, in both corollaries, it is enough that (1) holds for a sequence of positive
numbers {r,} with limr, = 0.

8§ 3. Brownian Motion and the Hitting Distribution

In this section, we shall prove that a Lévy process on R? whose exit distribution leaving
any ball from the center is uniform on the sphere is a Brownian motion. Let {Q, F, P*  X;} be
a genuinely d-dimensional Lévy process on R? starting at 0 with generating triplet (4, v,7).
If A is a subset of R?, we define a random variable T4 (w) = inf{t > 0 : X;(w) € A}, which
is the first hitting time of A. It is well known that the hitting distribution of a ball for the
standard Brownian motion is given by the Poisson’s kernel (see Theorem 3.1 of Chapter 4
in [5]).

Lemma 3.1. Let c,x € R, r > 0 and x ¢ S,.(c). If X is the standard Brownian
motion, then for any f € bB(R?),

P22 — Jaf?)

PR f(y)or(c, dy).

E*{f[X (Ts, (0))]} = /

r

For ¢, -+ ,cq € R, denote by diag{ey, - ,cq} the diagonalized matrix with diagonal
entries ¢, -+ ,cq.

Lemma 3.2. Suppose that v = 0, v = 0 and A = diag{\},\3, - , A2}, where \; >
1,1 <i<d. If there exist 1 < ig,i1 < d such that \;;, =1 and \;;, > 1, then PO(XTST € dy)
is not the uniform distribution on the sphere S, = {x : |x| = r} for any r > 0.

Proof. Without loss of generality, we assume that A\; = 1 and Ay > 1. Let C =
diag{1, X2, - ,A\q}. For any t > 0, let Y; = C~'X,. Then {Y;} is the standard Brownian
motion on R¢ since

Py, () = ﬁcflxl(z) = exp{ - %(C’flz,AC’%z)} = exp{ - %(z,z)}
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Now let n > 1 and
By = {(x1,29,-- ,2q) € RY: 212 + Noma)® + -+ + (Nazq)” = 1}.

Obviously, S; = {Cz € R?: z € E;}. Let Ts,, Ts, and T, be the hitting times of Sy, S,

~

and E; for {X;} respectively. Let fgl, fgn and Ty, be the hitting times of Sy, S, and F;
for {Y;} rebpectively We absert that P°(Xrg, € dy) is not the uniform distribution on S.
Otherwise E°[f = [o f s, z)oy(dx) for any f € bB(R?). By the strong Markov

property of {Yt} and Lemma 3.1, we have, for any f € bB(R9),
Bl (Y, )] = B{(f (Vs ) o0z, }
= BB Ty, Ny = [ B, Dutde)

= [ wan | ki Uil L P P

ly — x|

Sn

ni=2{n? _ |of?
f Un dy / -7 M dx
/ o Ty M

nd=2n2 — |C~1z?|
= /Sn f()on(dy) /31 ly — C—1a|d o1(dz),

where p is the distribution of Y(fEl) under P°. For any y € S,,, let

nd—2|n2 —|C12?|
= d .
o(v) /S e e a)

Then E°[f = | s, y)on(dy). Thus by Lemma 3.1, we get that for any arbitrary

febB(Rd),
/f o (dy) = /f y)om(dy).

It follows that g(y) = 1 for all y € S,,.
Now let yo = (n,0,0,---,0). Then yy € S,, and

nd—21n2 — |C—1z]2
oyo) = /S In” 10”21, (da)

lyo — C—1z|d
:/ n*2|n? — |z|? + |z|* — |C~ x| o1 (d2)
S lyo — C~1a|d

_ To\2 Tg\2

/ nd72n? — |z + (23 — (§2)7) + -+ (27 — (52)7) o (d)
1

siln—2) + a3+ a2+ (82) a3+ +(82)? — 235

>/ el R
sol(n—21)” +af+ o+ 2l

d=21,.2 _ |12
:/ e kel i o Y
s, lyo—al
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But on the other hand, for any arbitrary f € bB(R?),

