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GLOBAL EXISTENCE FOR A CLASS OF SYSTEMS
OF NONLINEAR WAVE EQUATIONS IN
THREE SPACE DIMENSIONS

S. KATAYAMA*

Abstract

Consider a system of nonlinear wave equations
(8,52 — c?Aw)ui = F;(u, Ou, 0;0u) in (0,00) X R®

for i = 1,---,m, where F; (i = 1,--- ,m) are smooth functions of degree 2 near the
origin of their arguments, and v = (u1, - ,Um ), while Ou and 9,0u represent the first
and second derivatives of u, respectively. In this paper, the author presents a new
class of nonlinearity for which the global existence of small solutions is ensured. For
example, global existence of small solutions for

(8t2 — C%Am)ul = u2(Osu2) + arbitrary cubic terms,
(07 — BAL)u2 = u1(Osuz) + (Oyu1)us + arbitrary cubic terms

will be established, provided that ¢? # c3.
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§1. Introduction

Throughout this paper, we use the notation dyp = 9; and 9; = 9., for j = 1,2,3. For
multi-indices @ = (ap, a1, a2, a3) and B = (61, B2, 83), 0% and 97 denote 95°07 952052
and 8{3 ! 85 28{(; % respectively. All the functions which will appear below are supposed to be
real-valued.

This paper is devoted to the study of the Cauchy problem for systems of nonlinear
wave equations of the type

Oiu; = Fi(u, Ou, 0,0u) in (0,00) xR® (i=1,---,m) (1.1)
with initial data
U(O,l‘) :Ef(x)7 ut(oax) :€g($), (12)
where O; = 902 — c2A, (i = 1, ,m), u = (Uj)j=1,....m, Ou = (Oqtj)j=1,.;m, OxO0u =
a=0,---,
(Ok0at;)j=1,-. ,m- We assume that all ¢;’s in the definition of [J; are positive constants, and
k=1,--,3
a=0,---,3
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that F' = (F})i=1,... m is a smooth function of degree 2 around the origin. More precisely,
we assume

F(u,v,w) F<(uj)j—1,~~,m, (Vj,a)j=1,m> (wj,ka)j—l,-~,m>
a=0,--,3 k=1, .3

(1.3)
= O(|uf® + [vf* + |w/*)

around the origin in R™ x R*™ x R'?™, Here the variables Vj,o and wj i, correspond to J,u;
and 0x0,u;, respectively. We also suppose that f, g € C§°(R3). ¢ is a sufficiently small and
positive parameter. To ensure the hyperbolicity of the system (1.1), we always assume

& (v w) = el (w,v,w) (i3 € {1, ,m}, k€{1,2,3}, a€{0,---,3})  (1.4)
for any (u,v,w) in some neighbourhood of the origin in R™ x R*™ x R!2™ where

JF;
aijm

&l (u,v,w) = (u,v,w). (1.5)
Because we only consider classical solutions, we may also assume, without loss of generality,
that B 3

gl =q (i, €{1,---,m}, k,l€{1,2,3}). (1.6)

We are concerned with the condition to ensure the global existence of solutions to (1.1)
for small data. In the following, we say that (GE) holds when for any f, g € C§°(R?), there
exists a positive constant e such that for any € € (0,eg], the Cauchy problem (1.1)—(1.2)
admits a unique solution u € C*°([0,00) x R3; R™).

We want to recall some known results briefly. It is known that (GE) does not hold for
some quadratic nonlinearity. Hence we need some condition on F' to ensure (GE). Such a
condition is called the Null Condition. The case where ¢; = --- = ¢, and F = F(u, Ou, 0, 0u)
was studied by Klainerman [10] and Christodoulou [2]. The case where the speeds ¢; do
not necessarily coincide with each other and F' depends only on derivatives of u, namely
F = F(0u, 0,,0u), was studied by Kovalyov [12], Agemi-Yokoyama [1], Yokoyama [19] and
Sideris-Tu [17]. To state their results precisely, we introduce the Null Condition for the case
of multiple speeds. Set

I(j):{ke{lvam}7 Ck:Cj} forj€{1,2,~-~,m} (17)
and
For a smooth function G(u,v,w) and a positive integer p, we define
(») @98 gy uvuw?
G (U,’U,’LU) = Z (8u 8v 8wG)(07070)W7

la|+|B]+|vI=p
where we have used the standard multi-index notation.

Definition 1.1. (The Null Condition) We say F'(u,v,w) = (F;(u,v,w))i=1,.. m Sat-
isfies the Null Condition if the following two conditions hold for each i € {1,--- ,m} :

(i) For any U, p, v € Y™ and any X = (Xo, X1, X2, X3) € R* with X3 — X} — X5 —
X2 =0, we have

EE U,V (1, X), W (v, X)) = 0,
where V € RY™ and W € R?™ are given by

Vip, X) = (Via(p, X))ja = (4 Xa)ja (1.9)
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and

W(U,X) = (Wj,ka(V;X))j,k,a = (VijXa)j,k,m (1.10)

respectively with 1 < j<m,0<a <3 and1 <k <3.
(ii) For any (u,v,w) € R™ x R*™ x R2™ and any j,k € {1,--- ,m}, we have

9*F?
L =0.
8Uj3Uk (U7 v U))
Note that the above Null Condition coincides with Klainerman’s Null Condition when
1 =+ = ¢m, and with Agemi-Yokoyama’s when F' does not depend on u explicitly, namely
F = F(v,w).

