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Abstract

The authors prove the space of harmonic functions with polynomial growth of a fixed
rate on a complete noncompact Riemannian manifold with asymptotically nonnegative
curvature is finite dimensional.
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§1. Introduction

Recently Tobias H. Colding and Willian P. Minicozzi II proved a conjecture of Yau [1].

Yau’s Conjecture. For an open manifold with nonnegative Ricci curvature, the space
of harmonic functions with polynomial growth of a fized rate is finite dimensional.

Now we will prove the conjecture of Yau is true under the condition of asymptotically
nonnegative curvature, that is,

Theorem 1.1. Let M™ be a complete noncompact Riemannian manifold with asymp-
totically nonnegative curvature, then the space of harmonic functions with polynomial growth
of a fized rate is finite dimensional.

8§ 2. Preliminary

First, we give some definitions and notations.

Definition 2.1. We say that the curvature is asymptotically nonnegative if Kpr(z) >
—A(r(z)), where A(+) is a nonnegative and nonincreasing function on [0, +00) and

/ rA(r)dr < 400,
0

r(x) = dist(p, ) and p is a fived point in M.
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Definition 2.2. We set I,,(a,r) = /
B,

u?, Jo,(u,v) = / uv, where a is a point
(r) Ba(r)
in M, B,(r) is a geodesic ball of radius r centered at p.

Definition 2.3. Let
Hy(M) = {u is harmonic, and |u| < c¢(r® + 1)},
Py(M) = {u| L,(a,r) < K(r?*"™ 4 1), ng is some constant},
HP;(M) = {u is harmonic} N Py(M), where r(z) = dist(p, z).

The key to this paper is to prove that the following Property 2.1 and Property 2.2 are
true on a complete noncompact manifold with asymptotically nonnegative curvature.

Property 2.1. Let M be an n-dimensional complete noncompact manifold with asymp-
totically nonnegative curvature, then there exists Cp < oo such thatVax € M, Vr >0,

Ve(2r) < CpV(r),

where Vi (r) = Vol(Bg (1)), B.(r)={y € M | dist(z,y) < r}.

Property 2.2. We say M™ satisfies a local Neumann-Poicaré inequality if there exists
Cn < 00 such that Vo € M and r(p,z) > r™ +4r (r >0), f € Wli)f(M),

/‘ <f—m2sch@w%m/ VP2,
B, (2r)

B, (2r)

where A = f/VI (2r), some constant mo > 1 depending on n.
By (2r)

We will prove them in §3, §4 respectively.
In addition, we will use the following property which has been proved by S. T. Yau [2].
Property 2.3. If A\ > 1, u is harmonic on M"™, Yx € M, and r > 0, then there exists

Cr = Cp(X\) < 0o such that
T2/ |Vul?> < C’F/ u?.
By (r) By (Ar)

8§ 3. Proof of Property 2.1

Before the proof of Property 2.1, we shall prove

Lemma 3.1. Suppose f(r) is a C? function on (0,T],

d 2(p n—1)k .
dpop - T 2 DR i ) = oo
Then
0< f(r) < (n—1)(14+ 1+ 4k) (3.1)

2r ’
where k > 0, T can tend to +oo.
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Proof. We use comparison method to discuss the inequality.

Assume
-1+ V1+4k —1—-V1+4k
b = =7 2
1(T) 2(’1’L _ 1)]{7 T bQ(T) 2(n _ 1)]€ r (3 )
Then
dbl (n — 1)]{5 2 1 X
-t - = =1.2 .
ar T bi n—1 0. T (3:3)
and b1(0) =b2(0) =0
. 1 (n—1k , —-1++v1+4k
= —_ pumy .4
bi(r) n—1 r2 by 2(n—1)k ’ (34)
o1 (n=Dk, —1-VIt+dk
ba(r) = n—1 r? by = 2(n— 1)k (3:5)
_ _1_
Let A= - Then
dA  (n—1k , 1
— A” — > .
dr * r2 n—17 0 (36)
and A(0) = 0.
From the Taylor expansion of A at r = 0, we know that
A? = [A(0)r + O(r?)]? = A2(0)r? + O(r®), (3.7)
then
: 1 A? 1 .
A(0) > —(n—1k— = — (n—1)kA? .
(0) > — (n—1)k o B (n—1)kA=(0), (3.8)
i.e., Al(O) Z bl(O) or AQ(O) S bQ(O)
We will prove Ay (0) < by(0) is not valid.
If not, then there exists 11 < T, such that for 0 <r <y, Aa(r) < ba(r) <0,
—1)(1 1+4
S DUAVIHAD ) <o (39

