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ESTIMATES OF LOWER CRITICAL MAGNETIC
FIELD AND VORTEX PINNING BY INHOMO-
GENEITIES IN TYPE IT SUPERCONDUCTORS***
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Abstract

The effect of an applied magnetic field on an inhomogeneous superconductor is
studied and the value of the lower critical magnetic field H., at which superconduct-
ing vortices appear is estimated. In addition, the authors locate the vortices of local
minimizers, which depends on the inhomogeneous term a(z).
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§1. Introduction

Consider the following functional:
1 1
T A) = 5 [ IVaul + 55 o)~ [+ h = bl — B2, (1)
2 Jo 2e2

which corresponds to the free energy of a superconductor in a prescribed constant magnetic
field h.s. Here, Q C R? is the smooth, bounded, simply connected section of the supercon-
ductor and a(x) : Q — R? is a given function satisfying 0 < mina(z) < a(x) in Q. The
unknowns are the complex-valued order parameter u € H'(£,C) and the U(1) connection
A€ HY(Q,R?). h = curlA is the induced magnetic field, V4 = V — iA. The order param-
eter u indicates the local state of the material, viz., |u| is the density of superconducting
electron pairs so that, when |u| ~ 1, the material is in its superconducting state, whereas
when |u| ~ 0, it is in its normal state. kK = é is the Ginzburg-Landau parameter depending
on the material. The modified Ginzburg-Landau functional (1.1) was first written down by
Likharev [12]. Then, this model has been used and developed by Aftalion, Sandier, Serfaty,
Chapman and Richardson [3,9]. The minima of a(z) corresponds to the impurities in the
material.

It is well known that a superconductor placed in an applied magnetic field may change
its phase when the field varies. There are two critical fields H., and H., for which a phase
transition occurs. Above H,,, superconductivity is destroyed and material is in the normal
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phase. Below H.,, the material is superconducting everywhere. When H., < he, < H,,
the material is in mixed state. In this state, since the works of Abrikosov [1], the minimizers
of (1.1) exhibit vortices, i.e. points where the order parameter vanishes, if the Ginzburg-
Landau parameter kappa is large enough. Actually these vortices are observed in nature
experimentally. It is of importance to determine where these points are located and estimate
the values of H., and H.,. There have been many works toward to dealing with such
problems [2, 4-11, 13-22]. We do not attempt to give an exhaustive list of reference, but
briefly summarize the advances concerning this problem. In the case a(z) = 1 in , the
value of the first critical field (as a function of kappa) was predicted by Abrikosov when
the domain is the plane. This computation was extended to arbitrary domain by others.
However, these were only formal works. Very recently, S. Serfaty [18] was able to derive a
completely rigorous proof of the previous predictions. In the case a(z) # 1 in ©, Kim and
Liu [14, 15, 16] studied the global minimizers of the functional (1.1).

In this paper, we want to find the first critical magnetic field H,, and study the local
minimiers of (1.1). Inspired by [10, 18], we will choose a suitable M and construct the local
minimizer of functional (1.1) in

DSy = {(u,A) € H'(Q,C) x HY(Q,R?) : F,(u) < M|Ineg|}, (1.2)
where . .
Fofu) = 5 | [IVu + 55 (ata) = fu?] (13)

Recall that the Ginzburg-Landau equation of any critical point (u, A) € H*(Q,C) x H (%,
R?) associated to the functional (1.1) is

1
Ly VA sl

~V+th = (iu, V au)

with the boundary conditions

h=hey on 01,
{ (1.4)

(Vu—iAu) - v =0 on 9.
Here V+ denotes (—0,.,,0,,), v is the unit outer normal vector to 9Q and (z,w) = Re(zw)
where z and w are in C.

Let us now state our main results and hypothesis. Notice that J(u, A) is invariant
under U(1)-gauge transformation, i.e. of the type

v=¢€%u, B=A+V¢ for any ¢ € H*(Q,R),

which makes the problem non-compact. Therefore, throughout this paper, we shall impose
the gauge condition

{div (a(z)A) =0 on , (1.5)

A-v=0 on Of).