Using this Null Condition, known results mentioned in the above can be summarized as
the following: If F' satisfies the Null Condition and furthermore if we have either ¢y = --- =
¢m or F' = F(v,w), then (GE) holds (see [3-7] for the correponding results of two space
dimensional systems with cubic nonlinearity). Therefore we are interested in the general
case where F' = F(u,v,w) and the speeds may be different from each other. Such a case was
treated by Kubota—Yokoyama [13], and quite recently the author [9] extended their result
and showed that if F' satisfies the Null Condition and

(H1) For each i € {1,--- ,m}, Fi(z) does not depend on u, namely

aF@)
8’11,]‘

(u,v,w) =0 forall j€{l,---,m} and any (u,v,w) € R™ x R¥™ x R?™,

then (GE) holds. Notice that (H1) is a stronger version of the condition (ii) in the definition

of the Null Condition. Note also that, in all the results mentioned above, F®

> is always
independent of w itself (it follows from the Null Condition if ¢; = - - - = ¢, and it is apparent
when either F' = F(v,w) or (H1) holds).

Our aim in this paper is to establish a global existence result for equations with non-
linearity F' whose quadratic part FZ-(2) may depend also on u. In other words, we would like
to find a condition, an alternative to (H1), which allows quadratic terms including w. Our
main result is the following

Theorem 1.1. Suppose that (1.4) holds and that F satisfies the Null Condition. Fur-
thermore, assume

(H2) For each i € {1,--- ,m}, there exist some expressions G;, (a = 0,1,2,3) such
that

3
Fi(2) (u, Ou, 0 0u) = Z 9a{Gia(u, 0u)} (1=1,---,m)
a=0

holds for any “small” functions u € C2.
Then we have (GE) for the Cauchy problem (1.1)—(1.2).

Remark 1.1. We have assumed that the functions f and ¢ in initial data (1.2) are
compactly supported for simplicity of exposition of the known results, but it is not used
essentially in the proof of Theorem 1.1. The support condition on data is not essential in
most of the known results in the above, but is used essentially in the proof of some results
including [6, 7, 13].

The first point of our theorem is that we can treat FZ-(2) including terms depending on
both of u and derivatives of u. For example, u;(0,u;) with j & I(i) can be contained in
F;(u, Qu, 8,0u), because it satisfies the Null Condition and u;(dau;) = 04 (u3/2). Similarly,
terms like u;(Oqur) + ur(Oqu;) with (4, k) & I(¢) x I(i) also can be included in F;.
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The second point is that there is no restriction on higher nonlinearity. It may sound
obvious that nonlinearity of higher power than the critical power does not affect the existence
of the solution. However, sometimes it is not so easy to prove such a result, especially
when the nonlinearity depends on both of u and its derivatives. For example, in two space
dimensions, we have “almost global” existence for Ou = u(u;)?, and global existence for
Ou = u*. Therefore, it is natural to expect we have at least “almost global” existence
also for Ou = u(u;)? + u*, but the known frameworks to prove each results are completely
different from each other, and this problem still remains open as far as the author knows
(see [14, 15, 8]).

Before concluding this section, we will give an explicit representation of F' satisfying
both our Null Condition and the assumption (H2).

First we introduce some notations. Throughout this paper, for a set of functions
{fx}xrea and a function g, we write g = 3 fy if there exist some constants Cy (A € A) such

AEA
that g = Z Chfa-
AEA
For a positive constant ¢, and smooth functions ¢ and v, we define the null forms:

3
Qo(¢,¥5¢) = (019)(etp) — Y (9, (1.11)
j=1
Qab(9: 1) = (0.0)(O¢) — (0p0)(0urp) (0 < a,b < 3). (1.12)
For all i € {1,--- ,m}, we set H; = F; — Fi(z). Then, from the definition of Fi(z)7 we have
Hi(u,v,w) = O([ul” + |v]* + [w]?). (1.13)

Using these notations, if F' satisfies the Null Condition, we have
F;(u, 0u, 0,,0u) = N;(0u, 0,0u) + R;(u, Ou, 0,,0u) + H;(u, Ou, 0,,0u)
foralli=1,---,m, where

Ni(Ouw, d,0u) = 3 ( S Qu(0%uy, i)+ Y

(G:R)eI(@)xI(@) Yal,|8|=0,1 ], 8]=0,1

a,b
R;(u, Ou, 0, 0u) = ZI ( Z
)

GRIZIE)XIE) N al,|8]=0,1,2
with [ + |8] > 1

(refer to [1,2,10,19]). Moreover, if we further assume (H2) in addition to the Null Condition,
we easily get the expression

/

Qab@auj,aﬁuk)),

/

@)@ w))

Fi(u, Ou, 9,0u) = (Za (G a(u 8u)}> + H;(u, du, 9,0u) (1.14)
for i € {1,--- ,m}, where G, , has the form
Gio(u,0u) = N, (0u) + R; o(u, Ou) (1.15)

with
Nia(@uy= 3 (Qoluj, uni ) + Z’Qab(uj,uk)), (1.16)

(g,k)€I(4)x1(1) a,b

Rawon =S (3 (@)@ w)). (1.17)

(G:,k)EI(@)x (@) |al,|8]=0,1
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§ 2. Notations and Preliminary Results

First we introduce some notations which will be used throughout this paper.
2.1. Notations. Let f and g be functions in S, where S denotes the class of rapidly

decreasing functions, and ci,--- , ¢, be positive constants given in (1.1). For each i €
{1,---,m}, we define a mapping U}[f, g] by
Urf, g](t,z) = u(t,x) for (t,z) € [0,00) x R?, (2.1a)
where u is the unique classical solution to
{(8,52 — A )u(t,z) =0 for (t,x) € (0,00) x R3, (2.10)
uw(0,2) = f(x), (Opu)(0,2) = g(x) for € R3.
Also, for a given function ¢ = ¢(t,x), we define another mapping U;[$] by
Ui[6](t,z) = v(t,x) for (t,z) € [0,00) x R3, (2.2a)
where v is the unique classical solution to
{(af — A )u(t,z) = ¢(t,x) for (t,z) € (0,00) x R3, (2.2b)
v(0,7) = (0v)(0,2) =0 for z € R3.
Now, we introduce some vector fields:
3
roztaﬁzlxjaj, [y =08, Ly =0, T3=20,, I'y=0s, 23)
= .