2r

This contradicts the fact that 1im+ f(r) =4o0.
r—0

We know from A;(0) > b;(0) that there exists 7, < T, such that for 0 < r <
N2, A1(r) = bi(r).
If 9np; = T, then we complete the proof; if 97, < T, we can prove that Vr €

(0,7], Ai(r)= bi(r), if not, (0,r1] is the maxium connected closed interval, where ri <
T, A1(r1) =b1(r1) and A1(r1) < b1(r1),

. . ! A2 ! b2
bl(T1)>A1(7"1)Zﬁf(n71)k72 = 17(77,7]_)]{—2 ,

— e lr=ry n — T lr=ry

this contradicts the definition of b;. So

(n—=1)(1+V1+4k)
0< f(r) < 5 .




526 ZHOU, C. H. & CHEN, Z. H.

Lemma 3.2. Suppose M is an n-dimensional complete noncompact Riemannian man-

-1k
ifold, whose radial Ricci curvature > _(71())27 where k > 0, p is a fized point, r(p,x) is
r(p,
n—1
the distance between p and x. Then its metric can be written as ds®> = dr* + > gi;(r,0),
i,j=1

we have
dlog /g < (n—1)(14++1+ 4k)

o<
- or - 2r

(3.10)
where g = det(g;;).

Proof. We divide the proof into three steps.

The first step: when x is not in the cut-locus of p, that is, x is differentiable, assume
~(z) is a normal geodesic which issues from p, choose an orthonormal frame {e;}" ; by
parallel transport along the geodesic, e, = Vr and V., e, = 0.

Let Veien = U;;€j, Venei = )\ijej,

uij = (Ve,en, €j) = eifen, €j) — (en, Ve, €5) = =V, e5(r)

=e;je;r — Ve,ei(r) = Hr(e;, ;) = ujs, (3.11)
)\ij = <v8neivej> = _<ei7venej> = _)\ija (312)
n—1
(n—1)k )
——— 3 < Ric(en,en) = > (R(ei, en)en, i)
i=1
n—1 n—1 n—1
= - Z<venveiena e;) — Z(Vveienem ei) + Z<vvenei6na ei)
1=1 =1 =1
d _
= d’l"< Z ) Z uzg ji Z U Usjq + Z )\Z]uj’b
i=1 i,j=1 i,j=1 4,j=1
n—1 n—1
d 1 2
< |- i) — i) 3.13
*dr< i_1u> n—l(iz_;u) (3.13)

where Ar = Z u;;, and hm Ar( ) = +o0.
So by Lemma 3.1, at dlfferentlable points, we have

(n—l)(1+\/1+4k).

0<Ar<
=2r= 2r

(3.14)

The second step: when x is a cut-point to p, we will prove (3.14) is still valid.
We let E include all cut-locuses of p, M = QU E, where € is a starlike domain, the
Lipschitz function r is differentiable in €2, so by (3.14), in £ we have

(n— DL+ VI+4R)

2r

0< Ar< (3.15)

We choose Yo € C§° (M), ¢ > 0, since mess(E) = 0, then

/ rAgo:/rAcp.
M Q
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We can find a sequence of starlike subdomains . such that Q. CC €, lng)Qe =, and

Q. is interior contracting from 2 along r direction.
Since Stokes formula is true to Lipschitz function, and ¢ € C§°(M), we have

M M e—0 Q.

the last equality is because |Vr| =1 is almost valid and V¢ is bounded.
By Green formula, one has

f/ ch-Vr:/ Ar~g07/ go'g,
Q. Q. o, Ov

where v is an exterior normal direction. Because ¢ > 0 and 2. is interior contracting from
Q) along r direction, then % > 0, and