Moreover, since we assume that  is simply connected, we can say that there exists £ €
H?(Q,R) such that

{a(z)A == (_gxzagﬂh) in Q’ (16)

=0 on ON.
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Hence
1
h = curlA = div (gV§). (1.7)
Without loss of generality, we make the following hypothesis on the function a(z):

0<by= m%na(m) <a(z) <1 (1.8)

Now let & be a smooth function satisfying

—div (évgo) tE=—1 n 0, )
=0 on 09,
and define
A= {req: |20 [} 110)

From Lemma 4.2 in [16], the set A is a finite set under the assumption that a(x) is analytic.
Our main theorem is the following

Theorem 1.1. Let Q C R? be a bounded, smooth, simply connected domain. Assume
that a(x) is a analytic function and (1.8) holds. Assume that M > w(CardA) m/ixxa(a:).
Then, there exist ky = ks = 0:(1), k§ = 0.(1) and g = g9(M) > 0 such that

2mﬁax|7sf((;)) | ’
H., =ki|lne| + k3, (1.11)

and the following holds for e < eg:
(1) If hex < He,, a solution of (G.L.), which minimizes J(u,A) in DS, exists and

b
satisfies 50 < |ul < 1.

(i) If Hey + k5 < hex < Hey, + O (1), there exists a solution of (G.L.) that minimizes
J(u, A) in D$,. It has a bounded positive number of vortices a5 of degree one such that

dist (a5, A) — 0 as € — 0, (1.12)
and there exists a constant o > 0 such that

dist (a5, a5) > a for i # 3. (1.13)

Remark 1.1. It follows from (1.10) and (1.12) that the distribution of the location of
vortices are governed both by the term a(z) and by the function £, which is related to the
magnetic field. This is called the pinning mechanism in superconductivity.

Remark 1.2. In Theorem 1.1, we only assume the smooth property of the inho-
mogeneous term a(x). This results can be extended to the model of variable thickness
superconducting thin film in [10, 18].

This paper is organized as follows. In the next section we shall give some basic estimate
for J(u, A). In Section 3, we pay attention to the splitting of the energy J(u, A). In Section
4, we shall split the magnetic field. In Section 5, we give some estimates for F,. In Section
6, we shall obtain the critical magnetic field. In Section 7, we prove Theorem 1.1.

In the discussion of the following sections, we always assume that the Abrikosov esti-
mate H., < C|lneg| holds and 1 < h,, < C|lne|. Also, for simplicity of the notation, we
denote D$, by D hereafter.
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§ 2. Basic Estimates

In this section, we give the following lemmas and omit their proofs here.

Lemma 2.1. For (@, A) minimizing J(u, A) in D with gauge condition (1.5), we have

J(i, A) < Ch?,, (2.1)

%/Q IV z0|* < ChZ,, (2.2)

17 [ (o) — )7 < C, (23)
€]l 2Ry < Ches, (2.4)

where € is defined by (1.6).

Lemma 2.2. For any (i, A) in D satisfying gauge condition (1.5) and J (i, A) < Ch?,,
there exists (u, A) € D satisfying (1.5) such that

lu] <1, (2.5)
Fo(u) < Fo(a), (2.6)
J(u, A) < J (@, A) +o(1), (2.7)
V€]l Lo (@,r) < Cheg. (2.8)
In addition, if (@, g) minimizes J in D, then there holds
F,(u) = F,(a) +o(1) as € — 0, (2.9)
J(u, A) = J(@, A) +o(1) = J(u, A) + o(1)  as £ — 0. (2.10)

Lemma 2.3. For (u,A) € D and |u| < 1, let u? € H*(Q,C) be a minimizer of the
following minimization problem

) 1 5 1 lu — v|2
- 2.11
el {9+ gt PP+ | Bt} @1

where 0 < v < 1,0 < by <a(z) <1inQ and a € C*(Q). Then, we have uY in H3(Q,C)
and v satisfies

1 u—u’
AU = —u'(a — |luY)? el
AuY = U (a — |u"|*) + g (2.12)
Fo(u”) < Fy(u) < M|lneg|, (2.13)
lu7] <1, (2.14)
C
|[Vu| < = (2.15)

Since |[VuY| < €, the vortices are well defined in the following lemma (see [5]).