s = Qi2, I'e = 43, ' = Qa3,

where Q;; = 2;,0; — x;0;. We write I'* for I'j°T'{* ---T'77 using a multi-index a. It is easy
to check that for any smooth function ¢, we have

roTog(t a) =Pt a)+ Y Dg(ta), (2.4)
[vI<]al+]6]—-1

T0u(t, ) =0, T°b(tx) + S BT (t,a)  forany a e {0,1,2,3),  (25)
b€{0,1,2,3}
BI<]al-1

0Lt 2) =T°0ug(t,2) + > TPopd(t,e)  foramyae{0,1,2,3}.  (26)

b€{0,1,2,3}
1BI<la|-1

We also have ,
OT%6(t,x) =T*(Did(t,x) + Y T(@io(t,x)), (2.7)
1BI<]al-1

where [; = 07 — ¢?A,.
For a non-negative integer s and a function v, we define

ta)e= D [Tt z), (2.8)
0<|a|<s
[0, )lsp = Mot )lsllr@sy (1 <p<o0). (2.9)

2.2. Preliminary Results. We start this subsection with the well-known energy
inequality for hyperbolic systems.
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Lemma 2.1. (The Energy Inequality) Let v = (vi,--- ,vm,) be a solution to

m 3 3
D2vi(t, x) ZZZS;JG (t,2)(Ok0av;)(t, ) = ¢i(t, x) in (0,00) x R

for i = 1,--- m, with initial data v = f and vy = g at t = 0. Assume that we have
Sy = St and Sy = S} for any i, j € {1,--- ,m}, k,l € {1,2,3} and a € {0,1,2,3}. We
also suppose that there exists some positive constant M such that

e < Z Z Spat, )€ kEja < MIEP

1,7=1k,l=1

holds for any (t,z) € [0,00) x R® and any & = (& x)i=1,.-.m € R¥™. Then we have
k=1,2,3

10v(t; Mz < CUf e + llglle2) + C/O I0S(r, Le<l|0v(7, L2 + ¢(7, )| £2)dr, (2.10)

where S = (S,i]a)z —1m and ¢ = (¢i)i=1,-;m
k=1,

1
0,-

Il IIK’

3

Since this energy inequality can be shown by the classical and standard argument, we
omit the proof here.

Let ¢ = ¢(t, ) be a sufficiently smooth function on (0, 00) x R3. We will use notations
in Subsection 2.1. The following lemma is classical (see [18]).

Lemma 2.2. Leti e {1,---,m}. Then we have
t
1Ui[8)(t, )| L2 ms) < C/O o(T, )l Lo/smsydr Jor t >0, (2.11)
IUFLf, 9]t ) 2wsy < C(Ifllpzgs) + |gllers@sy) — for t>0. (2.12)
Since we have
Uﬁ[aa(b] = 8an [Qﬂ - 50,(11—];< [07 ¢(Oa )]7 a = 0; 1, 27 37 (213)

by using Kronecker’s delta d; ;, the standard energy inequality for wave equations, together
with (2.12), implies the following

Lemma 2.3. Leti € {1,--- ,m} and a € {0,1,2,3}. Then we have

t
000u61(t ez < O [ 100 Masdr + doall60 o) for £>0. (214)

For the detail of the proof, see [16] for example.

8§3. L°° Decay Estimates for Linear Wave Equations

In this section we will derive L>° decay estimates for solutions of linear wave equations.

We introduce some weight functions which are concerned with decay of solutions to
wave equations. For (¢,7) € Ry x R3, we define

wy(t,z) =1+t+ |z, (3.1)

wi(t,z) =1+ |t — |zf| for i=1,---,m. (3.2)
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For convenience of exposition, we set ¢y = 0, and define
wo(t,z) =1+ |cot — |z|]| =1 + |x|. (3.3)

First we state a known decay estimate for homogeneous wave equations (see [13] for
instance).

Lemma 3.1. Leti € {1,---m}. Suppose that f, g € S(R3). Then there exists some
constant C, depending on f and g, such that

(wyw;) (¢, )| U f, 9], )| < C for t>0 and x € R3. (3.4)

Now we turn our attention to inhomogeneous wave equations. The following weighted
L — L™ estimate played an essential role in [19].

Lemma 3.2. Let ¢, -+, ¢y be positive constants appeared in (1.1), and cg = 0. As-
sumei=1,--- . mand J =0,1,--- ;m. We define
log(2 + t), when 6 =0,
Dy(t) = (3.5)
1, when 6 > 0.
(i) We have
10.Ui[¢] (1, 2)| < Cwg (8, ) {w; " (8, 2) Py -1 (8) + wy " (8, ) @p1 (1)}
< sup [yl(whw?) (T, y)lo(r,y)l (3.6)
0<r<t
y€eR?

foru>1andv >1.
(ii) Moreover, if ¢; # cy, we have
10aUi[0)(t,2)| < Clwg 'w; *)(t,2)@y—1(t) sup [yl(wfwh)(m,y)lé(ryl  (3.7)

0<r<t
yeR?

forp>0andv > 1.
Here the constant C may depend on i, J, u and v, but is independent of the other quantities.

The proof of Lemma 3.2 is rather complicated, but can be done in a similar spirit to
the proof of Proposition 3.4 below. Refer to [19] for the details.

Remark 3.1. More precisely, we do not need T’y in Lemma 3.1, i.e., (3.6) and (3.7)
stay valid if |¢]; is replaced by |¢| + 09| + |Q¢|.
From Lemma 3.2, we get the following corollary.

Corollary 3.1. Letik € {1,--- ,m}. Then for p > 1, we have
(wow}')(t, 2)[0aUs[¢) (¢, )| < Oy (t) S |yl (wowi) (T, 9) o (T, )1, (3.8)
yeR?
where ®g is given by (3.5).