—D(1++v1+4k
—/ V<p~VT§/ Ar~g0§/ (n -1+ + )<p, (3.17)
Q. Q. Q. 2r
then we have
-1+ v1+4k
/T'Agoglim (n= DO+ VI+ )go
M e—0 Q. 2r
(n—1)(1+ V1 +4k) (n—1)1+V1+4k)
Q r M 2r
So in the sense of distribution, Vz, that is, Vr € [0, 400), we have
— D14+ +v1+4k
0<ar< Mz DAE VIR (3.19)
2r
The last step: the proof of (3.10). Because A = 53722 + 8106g7‘\/§% + A/, where A/
is a differential operator only consisting of %, 0" are local coordinates on S™~1(1), for
1<i<n-—1,then Ar = Bloag;\/g' By (3.19), we have
ol —1)(1 1+4
)< Q0BG _ (n= 11+ VT 50
or 2r
Lemma 3.3. Let M™ be a complete noncompact manifold. If its radial Ricci curvature
— Dk
> —%, thenVa, 0 < a < 1, we have
1 m+1
L < (5) Valar), (3.21)
r 1\m+1 ar
“)< (= — )
W(3) < (a) i 2 ): vy € OBy(r), (3.22)

Vo (r) < Vol(By(k1r) — By((ky — 1)r)), Yy > 2, (3.23)

where k >0, m = (nil)(lg 1+4k).




528 ZHOU, C. H. & CHEN, Z. H.

Proof. Because

0< dlog /g < (n—1)(1+v1+4k)

or — 2r ’
let m = % V1+4K) Then V0 < a < 1, we have
bol 1
|log \/g(t,0) —log\/g(at, )] < / %\/g‘dr <mln .
at
Then

Vo) < ()" Valat,0), (3.24)
n = [ [ Vaoaan < [ [ (2)" Vatat o
:/ /M <l>m+1s/g(t,9)dtd9: (l)m“vp(ar), (3.25)
sn=1.Jo @

(07

so (3.21) is valid.
Vy € 0By(r) and Yo € By(3), r(p,x) > r(y, ), so

Ric(M) > — > —

then we can have (3.22) by proving similarly as (3.21).
Because % > 0, then \/g(r,0) is increasing with r.

Vp () :/571—1(1)/0 Vy(t, 0)dtdo S/S )\/g(rﬁ)dﬁ

< / o Va(t,0)dtdd = Vol(B, (ki) — By((ky — 1)r)). (3.26)
sn-1(1) J

k:lfl)’r

n—l(1

Lemma 3.4. Suppose that M is a complete noncompact manifold with asymptotically
nonnegative curvature. Then ¥Vr >0, 0 < a < 1, we have

N
Bp(2r)\By(r) C U By, (ar),

where x; € By(2r)\By(r), and N is a constant independent of r.

Proof. Before proving this lemma, we quote [3, Theorem 2.2.B]: Let V™ be a compact
manifold of diameter D and inf K > —Q?, where K is the curvature of V, {B,,(€)}, i =
1,--+, N, is a minimal covering, where x; € V. Then N < 80"D"e~" exp(n@QD).

If V.= B,(2r)\Bp(r), then D = 4r. Since the curvature of M is asymptotically

nonnegative, there exists k£ > 0, such that the curvature at x > —W, so Q = @, and

we let e = ar, 0 < a <1, then

N < 80”<%>nexp (n X @ X 4r) = 320" " exp(4nVk).

We complete the proof of this lemma.
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Proof of Property 2.1. By Lemma 3.4,

55\ (5) < U 5).

where z; € B,(27)\Bp(§r) and N is a constant independent of 7, and for each B, (§), there
exists y; € OB, (r) such that By, (5) D By, (}) D Bz, (g), so

(5 )\on () < Umap)

where N is a constant independent of r.
Because the curvature is asymptotically nonnegative, then there exists £ > 0, such that

the curvature at x > ——%— so Ricci curvature at z > — %;i;lj, and by Lemma 3.3,

r(p,x)?’

N
V) < v (%) < avl(B, (3r) - By(5r)) < & ;V (5) = v (2)

for some z € OB, (r). And

b (5) < e () < (), oo

where 21 € OB, (3) N OB, (r).