Lemma 2.4. There ezists A > 0 and vortex points {a5}ier in Q such that CardT <

Ch?_, and

ex’

1
|u”(x)| > 5()0 in Q\ igTB(af,)\e). (2.16)
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In the remaining part of this section, we shall pay our attentions to the discussions
on the minimizer u?. Although we have put a function a(x) in the functional (2.11) on
u?Y, we found that the proofs of the following four lemmas on the properties of w” can be
obtained directly from adjusting the corresponding ones in [2, 18] and [19] by replacing the
energy density with 1[|Vv|? + Za(1 — |v|*)?] where v = % Thus, we omit the proof of the

following lemmas in this paper.

1
Lemma 2.5. For any 0 < v < B < 1, «” has no vortex (i,e, [u?| > 51)0) on the
domain {x € Q : dist (x,09Q) < &°}.
Lemma 2.6. Card 7 is uniformly bounded by a constant N which is independent of

€. Let 0 <y < B < pu<1 besuch that i = pNTt > 3. For & small enough we may choose
a subset Ty C T and a radius p > 0 with e < et < p<eh < e? such that

1
N> = ; e .
‘u | = 2b0 m Q\ieUTlB(a“p)’ (2 17)
|uY| > a — _C on 0B(aj,p) for i€ Ty, (2.18)
[Ine|?
C
/ e-(u”) < ) for i €71, (2.19)
9B(az p) p
h 7Y — 1 Vvu|? 1 v712)2 d
wereeg(u)—§[\ u|+2—€2(a—|u|) an
la; —a5| >8p  for i#j€T. (2.20)

Lemma 2.7. For any u € D, denote d; = deg(u”,dB(a$,p)). Then we have
|d;] = O(1), Vie 1. (2.21)

If the fact |[Vu| < < is proved (if u is a solution of (G.L.), then this is true), then in
the sense of [5] the vortices of u are well defined and has the same uniformly bound on the
number as the vortices of u” has. For u, we may also have bigger vortices (b5, ¢;) of size p,
such that u satisfies the same conclusions as in Lemma 2.6 for v”. We may compare (a, d;)
(the vortices of u”) with (b5, ¢;) (the vortices of u) by the minimal connection between the
vortices as in [18]. Now define positive points p; and negative points n; as follows:

(1) The set of p;’s consists of all the b;’s such that g; > 0 repeated |¢;| times, with the
a;’s such that d; < 0 repeated |d;| times.

(ii) The set of n;’s consists of all the b;’s such that ¢; < 0 repeated |g;| times, with the
a;’s such that d; > 0 repeated |d;| times.

Also define the positive holes by P; = B(p;,p) and negative holes by N; = B(ny, p)
and add R? \ Q as a hole of multiplicity >_d; — > ¢;. Then there are k positive holes and
k negative holes, and the distance between the configurations @ = (a;, d;) and b = (b;, ¢;) is
defined by the minimal connection [7],

k
dist (a,b) = L 171:f i — Ng(i)]-
ist (a,b) = L(pi, ni) Ulélsk;@ N ()]

Lemma 2.8. For small €, there holds

dist (a,b) < Ce"|Ineg|. (2.22)
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§ 3. Splitting of the Energy J(u, A)

The results in this section are closely related to those in Section IV.1 in [18]. As in
[18], we shall decompose the energy J(u, A) with the following lemma.

Lemma 3.1. For any (@, A) € D satisfying (1.5), (2.1)~(2.4), let (u, A) be associated

with (4, Z) as in Lemma 2.2 and let u be associated with u”, solving the minimization problem
(2.11), which has vortices (a;,d;) satisfying Lemma 2.6. Then we have

J(u, A) = Fo(u) + V(€) + o(1), (3.1)

where

_ L[ Lgep L
vie =3 [ aver+s [

and & is defined by (1.6).

div (évg) ‘2 — P /Q div (2%) +ory dig(a),  (3:2)

€Ty

§4. Splitting of the Magnetic Field V(&)

In this section, we will split the magnetic field under the assumptions of Lemma 3.1.