Proof. First, suppose that ¢ = ¢(7,y) is supported on the set {(7,y);crm < 3|y|}.
Then there exists a constant C' such that w; < Cwy in the support of ¢. Hence (3.8) for
such ¢ follows from Lemma 3.2(i) with the choice (J,v) = (k, ). Similarly, if ¢ is supported
on the set {(7,y);cxT > 2|yl or |7|> + |y|> < 2}, we get (3.8) from Lemma 3.2(ii) with the
choice (J,v) = (0, u), because we have wy < Cwy on the support of ¢. Now an appropriate
partition of unity implies the assertion for general ¢.

To control the contribution of the higher nonlinearity to the solution, we have to
estimate L norm of the solution itself in addition to its derivatives.
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Proposition 3.1. Leti,j € {1,--- ,m}. Then we have
(wrwi)(t, 2)|Uil¢](t )| < € sup [yl (wiw?) (. y) (T, y)I- (3.9)
e
Proof. It suffices to prove (3.9) assuming ¢; =1 and ¢; = ¢ (> 0).
Let T > 0, and set M = sup lyl(wgw?)(7,y)|¢(7,y)|. Let v be a solution to

0<r<
y€R3

(02 — Av(t,z) =r Y (1 +7r)"2(1 + |t —7|)2M (3.10)
with v = v, = 0 at ¢t = 0, where r = |z|. Since |¢(t,x)| is dominated by the right hand side
of (3.10) for any (t,z) € [0,T] x R?, the positivity of the fundamental solution to the wave
equation in three space dimensions implies

|U;[9](t, z)| < v(t,x) for 0<t<T and z € R>, (3.11)
Since v is spherically symmetric, and

(02 —0%)(rv) = (1 +7r)"2(1 + |ct —7|) 2

v can be expressed explicitly as
v(t,x) = MI(t,r), (3.12)

r+t—s
/ ds/ dp . (3.13)
ir—t4s| (1 +p)2(1+ |es — p[)?

Hence the assertion of the proposition is an immediate consequence of (3.11), if we can show
that

where

I(t,r) <CA+t+r) YA+t —r))~ " (3.14)

Now we are going to prove (3.14). By changing variables in the integral by p = p+ s
and ¢ = p — cs, we get

t+T d
I(t,r) = / 1 (3.15)
C+1 Ir—t| (1+ Cp+q 1+|q|)

)_ (1— c)p+(1+c) r—t)  Set

where p; = p1(p,7,t

Ry ={(p,@); ;i(p,m,t) <q<p, |[r—t| <p<r+t}

We define
4
Il(pvtar) :/ dg ) (316)
0 (1+<ZH)7(1+ q|)?
0
Lp,t,r) = / dq . (3.17)
(1+ cf:lq) (1+1q])?
Then we have .
1 s
T e— . vl
1) = 75 /t | (Btr) + Bty (3.18)
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Since n
cp+q c
1 > 1 h >0
+C+1_C+1( +p) Wenq— )
we get
C e dq 2C
Il(patﬂa) S / = ) (319)
(14+p)? Jo 1+ g))> (1 +p)?

where C' is a constant independent of ¢ and 7.

If p; > 0, it is clear that I3(¢t,r) < 0, and I is negligible. Therefore we may assume
p1 < 0 in the following estimate of I5. Let § be a constant satisfying 0 < § < 1. We split I
into two parts:

6])1 d 0 d
L(p,t,r) :/ — : +/ — :
mo (LB A1) o (14 B0+ )

= I3(p.t,7) + Lu(p,t,7). (3.20)
We have N s
cpr(q cp D1 c
1 >1+———2>1 1-9
+c+1_ + c+1 — +c+1( )

for any (p,q) satisfying dp; < ¢ < 0 and |t — r| < p, because we have p; > —cp for such p
and ¢. Hence, similarly to (3.19), we obtain

Cs

Lipt,r) < —2 .
a(p. 1) (1+p)?

(3.21)

From now on, we concentrate on I3. Let € be a positive constant. First we consider
the case p > (14 ¢€)|t — r|. We have

_t_
w>1+p | T|>1+;p205(1+p) for ¢ > p;.

1 - '
Tl T D

Therefore, similarly to (3.19), we obtain

C.

I ,t,’l" S 71 . N9

for p> (1 +e)|t—rl|. (3.22)

Secondly we consider the case [t —r| < p < (1 +¢)|t — r|. We may assume r < ¢ because
r >t implies p; > 0 for such p, provided that ¢ is small enough. This time we have

1+|q|=1—q21+5(<1+C)(t—;)—(1—c)p)

(I+e¢)—]1—¢|(1+¢)
2(1+¢)

>1+ 5p (3.23)

for any (p, q) satisfying p; < ¢ < dp1(< 0) and (0 <)t —r < p < (1 +¢)(t — r). Hence there
exists a positive constant C; 5 such that

1+]q] > Ces(1+p) (3.24)

for (p, q) satisfying p; < ¢ < dp; and 0 <t—7r < p < (1+¢€)(t—r), provided that ¢ satisfies
1+c¢—1]1—¢/(14¢€) > 0. Note that we can find such ¢ (> 0), because 1 +¢— |1 —¢| >0
for ¢ > 0. By (3.24), we obtain

C /5171 dg c 1 C
2 p1

—_ < <
(1+p) (14 ) = (14+p)* 14220 (L4 p)?

Is(p,t,7r) < (3.25)
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fort —r <p < (14¢)(t—r), where C is a constant independent of ¢ and r.
Finally (3.21), (3.22) and (3.25) imply

C

L(p,t,r) < ; 3.26
2(ptir) < (3.20
which, together with (3.19), leads to
g 1 1
I(t,r)gg/ P 2:9( _ )
7 Jj—r (L +p) r\l1+t—r] 14+t+r
t — |t — 2
Ct+r—1|t—r|) < C (3.27)

(A ft—r)A+t+r) - Q+)t—r)A+t+7)
because ¢t + r — |t — r| < 2r. This completes the proof.

Now we are going to unify the weight functions for each speeds to one weight function.
We set
w_(t,z) =  min w;(t, x). (3.28)
j=1,--,m
Then, making use of an appropriate partition of unity, we find the following inequalities
from Corollary 3.1 and Proposition 3.1.