B[ (Y, )] = E{(/ (Vs ) o 0z, }
= BB [f(v, )]}

Sn

= [ B0, Do)
_ nd72|n2 _ |x|2‘
- /S o (dx) /S n T = T o (dy)

: W ly—ald
n=2fn? — af?
:/S f(y)Un(dy)/S wfﬁ(d@
n 1

. nd_Q‘RQ _ |$|2|
which follows that ———————01(dx) =1 for any y € S,,. Therefore

Sy ly — x|

d—21,.2 2
n"%|n* — |z|?|
9(vo) >/ ———————o(dz) = 1.
S1 \Z/o—x\d

This is a contradiction which yields that P° (X1g, € dy) is not the uniform distribution on

S;. Similarly, for any r > 0, P° (X7, € dy) is not the uniform distribution on the sphere
Sp.

Proposition 3.1. Suppose that v = 0, v = 0, and A # ol for any a > 0. Then
PO(XTST € dy) is not the uniform distribution on the sphere S, for any r > 0.

Proof. Since X is genuinely d-dimensional, A is a symmetric positive-definite d x d ma-
trix. Thus the eigenvalues of A, namely, Ay, o, ..., Aq are positive. Without loss of general-
ity, we can assume that A\; = min{); : 1 < ¢ < d}. There is an orthogonal matrix @ such that
QAQT = diag{\1, g, , A\g}. If Ay = -+ = Ag, then A = QTdiag{ A1, Ao, -, A\g}Q = A\ [
which contradicts our condition. Therefore there exists some 1 < iy < d such that A;, > A;.

For any t > 0, let ¥V; = \Q/))\%’ Then for any z € RY, ﬁyl (2) = exp{—ﬁ(QTz,AQT@} =

exp{f%(z, Bz)}, where B = diag{1, i—f, i—?, cee 3\\—‘:} Consequently, {Y;} is a Lévy process
on R? with generating triplet (B,0,0). For any r > 0, let Ts, and fgr denote the hitting
times of S, for {X;} and for {Y;} respectively. By Lemma 3.2, for any r > 0, PO(YTS € dy)
is not the uniform distribution on S,. Since @ is an orthogonal matrix, |z| = |Qz| holds for
all z € R?. Thus for any r > 0,

Tsr:inf{t>0:|Xt|:r}:inf{t>0:\Yt|:L}:f

VoW e/
Hence X7, = \/AlQTYfS - and from the fact that @ is an orthogonal matrix it follows
r/y/A1

that P°(Xr, € dy) is not the uniform distribution on S,.
Lemma 3.3. Ifv =0 and v =0, then P°(Ts, > a) > 0 for any r > 0 and any a > 0.

Proof. Since X is genuinely d-dimensional, A is a symmetric positive-definite d x d
matrix. There is a symmetric positive-definite d x d matrix B such that A = B2. Let
Y; = B7'X;. Then {Y;} is the standard Brownian motion on RY. There is a positive
constant ¢ > 0 such that |X;| = |BY;| < ¢|Y;| holds for all ¢ > 0. For any r > 0, let T& be
the first hitting time of S, for {Y;}. Then Ts, > T& for all r > 0 holds. Therefore we need

cr —
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only to show that PY(T¢ > a) > 0 for any 7 > 0 and any a > 0. By [2], this is true when
the dimension d > 3. Now we can suppose that {Y;} is the Brownian motion on R3. Then
{Y1(t)} and {(Y1(t),Y2(t))} are the Brownian motion on R! and on R? respectively. Since
[Y1(t)| < |Y(¢)] and |[(Y1(t),Ya(t))| < |V (¢)] for all ¢ > 0, our statement is also true when
d=1lord=2.

Now we come to our main result in this section.

Theorem 3.1. Let X = {Q, F, P*, X;} be a genuinely d-dimensional Lévy Process on
R? with generating triplet (A,v,v). Then PO(XTBﬁ € dy) is the uniform distribution on S,
for all r > 0 if and only if v =0, vy =0 and A = ol for some a > 0 (that is , X is a scaled
Brownian motion).