Let

C = f - hem§07 (41)

where & is the unique solution of the equation

(1 .1 .1 o .
—div (av(dw (EV&)))) +div (gvgo) -0 in O (4.2)
.1

div (Evgo) =1  on 9O, (4.3)
50 =0 on Of). (44)

By computation, we have the following lemma.

Lemma 4.1. Under the assumptions of Lemma 3.1, we have

V(&) = V(heabo) + V(C), (4.5)
where ~ 1 1 2 1 2
VO =5 /Q g]vg‘ + ’div (5V<) ] np. ; d;C(ay). (4.6)
Now, from Lemmas 3.1 and 4.1, we can write J(u, A) as
T(u, A) = Jo + Fo(u) + 2nhe, Y di€o(as) + V(C) + (1), (4.7)
€Ty

where

_ 1 2 : 1 2 1 2
Jo = *ihex/Q div (gV&))‘ + 6|V§O| . (48)

By a simple computation we also have the following estimate.
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Lemma 4.2. Jy satisfies

1
nf T A) = Jo + 7/ IVVal? + o(1), (4.9)
{(u,A)eD:T, =0} 2 Ja

t.e. Jo+ = / |V\f|2 is (almost) the minimal energy for vortex-less configuration.

Lemma 4.3. & is the unique solution of the equations (4.2)—(4.4). Then &y satisfies

1 .
—div (gvgo) tE&=-1 in Q (4.10)
& =0 on 09, (4.11)
—1<& <0 in Q. (4.12)

Proof. By the uniqueness, (4.10) follows directly from (4.2)—(4.4). (4.12) follows from

0 2 2 61,’ () .

Proof. By the definition of Jy and (4.10), the conclusion follows.

Lemma 4.4.

In the last part of this section, we will pay our attention to the discussions on V(().
Since we found that the proof of the following two lemmas on the properties of ¢ can be
obtained directly from adjusting the corresponding proof of lemmas in [18], we give the
statements of the lemmas.

Lemma 4.5. The configurations (a;,d;) being set, YN/(C) is manimal for ¢ satisfying the
following equation

div (%V(div (évg))) +div ( vg) 23 dide,  in 9 (4.14)
) =0

€T
div ( ve) = on 90, (4.15)
(=0 on 01, (4.16)
and
Q)=m) di¢(ai). (4.17)
1€y
Lemma 4.6.
- 2
Q) =Y didi¢™(a;) < (DIl (4.18)
ij i

remains bounded as € tends to 0. Furthermore

[¢P )| Lo () < Cdist (p, 0Q)F, Vk <1, (4.19)

1€7 = ¢l 20y < Clp — gl VE <1. (4.20)
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Here (P is the solution of

_div (2V(div (évgp))) + div (évgp) =25, in Q (4.21)
div (2vgp) =0 on 99, (4.22)
=0 on 0S. (4.23)

§5. Estimates for F,

Denote e (u) = 3[|Vul?> + 555 (a — [ul*)?] and €, as before. The same argument of [10]
gives the following lemma.

Lemma 5.1.

1
2/ VP > 7Y a(an)d|n ol + W((ar,di), -+ (ax, di) + O(1), (5.1)
€Ty
where we have assumed Ty = {1,2,--- ,k} and
W((a1,d1),---, (ak,dg)) = —m Z ala;)d;djn|a; —a;| —m Z d;Ro(a;),
i#j€Ty €Ty
Ro(x) = Pg(x) — Z a(a;)d; In|z — a;,
i€Th
where ®o(x) solves
—div 1v<1>0 =27 d;i ba, n §, (5.2)
a :
€T
Dy =0 on 0. (5.3)

Lemma 5.2.

F,(u)) > 2|1 d;|n 2
(u)fﬂza(a) zlnﬂl+ﬂza(a)l \ns

€Ty €Ty
+W((a1,d1),- -, (ag, dy)) + O(1), (5.4)
Fw) 27y a(a;) 1np‘—|—0 (5.5)
€T

Proof. First, we have
Fy(u) > / Vu|? + Z/ (5.6)
€Ty B(ai, P)

But we know from [11] that

1
[ etwy= [ [P+ e WP 2 ra(a)ldim e + 0q).
B(ai.p) Blaip) 2 2¢?