Corollary 3.2. Leti € {1,--- ,m}. Then we have

(wow;) (¢, 2)|0.Ui[¢](t, z)| < C S lyl(whw)(r y)lo(ry)h if w>1, (3.29)
yG]R‘S
(wow;)(t, )|0.Ui[¢](t, x)| < Clog(2 +t) S |yl (wow-) (7, y)|p(T, y) |1 (3.30)
yER3

for any a =0,1,2,3, and

(wywi)(t, 2) U]t 2)] < € sup. [yl (wiw? ) (. )6 (7, y)]. (3.31)

€R3
§4. Proof of Theorem 1.1

In this section we will prove Theorem 1.1. Because of the classical local existence
theorem, it suffices to get some a priori estimate of the solution.

Let T > 0 and u(®) = (uga),~~ (E)) be the solution to (1.1)—(1.2) for 0 < ¢t < T,
where ¢ is the parameter appeared in (1 2).
We define .
E.(t)= su ei(T), 4.1
=(t) OSTI; ; ei(T) (4.1)
where
eei(t) = [[(wows) (£, ) [ul™ (¢, ) s ol oo )
(1+t) (Iluz( (t, )||2K2+||3U 't o 2)
+ 1w )t [ (& s sl o )
+ [l (worw~ XEHE(HMSMWM+W (t)lorc-ap (42)
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In the above, A is a positive and sufficiently small constant, and K is an integer satisfying
K >12.

Since 1+t < C(wow;)(t,z) for any t >0 (i =1,--- ,m), we have

sup [l ()| k42 < CA+ ) 'E(T)  for 0<t<T. (4.3)
zeR:

By the Sobolev type inequality

sup || [v(z)| < C > 102950 L,
ek lal+18]<2

which holds for any v € S(R?) (see [11] for the proof), we also have

sup [ {(1+ )7 (™ (1, 2) axc -2 + 0uf (1, @)ax—2) + luf? (1, 0)lax—} < CEL(t) (4.4)
z€R

for any i € {1,--- ;m} and ¢t > 0.
Our aim in this section is to prove the following proposition.

Proposition 4.1. Let T > 0. There exist positive constants My, Co and €1, which are
independent of T, such that E.(T) < My implies

B.(T) < Co(e + E=(T)*), (4.5)

provided that € < 1.

If once Proposition 4.1 is established, the bootstrap argument implies that there exists
a positive constant gy (< e1) such that for any € < go, E.(t) stays bounded as far as the
solution exists. This a priori estimate, together with the local existence theorem, implies
the existence of global solutions. This completes the proof of Theorem 1.1. Hence our task
is to prove Proposition 4.1.

Now we are in a position to prove Proposition 4.1. We always assume that E.(T)
and ¢ are sufficiently small in what follows. We also abbreviate u() as u for simplicity of
exposition.

Proof of Proposition 4.1. Operating I'* to (1.1), by (2.7) we have

O(T%u) = 3 TPF (u, 0u, 8,0u). (4.6)
[BI<]

Therefore, remembering (2.5) and the expression (1.14), we find

T = U7 [frar gial ¥ S (Uil0p(TP Ny o)) + Uil0p(TP Ria))

18]<]|e|
a,be{0,1,2,3}

+ 3 nirtHy, (4.7)
18I< ]
where f; o = (T%u;)(0,-) and g; o = (0:T%w;)(0, -).

4.1. Estimates for |u;(¢,x)|2x—3. Let |a] < 2K — 3 in (4.7). Throughout this
subsection, we assume that § is a multi-index with |8 < 2K — 3.
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Lemma 3.1 implies that

(w+wi) tax)|Ui*[fi,aagi,o¢](tax)| S CE&
(wsw;)(t,2)|UF[0, (TP Ri,a) (0, )](, 2)] < Ce2.

Since |R; o (u, Ou)| < C(Jul? + [0ul?), (3.30) in Corollary 3.2 leads to

(wow; ) (t, 2)|0pUs [P R; o] (L, )|

<Clog(2+t)  sup  (wow_)(7,y)|u(T,y)|Kk+2
(r,y)€[0,t)xR3

x {yl(lu(7, y)l2x—2 + [0u(T, y) |2 —2) }
< C{log(2 4+ t)}(1 + t) E.(t)2. (4.10a)

Here we have used (4.4) to get the last line. Therefore, noting that log(2+t) < Cx(1 +1)*,
we obtain

(w > w} =) (1, 2)| O VLT Ri o] (1, 2)| < CELT)®  for (t,a) €[0,T) x R%.  (4.10b)
Since U;[0p(TP R .0)] = OUi[TPRi.a] — 004U [0, (TP R; 4)(0, )], from (4.9) and (4.10b)
we find
(wo™ P w7 (&, 2)|Ui[06(T° Ri o)) (t, 2)| < C(€* + E(T)?) (4.11)
for (t,z) € [0,T) x R3.

Just in the same manner, we can also show
(wp =P w; =) (¢, )| Us[86(T7 Ny o)](t, 2)| < C(* + E<(T)?) (4.12)

for (t,z) € [0,T) x R3.