Proof. The sufficiency can be deduced by the rotational invariance of Brownian
motion directly. Now we prove the necessity. Suppose that P°(Xr,. € dy) is the uniform
distribution on S, for all » > 0. By Corollary 2.2, we get v = 0. Thus X is a continuous
Lévy process. So P°[Tge = Ts,] =1 and then P°(Xp, € dy) is the uniform distribution on
S, for all » > 0. If v = 0, then from Proposition 3.1, it follows that A = al for some «a > 0.
Thus we need only to show that v = 0.

Let H = A(R?). It is easily seen that v = 1 + 7 for some v, € H and 7o € H*. If
H # R? then ~y, # 0 since otherwise { X;} is not genuinely d-dimensional. Let Y; = X; —~t.
Then {Y;} is a Lévy process on R? with generating triplet (A, 0,~;). Since the linear space
generated by supp Py, is H, P°(Y; € H,t > 0) = 1. Note that X; = Y; + 7ot. We have
PO((Xy,72) > 0,t > 0) = 1. Hence P°(Xp, € {z: (z,72) > 0}) = 1 for any r > 0. It
follows that P(Xr, € dy) is not the uniform distribution on S,. Therefore A(R?) = R4,
that is, A is symmetric positive-definite.

Without loss of generality, we may assume that v = (1,0,---,0). Let Y; := X; —ty
for t > 0. Then {Y;} is a symmetric Lévy Process with generating triplet (A,0,0). Let
St ={r eS8 a2, >0}, 85 ={reS 2, <0}, Byt ={zx € B : z; > 0} and
B ={x e By :x; <0}. Let Tx =inf{t >0: X; € S1} and Ty = inf{t > 0:Y; € S1}.
Since {z € Sy : #; = 0} is a polar set for {Y;}, P*(Yr, € S{) = P°(Yr, € 57) = 3.

If Yry (w) € By, then X7, (w) = Yy (w) + (Tx (w),0,--,0) € S If Y (w) € By~
and Ty (w) < Ty (w), then X7y (w) € S7. Otherwise X7, (w) € S; and then

Y1y (@) = [ X1y (W) = (Tx (@), 0, -+, 0)] > [ Xy ()] = 1.

It follows that T'x(w) > Ty (w) which is a contradiction. Therefore Xr, (w) € S;” whenever
Tx(w) < Ty(w).
If Yr, (w) € Si, then

[ X7y (W) = Y1y (W) + (Ty (@), 0, -+, 0)| > [V, (w)] = 1.
Thus Tx (w) < Ty (w) and then X7, (w) € Si". Hence
PY(Xp, € S, Yy, € SF)=PYp, € 5) = %
By Lemma 3.3, we have P(Ty > 2) > 0. It follows that
PYTy >2,Yp, € S7) = %PO(TY > 2) > 0.

If Yr, € 57 and Ty > 2, then
‘XTy| = |YTy +(Ty,07-” ,0)| > Ty — |YTy| =Ty —1>1
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and hence Tx < Ty . It implies that

PO(XTX S ST_’YTY € Sl_) > PO(XTX S ST,YTY S Sl_,Ty > 2)
P (XTX S SIF,YTY c S;,Ty > Q,TX < Ty)
PY(Yp, € S], Ty >2,Tx < Ty)
=PYp, € S;,Ty >2) > 0.
Therefore we have
PY(Xp, € S1) =P Xy, € S, Yy, € SF)+P°(Xp, €S],Yp, €57)

1 _ 1
:§+P0(XTX €Sy, Yr, eSl)>§.

This contradicts the fact that that P°(X7, € dy) is the uniform distribution on S;. Conse-
quently, v = 0. That completes the proof.

Actually it is shown that a continuous Lévy process is a (scaled) Brownian motion if
and only if the first exit distribution of X leaving some (then all) ball from the center is
uniformly distributed on the sphere.
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