Hence
Z / ec(u”) > Z ma(a;)|d;| In Ly O(1).
ieT, Y Blaisp) €Ty <

Now combining the above result with (5.1), we have the conclusions of this lemma.
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§ 6. Estimates of the Critical Magnetic Field H,,

In this section, we shall obtain the critical magnetic field H.,.
Lemma 6.1. Suppose M > mmaxa(x). Then there exist k5§ = O(1), k§ = o(1) as
Q
e — 0 such that for

he. — [Ine|

= 4t 6.1
2max‘%"| - (6.1)
Q

there holds ~ .
(i) Ift < kS, considering (@, A) a minimizing configuration in D, then T = () and
~ 1
J(a,A) = inf J=Jo+ 7/ |Vval? +o(1). (6.2)
{(u,A)€D:T =0} 2 Ja
(ii) If t = k5, then there is (u, A) € D with one vortex of degree one such that

Ju, A< wf (6.3)
{(u,A)eD:T; =0}

(iii) If t > kS + k5, there exists (u, A) in D having one vortezx of degree one such that

J(u, A) < inf J.
{(u,A)eD:T1 =0}

Proof. Recall that, for (u, A) obtained from (i, A) with the aid of Lemma 2.2, (4.7)
yields

J(u, A) = Fo(u) + Jo + 2mhey Y diola;) + V(C) + o(1), (6.4)
i€Ty

and if 77 # (), using Lemma 5.2, we have

Fo(u) > Fy(u") > = Z a(a;)|d;]| Ine| + O(1). (6.5)
1€Ty

Now substituting (6.5) into (6.4), we get

T, A) > Jo+7 Y ala;)|di|Ine| — 2nhe, Y alay)|d;] Sola) V(C) + O(1).
. , a(a;)
€Ty i€Ty
Hence
J(u, A) > inf J(u, A)
{(u,A)eD:T,=0}
as long as
rher 3 a(an) |l 2| < & 3 a(ag)dif| o] + O(1),
: ala;) .
1€y i€Th
which is valid if
[Ine|
hex < + O(1). 6.6
2 o] O o0
Q
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As in [18], set
ZF = {t € R : there exist (u, A) € D with at least one vortex and

J(u, A) < inf J for hez:k:1|ln5|+t},
{(u,A)eD:T1=0}

where k; = In the following, we want to show Z¢ # () and then define

1
T € (2)/ae)]
k5 = inf Z° and prove that there exists k5 = o(1) such that [k§ + k§, +o0] C Z=.
To show Z° # ), let ¢ € Q such that |£(c)/a(c)] = max|&(x)/a(x)|. Then, since
Q

& = 0 on 012, we have ¢ € ). Now consider the following minimization problem

1

Ve(c) = min — Vul?, 6.7
(O =mns [ (67)

where W = {u: u = /av, v € H*(Q\ B(c,¢),S'), deg(v,0B(c,e)) = 1}.
Then, it follows from discussions in [11] that

1 / 1 , 1 / 2
ve(e) = = —— VO "+ = Vva|" = ma(c)|Ine| + O(1), 6.8
=3 [, o ey V0L + 5 [ 19Vl = ma(@lmel + 001 (68)
where @, satisfies )
—div (awpe) =0 in Q\ B(c,e),
d. =0 on 0,
®. = const. on 0B(c,¢), (6.9)
/ 18‘1& =27
0B(c,e) @ on

Let u be a minimizer of the problem (6.7) which is well defined on Q\ B(c,¢). Now we
extend it to the whole domain by defining it on B(c,¢€) as taking polar system centered
at c such that @(r,0) = f(r)w(f) with w(0)|op(c,e) = ulop(ee), f =1inQ\ B(c, 5), f =
0 in B(c, ) and |f/(r)] < €. Then, since @ has one vortex at ¢, @7 has one vortex in

B(e,Ce?|Ineg|). Thus, we have

- 1 _ 1 _
FawBlee) =3 [ [I9aP+ 5t faPy
B(c,e) €

2
1 C 1
<= Nioe + Sl |7 + 55 < C 6.10
<5 [ Wl Sl + g < (6.10)
and hence
1
F,(u,Q) = Fy(u, B(c,€)) + f/ |Va|* < K + a(c)n|Ingl. (6.11)
2 Jo\B(c.e)

Then, taking & = h..&o + (¢, where (¢ is defined by (4.21)—(4.23), we know from Section 4
that

V(€) = V(hexto) + V(C%) = Jo + 2mhen&o(c) + m¢(c) + o(1).