Now we are going to estimate U;[T'PH,]. Since |H;(u,du,d,0u)| < C(|ul® + |0u|® +
|0,0ul?), (3.31) in Corollary 3.2 implies

(ww;)(t, 2)|U; [ Hi (¢, @)
<€ sup (wiw?)(my)lu(r y) i (Il (Julr, y) 2k —s + [0u(T, y) |2k —2)}
(T,y)€[0,t) xR3
<CA+t) E(T)>  for |3] <2K — 3. (4.13a)
Here we have used (4.4) again. (4.13a) implies
(wp " wy ) (¢, 0)|Ui[T7 Hi] (1, 2)| < CE(T)* < OE(T)? (4.13b)

for (t,z) € [0,T) x R3.
Finally, from (4.7), (4.8), (4.11), (4.12) and (4.13b), we obtain

(w0l ) (4 )it 2ok s < Cle+ Bo(T))  for (6,2) € [0,T) xRS, (414)

4.2. Estimates for ||u(t,-)||2x—4,2. We are going to prove

|u(t, Vo —a2 < Cle + B(T)?)  for 0<t<T. (4.15)
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From (4.7) and (2.12) in Lemma 2.2, we have

[u®)l2x-22 < Ce+C > (IU[0T” N; ol (®) ]l 2 + Ui [T Ry o] ()] £2)

|BI<2K —4
0<a,b<3

+ Y P H @) (4.16)

|B|<2K—4

First, we will get a bound of |U;[0,(T” N, 4)](t,-)|| 2. By Lemma 2.3, we have
t
U3 [0sT7 Nia) (t, ) 22 < C<€2 +/ \|Ni,a(77')||2K74,2dT>- (4.17)
0

Because N, , is a quadratic function of Ou; with j € I(4), we have

|Nia(T,y)|2x—2 < C Z s (7, )|k =1 |un (7, y) 2k -3
PRS0

< Clwg 2w 222 (8, ) Eo(T)° (4.18)

for (1,y) €[0,T) x R3.
Since N; , satisfies the Null Condition, we have a better estimate around the light cone.
To explain it, we recall the estimates for the null forms.

Lemma 4.1. Let ¢ be a positive constant, and a,b € {0,1,2,3}. Then we have

1Qo(¢, ¥;¢)(t, x)| <Clet —r|(1 +t+7)"00] |0y
+C1+t+7)" (|1 [0v] + 109 [Y]1), (4.19)
|Qan(¢,¥)(t, )| SC(L+t+7)""(|o]110¢] + |0¢] |¥]1) (4.20)

t
for any (t, ) satisfying |ct —r| < %, where r = |z|.

Proof. See [19] for the proof.

Set
3 C;T .
Ai(T)z{yER;|ciT—|yH<7} for i=1,---,m. (4.21)
Note that wg > Cwy in A;(7).
Since NV; , can be written as a linear combination of the null forms, by Lemma 4.1 we
get

| Nia(T,9) 2604 < Clwy ws)(7,y) Z | (7, Y) =1 |une (7, y) l2rc—3
jikel (i)
S C(w;1w52+2)‘w'_1+2)‘)(7, y)EE(T)Q

3

7

< C(w* w12 (1,y) E-(T)? (4.22a)
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for any y € A;(7) and any 7 € [0,T). Hence we obtain

[ Nalr o) B ady
yEAi(T)
3e;7/2
< C(1+7) B (T) / (1+ [esr — rl) 2402y

ciT/2
oo

<C(1+ 7’)—4+4/\E5(T)4/ (1 + |eir — r]) "2 A ar
0

<O +7) Y E(T) (4.22b)
for 7 € [0,T), provided that —2 + 4\ < —1.

On the other hand, observing that 1+ 7 + |y| < Cw;(7,y) for y & A;(7), by (4.18) we
get

[ Nialn B ady

ygEAi(T)

<C(1+7) B (T) / (1 +7)" 4220y < C(1 + 1)~ E(T)* (4.23)
0

for any 7 € [0,T), provided that —2 + 4\ < —1.
Since (4.22b) and (4.23) lead to

[Nia(7: )2k —a2 < C(L+ 1) 2T E(T)?, (4.24)

from (4.17) we obtain
Ui [06TP Ni o] (t, )] 22 < 0(52 + EE(T)Q/ (1+ T>_2+2>\d7) <O+ E(T)%) (4.25)
0

for |8] < 2K —4 and t € [0,T), provided that —2 + 2\ < —1.
Secondly we will estimate ||U;[0,['®R; ,]|| 2 for |3| < 2K — 4. From the assumption on
R; ., we have

IOV Ria)(t, )z <C Y0 OULI™ 8%u) (F720%up )] (¢, ) | 2. (4.26)

(3,K) (1) x1(3)
[71]+721<18]
|pl,lq|=0,1

Hence our task is to get a bound for ||OU;[(T70Pu;)(T'720%u)](¢, ) || L2 with (j, k) & I(i) x
I(3).
Set v = U;[(T7 0Pu; ) (T2 0%uy)] for a while. Multiplying the equation
Oiv = (7 0Pu;) (T2 0%y,)

by O,v, and then following the standard derivation of the energy equality, we obtain

lOv(t, )3 SQ/O /GRS{(F'“6puj)(F'Y28quk)(8tv)}(T, y)dydr. (4.27a)

Similarly to (4.10b), we can prove

(w§ ™0l ) (2)[Ov(t,2)| S CELT)  for 0<t<T.  (427h)
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Since (j,k) & I(i) x I(3), we have either ¢; # ¢; or ¢, # ¢;. Without loss of generality,
we may assume c¢; # ¢;. From (4.27a) and (4.27b), we get

T
J0u(t, )22 < C / {072 )(Br0) } (7, ) | 2 [T 0% (7, ) | e
T
<c / et s 5180k larc —s. 27
0
T
< CE.(T)* / g (r, )2 e (14 )N, (4.27¢)
0

where ,
w; (7, y) = (wow;w;)(1,y).

If |y| <e¢ji7/2 with ¢ ; = min{c;, ¢;}, we have
wi TN 1, y) < O+ [y) 2 A+ )2 (4.27d)

Therefore we get

/ lwji(m,y) T2 Pdy
ly|<ej,iT/2

< O(1+47)~ 48 / (14 7)"* 2 dr < C(1+7) 743, (4.27e)
0

provided that —2 + 8\ < —1.
On the other hand, since the assumption ¢; # ¢; implies (w;w;)(7,y) > C(1+ 1), we

obtain
wia(,y) T <O+ [y) A4 )T, (4.271)

which leads to

/ wja(r,y) A 2dy < (1 + 7)72+4A/ (14 r)~ 4822y
ly|>cji1/2

c;iT/2
N\ —14+8A
< O 2 (14 )
<C(l+7) +=35
SO +7)73A, (4.27g)
provided that —1 + 8\ < 0.
From (4.27¢) and (4.27g), we find
lwsi (7, )72 < O(1 4 )73/ (4.27h)
for sufficiently small A, and from (4.27c) we obtain
sup [|9v(t, )|z < CEs(T)Z(/ (1 +T)*3/2+”d7)§ < CE.(T)?, (4.27i)
0<t<T 0

provided that —3/2 + 7\ < —1.
As an immediate consequence of (4.271), (2.13) and (2.12), we get

sup [|Ui[0s7 Ry o](t, )l L2 < C(* + Eo(T)?) (4.28)
0<t<T
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for p with |8] < 2K —4.
Now, we will get cotrol of ||U;[TP H;](t,-)||r> with |3] < 2K — 4. We note that

| Hi(1,y)l2xc—a < Clu(r, y) [ (Ju(r, y) |2k -1 + |0u(T, y) |25 -3)- (4.292)

From Lemma 2.2 and Hélder’s inequality, we have

|V H (¢, ) 2 < C / VHi(7, ) ok /57

<C/ e, Y I, S (lur, Ml —a2 + [0ulr, ) l2x—5.2)dr
< CE.(T)? / (14 7)>M3=48dr < CE.(T)?, (4.29b)
0

provided that 5A/3 —4/3 < —1.
Finally, (4.15) follows from (4.16), (4.25), (4.28) and (4.29Db).

4.3. Estimates for |u;(t,z)|2x—s and |u;(t, )| x+2. Lemma 3.1 and Corollary
3.1 with p=v =1+ X imply

(’LUQU}Z')(t, J})|Ul [6bFﬂNi7a} (t, l‘)‘

< 0(52 + C sup |y|(w0wi)1+)\(’r7 y)|Ni,a(T7 y)‘2K77) (430&)
(1,y)€(0,t) xR3

for |8 < 2K - 8.
By Lemma 4.1, we have

Y| | Ni (T, y)|2rc—7 < Cly|(wi w;)(1,y) Z [ (T, 9)| k-2 |ur(T,y)|2x—6

J,k€l(i)
< C(witwy w2 (1,y) B (T)?
< O(wi ™y ™M ) (1, ) B (T)? (4.30b)

for y € A;(7). On the other hand, for y ¢ A<(7’) we get
1] | Nia (7,97 < Clyl(wg 2 w22 (7, y) E(T)?

< C( —142X +2+2)\)(7_’ y)EE(T)Q
< Cwy P wy  rw N (1, y) BL(T)2. (4.30c)

2

Consequently, if A is small enough to satisfy —1 + 6\ < 0, we obtain
(wy " wi ™) () 1yl INia (T y) ok —7 < CEL(T)®  for any (r,y) € [0,T) x R,
and (4.30a) leads to
(wow;) (t, 2)|U; [0 N o)(t,2)| < C(e* + E<(T)?) (4.30d)
for |8] <2K —8and t € [0,T).

Now we turn our attention to the estimate of U;[0,I'°R; 4.
First, suppose j,k € {1,---,m} and I(j) # I(k). Then, for |8] < 2K — 8 and for
0 <|pl,|q| <1, Lemma 3.1 and (3.29) in Corollary 3.2 lead to

(wow;) (¢, 2)|U; [abrﬁ(apuj 0%ug)](t, )|

< C’<52+ sup Iyl (wd+H ) (, y)|(8puj)(aquk)(r,y)|2K,7>. (4.31a)
(7,y)€(0,t) xR3
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Since we have (w;wg)(7,y) > (wyw_)(T,y), we obtain
[yl 1(07u)(0%ur ) (7, y)|2r —7 < Clyllu; (7, y)|ax —6|ur(T: y)lax -6
< C|y\(wo_2+4/\w11+2/\w:1+2/\)(7', y)Ea (T)2

< C(wy A wZ "M N (7, y) EL(T)2. (4.31b)
Therefore, if A is so small that —1 + 10\ < 0 holds, we get
[yl (wo W) (7, ) 1(0P4) (8%uk ) (7, )2k —7 < CB-(T)? (4.31c)
for any (7,y) € [0,T) x R3, and consequently (4.31a) implies
(wow; ) (t, ) |U; [0 TP (0Pu;0%y,)|(t, )| < C(e? + E-(T)?) for t€[0,T), (4.31d)

provided |5 < 2K — 8.
Next, let j,k € {1,--- ,m} with I(j) = I(k) # I(i). We can choose a cutoff function
x € C*(R; x R3) which satisfies
supp x C {(7,y) € Ry x R% 72 + |y> > 1 and |¢;7 — [y| | < ¢;7/2},
x =1 on the set {(,y); 7% + |y|?> > 2 and |¢;7 — |y|| < ¢;7/4}, (4.32)
0 < x(r,y) <1 and sup Ix(1,y)1 < C.

(1,y)ER4 xR3

Since ¢; = ¢, we have
ly| [(0Pu;jO0%up)(T,y) |2k —7
< Clyl(|uj (7, y) |k —3|ur(T,y) |2k —6 + [un (T, y) |k —3|u; (T, y)|2—6)
< Clyl(wy **#wy ) (r,y) E-(T)*. (4.33a)

J

For (7,y) satisfying | ¢;7 — |y| | > ¢;7/4, we get

yl(wg > T2 w22 (7, y) <C(wg ' wi ) (7 y). (4.33b)

It is easy to see that (4.33b) is valid also for (7,y) satisfying 72 + |y|> < 2. Therefore, if
2 —5X > 1, Lemma 3.2(i) with the choice

J =0, w=2-="5\ and v=1+2X

gives us
(wow; ) (t, ) [OU;[(1 — x)TP (0Pu; 0%uy )] (t, z)| < CE(T)? (4.33¢)

for |8 < 2K — 8.
On the other hand, for (7,y) with | ¢;7 — |y| | < ¢;7/2, we get

[yl (wg > w2 F2) (1, y) < Clwi w2 F22) (1, y). (4.342)
Since we may assume 2 — 2\ > 1 for small A, by (4.33a) and Lemma 3.2(ii) with the choice
J =37, pw=1-2\ and v=2-=2),

we obtain
(wowil_”)(t, x)|0U; [Xrﬁ(apuj Otug)](t,x)] < C’Es(T)2 (4.34b)
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for |8] < 2K — 8.