Now we derive that for

hem =

||1ns|+t:— |Ine| +t¢,

1 1
2max |$o(z)/a(z) 260(c)/alc)
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J(a,A) < K +a(c)r|lne| + Jo + 2mher&o(c) + o(1)

< K +a(c)m|lne| + Jo + 27&p(c) [t - fa((cc)) | lne\] +o(1)
0
= K +2n&(c)t + Jo + o(1).
This in turn implies ¢t € Z¢ when
K-} Jy|Vval’
t> 20 +o(1).
o o
Therefore Z¢ # () and
K -1y |Vval’
kS =inf Z¢ < 2 JQ +0o(1).
: 2@ O

On the other hand, by (6.6), we have he, < k1|lne|4+O(1). So, we know that k§ > O(1) and
thus k5 = O(1). Now we prove that there exists k5 = o(1) such that [k§ + k5, +o00] C Z¢. In
fact, let t € Z° and let (u, A) satisfy

J(u,A) < if J (6.12)
{(u,A)eD:T1=0}

for hey1 = k1|lne| + ¢ and w” has vortices (a;,d;). Assume ¢’ >t and hey 2 = k1| lne| + ¢
Then we have

T (u, A) = Fo(u) + V(hee 260) + V(€) +0(1)

= Fa(u) + Jo + heap Y 21dio(a;) + V() +o(1)

i€Ty
S Fa(u) + JO + hem,l Z 27Tdi£0(ai) + ‘7(() + 0(1) + (t/ - t) Z QWdZEO(aZ)
i€Th i€Th
This means that if ¢ —t > k§ = o(1), then by (6.12) J(u, A) < inf J(u, A). This

{(u,A)eD:T; =0}
in turn implies [k§ + k5, +00] C Z¢ and the proof of this lemma is complete.

In summary, we have deduced that H,., = k1| Ine|+k§ where H,, is the first critical field
defined as the value of h., for which the minimal energy among vortex-less configurations
is equal to the minimal energy among single-vortex configurations.

§ 7. Proof of Theorem 1.1

In order to prove Theorem 1.1, we need the following lemmas.

Lemma 7.1. Let hep = ki|lne| + o|Ine|) and (@i, A) be a minimizer of J(u, A) in
D. Let {(a;,d;)}¥_, be vortices of u”. Then d; =1 fori € Ty = {1,2,--- ,k} and there are
g0 > 0 and o > 0 such that dist (a;, 02) > a > 0.

Proof. The conclusion follows by the same argument in [10, 18].

Now to prove next lemmas we need the following assumption

H., + k5 < hey < kp|lne| + O(1), (7.1)
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where

H., =ki|lne| + k5 (7.2)

with
1 . .
M @@ 2O el (73)

Lemma 7.2. Let (u, A) be obtained from a minimizer (@i, A) of J in D, and (a,ds)
be the vortices of uY. Denote

A= {:EGQ: ’fo(x)‘ :max’&)(y)‘}. (7.4)

a(x) I yeela(y)
Then we have
dist (a5, A) — 0 as € — 0, VieT, (7.5)
dist (aj,a5) > a >0 for i #j€eTq. (7.6)

The first result (7.5) remains true if we only assume he, < ki|Ine|+ o(|Inel).