Now we are going to get a similar estimate for |3] < K+2. Since we have (K+3)/2+1 <
K+2and K +4<2K —8 for K > 12, we get

|y |(0Pu; 0%up) (T, y)| K +3
< Clyl (| (7, Y) | relur (T, y) |2k —s + [ur (T, y) | K2 lui (T, Y) 250 —8)
< Clwg Mwy 722 (1, y) E(T)? (4.352)

in place of (4.33a). For (7,y) with |¢;7 — |y|| < ¢;7/2, instead of (4.34a), we have
(wg "y 22 () < Clwi wi ) (r,y). (4.35b)
Now we can apply Lemma 3.2(ii) with the choice
J =17, w=1 v=2-—2\,
and we obtain
(wow;)(t, ©)[OU; [XTP (9Pu; 9%uy,)|(t, 2)| < CE(T)? for |B] < K +2. (4.35¢)
From (4.33c) and (4.34b), we get
(wow} M) (t, )| OU TP (8Pu; 0%u)](t, )| < CE-(T)? for |B] < 2K —8, (4.36)

provided that I(j) = I(k) # I(i).
Similarly, (4.33c) and (4.35c¢) lead to

(wow;)(t, ©)|OU; TP (8Pu; 0%uy)](t, )| < CE.(T)? for |B| < K+2, (4.37)

provided that I(j) = I(k) # I(i).
By (4.31d) and (4.36) together with (4.9), we see that

(wow; M) (¢, 2)|Ui[0, TP R; o] (t, 2)| < C(e® + E-(T)?)  for |B] <2K —8,  (4.38)
and, replacing (4.36) by (4.37), we also obtain

(wow; ) (t, ) |U; [0, TP R, 4] (t, )| < C(% + E-(T)?)  for |B| < K +2. (4.39)
Finally, since H; is a function of degree 3, by (4.4) we have

lyl(wgw? ) (7, y) | Hi (T, y) |2 -8
< C{(wow-) (7, y)|u(r, y)| k-2 }* (Y| [u(T, y) |2 —6) < CE(T)? (4.40a)

for all (7,y) € [0,T) x R3. Therefore (3.31) in Corollary 3.2 implies

(wow;) (t, z)|Ui[LP H; o) (t, )| < CEL(T)®  for |B| < 2K —8. (4.40b)

Summing up, from (4.8), (4.30d), (4.39) and (4.40b) we get
(wow;)(t, @) |u;(t, )| k2 < Cle + Ee(T)?), (4.41)
while, using (4.38) instead of (4.39), we obtain

(wow! ) (¢, @) us(t 2)|ax—s < Cle + Eo(T)?). (4.42)
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4.4. Estimates for ||Ou(t,)||2k,2- Let |a| < 2K in (4.7), which can be rewritten as

Oi(T%u) = Y o 0k0a(T%u;) =TF, = > ¢ 0104 (T ;) Z I°F,  (4.43)

Jka ke 1B1< || -1
where the coefficients cfja(u, v,w) are given by (1.5).
Since F;(u,v,w) = O(Jul?+|v|*+|w|?) for small (u, v, w), the Leibniz formula, together
with (2.4) and (2.5), implies that the right hand side of (4.43) is dominated by
Clu(t, z)| k2 (ult, 2)l2x + [Ou(t, 7)|2k)-

We also have c;ju(u, ou) < Clu(t,z)]1(<< 1). Hence, remembering the assumptions (1.4)
and (1.6), we can apply Lemma 2.1 to (4.43), and we get

[Oui(t, )ll2k,2 < C(E +/0 [[w(T) | ¢ +2,00 (1u(T) l|2c,2 + ||8U(T)||2K72)dT)

2 ! T A—1 T
SC’(EJrEE(t) /O(1+ ) d)
<CA4+t)Me+E(T)?)  for 0<t<T. (4.44)

4.5. Estimates for ||u(t,-)||2k,2. Let || < 2K in (4.7), again.
Remembering that F; = > 0,Gi,o + H;, and using (2.4)—(2.7), we find

OH,
Oreu) = 3 9(IPGha) + Z a’“(a reg, uj) +H,, (4.45)
18<]a] jda o OWika
0<a,b<3

where

H;, =T“H, - Zak(awjkaraa u])—l— S rim,.

18|<|er|—=1

Since |H} | < Clul%o(Jularx + |0ul2k ), Lemma 2.2 implies that
t
U1 i < C [ () el + 00 ) o
t 4 2
< C/O [ull %2 00 lull 2,2 (lull2 2 + [|0ul 2k 2) dT
< CEE(t)?’/ (1+7)3)3dr <CE.(T)® for 0<t<T, (4.46)
0

provided that A is small enough to satisfy %/\ - % < —1.
On the other hand, by virtue of Lemma 2.3, we have

) OH,;
’Ui[ 3 ab(raci,a)+25k(aw red uj)}( )
18|<lal Jk.a Jrka L
a,be{0,1,2,3}

<O(+ [ Iutllrau(r)lama + 19u(r)arc )i

< 0(52 + E.(T)? /t(l + T)Hdr) < C(1+ )M+ EL(T)?). (4.47)
0
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Summing up, we obtain
(1 + )" Mui(t,)ore < Cle + EL(T)?)  for 0<t<T. (4.48)

4.6. Conclusion. Finally Proposition 4.1 follows from (4.14), (4.15), (4.41), (4.42),
(4.44) and (4.48). This completes the proof.
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