Proof. If 7; # (), we have from Lemma 7.1 that d = 1 for all ¢ € 7;. Denote

d= > d5i = CardT; = deg(u”,99Q). Then it follows from Lemma 5.2, as in [10, 18], that
€Ty

W(ai, - ,a —|—7TZ nel+0(1) < Fy(u”) < 27rhe$250 )+ o(]Inegl),
i€Ty i€Ty
where W(ay,---,ar) = W((a1,1), -, (ax,1)). Then

™ Z ne| < 2mhey Z max §0 ‘

€Ty €Ty

— 27 hey a(af)(io(;f) +m§aX‘§0<x)D +o(|Ine|),

P (af) ()

which in turn gives

3 (fj(ai) +max‘€o(fc)D < ollne) o

z 12
22 Vatar) T @) 1) = T
hence

dist (a5, A) — 0 as ¢ — 0, VieT.
Moreover, since W(ag,--- ,af) > O(1) and

W (a§ af) + 7Y a(af)|Inel +O(1) < —2mhe, Y &o(a) + O(1),
i€Ty i€Ty

we have W (ai, - ,aj) < O(1) if hex < k1|Ine|+O(1). Therefore we conclude that |a —a5|

remains bounded from below uniformly since as in [5] we could prove that W — +o0 if
la; — a5| — 0 for some i # j. Lemma 7.2 is proved.

Lemma 7.3. Assume that M > w(CardA) max a(x). Then, for e sufficiently small, a

minimizer (@i, A) of J in D is a solution of (G.L.), and (u, A) = (i1, A), where (u, A) comes
from (@, A) in Lemma 2.2.
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Proof. It suffices to show that (i, A) is not on the boundary of D. Since we have

proved that W is a bounded quantity in Lemma 7.2 and dist (a5, a?) > a > 0, we have

T Z a(a;)|lnel+0O(1) <= Z a(a;)| Ine| + O(1).
i€ i€y
Hence, this inequality together with Lemma 2.2 yields that
Fo(u) =7 a(a;)|Ine| + O(1). (7.7)
€Ty

Now it follows from Lemma 7.2 that as ¢ — 0, a§ — ¢; € A and thus we get from (7.6)
that ¢; # c; for ¢ # j. Hence

d = Card7; < CardA. (7.8)
Thus
v Z a(a;) < mCardAmaxa(zx) +0 < M for e < ep. (7.9)
€Ty A
Here, § < %(M — wCardA max a(x)). Thus
F(a)<m Z a(a;)|Ine| + O(1) < (M —d)|Ine|, (7.10)
€Ty

which implies that (&, A) is not on dD. Thus Lemma 7.3 is proved.

Now since (u, A) is a solution of (G.L.), we can show that |Vu| < C/e. Then u has
bigger vortices of size p : {(b;,¢;) }ier;- The following lemma compares the vortices of u?”
with the vortices of w.

Lemma 7.4. For sufficiently small e, we have
(i) If (u,A) is a solution of (G.L.) such that J(u,A) < Ch2,, then |u| < 1, and

|Vu| < —.
3
(ii) If (u, A) is a solution of (G.L.) such that u” has no vortex (i.e. |u?] > %0) and

J(u, A) < Jo + %/ |Vva|*> 4 o(1), then u has not vortex on Q <|u| > %O)
Q

(iil) If (u, A) is a solution of (G.L.) given by Theorem 1.1, then its vortices (of size p)
satisfy the same conclusions as those of u”.

(iv) In addition, if (a;)ic, are the vortices of u” of degree one, then the vortices
{b:}ier, of u are of degree one and Lemma 2.6 (on u?) is satisfied by u.

Proof. The conclusions follow by the same argument in [19].

Proof of Theorem 1.1. Let (@, A) be a minimizer of J(u, A) in D. Then, from
Lemma 7.3, we have that (@, A) is a solution of (G.L.), and (u, A) = (@, A), where (u, A)
comes from (@, A) by Lemma 2.2.

Now, in the case that h., < H.,, we know that «” has not a vortex from Lemma 6.1.
Combining this with the conclusion (ii) of Lemma 7.4, we obtain that « has no vortex and
|u| > %‘) in . Moreover, from the conclusion (i) of Lemma 7.4, we have |u| < 1 in . Thus
the conclusion (i) of Theorem 1.1 is proved.

In the case that H., + k3 < he, < H., + O(1), we know that u” has vortices from
Lemma 6.1. Then by the conclusions of Lemma 7.1, Lemma 7.2, and the conclusions (iii) and
(iv) in Lemma 7.4, we obtain the conclusion (ii) of Theorem 1.1. The proof of Theorem 1.1
is complete.
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