By Lemma 3.4, Yy € 0B,(r), there is a piecewise smooth curve from y to z in
B,(27)\B,(%r) with length not greater than Csr, where some constant Cs is independent
of y, z, r. So by continuing the way of (3.27), we can find Cg so that

v.(5) <CoVi(5), Yy eaBy),

that is,
Vo (r) < C7Vy(g), Yy € 0B, (r).
Now we divide the proof of V,(2r) < CpV,(r), Ya € M, into four cases.
Let r(p,x) = s.
(1) When r > 2s.
By the triangle inequality, we know the geodesic ball B;(2r) C B,(2r + s), then

Ve (2r) < V,(2r + s). (3.28)
By Lemma 3.3,
Vp(2r+s) < ( 2:_+Ss)m+lvp(r —s), (3.29)
but 2245 < 8, and By (r — s) C By(r), so
Ve (2r) < 283V, (r). (3.30)
(2) When § <r < 2s.
Vi (2r) < V(2r + 5) < (27": S)m“v,,(s). (3.31)
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Because § < r < 2s, then % <5< 8, and by (3.27),

Vo (2r) < 283V (s) < 23m+3csvm(§) < BMEBOLV, (1) < CpVia(r). (3.32)
(3) When § <r < 3.
2 m—+1
Vo(2r) <V, (2r +5) < ( 7":8) v, (s). (3.33)

Because 7 <r < 3, then @ < 2. By (3.27) and (3.22) in Lemma 3.3, we have

S s \m+1
Vo(s) < CsVa(5) <Cs(52) Vel (3.34)
SO
Ve (2r) < 2m T C52m MY, (1) = 22 T2C5 V(1) < CpVi(r). (3.35)

4) When r < 2 ie., 4r <s, Yy € B,(2r), r(p,y) > r(x,y) = 2r, so
1

. =Dk _ (n-1Dk
Ric(M) > "y > EENIER (3.36)
By (3.22) in Lemma 3.3,
Ve (2r) <27V, (r) < CpVi(r). (3.37)

So Property 2.1 indicates the volumn of M is polynomial growth whose growth degree

at most l(ig Cp
og 2

§4. Proof of Property 2.2

Before the proof of this property, we will quote a theorem (see [4]): Let X" be a
compact Riemannian manifold, whose Ricci curvature is bounded below by —(n — 1)R2,
where R > 0, and p denotes injectivity radius of X, then Vf € W12(X), there only exists a
constant ¢1(n) > 1 dependent on n, such that

=2 < Vel |

Jx f
Vol(X)*

By the assumption of curvature, from Property 2.1, we have

where A =

Vz(2r) < CpVy(r),

ie.,

Ve(r) < Vemog (4.1)

where V = CpV,(1), ng = %82 By the proof in §3, we know that ng > m +1 > n. Let
log 2

mog=mng—n-+1, (4.2)

so this constant mg > 1.
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Due to the assumption of curvature, there exists £ > 0, such that the curvature at

(T?;;gf When r(p,z) > r™° +4r, and y € B,(2r),

y > —ﬁ and Ricci curvature > —
then r(p,y) > r™, so Vy € B,(2r),
(n—1)k (n—1)k

Ric > — >
B P ERR

If X = B,(2r), by the theorem in [4], then there exists a constant ¢;(n) > 1, such that

VE_ r)l-n )"
J R L e o e AN\
B, (2r) B, (2r)

< iy x (2r)2m0 / VP,

B (2r)

where the definitions of A, f are the same as the above.

85. Proof of Theorem 1.1

Because the curvature of M is asymptotically nonnegative, for a given point p, we now
choose a point a € M. If we have no special expression in the following, we usually use r to
denote the distance to p, R the distance to a.

Since u € Hg(M), there exists ¢ such that |u| < ¢(r? + 1), of course, there exists ¢/
such that

lul < (R +1). (5.1)
But we still denote it by u € Hg(M).
By (4.2),
Va(r) < Vrte < (r0 4+ 1)V, (5.2)

so by (5.1) and (5.2),
I(a,R) < ¢*(RY+ 1)2(R"™ + 1)V < 4V (R 4 1),

then
Hd(M) C de(M) - Pd(M)

We will use the following two propositions to prove the theorem directly.

Proposition 5.1. Let (Y,d, 1) be a complete metric space with a locally finite positive
Borel measure pi. For a € Y, let X = By (R), where r(p,a) > R™ + 4R, be a metric ball
with u(X) = 1. Suppose that Y satisfies Property 2.1 and Property 2.2. Given 3 > 0,
there exist at most N — 1 orthonormal (on B.(R)) functions in Ws2(Bq(2R)), where N =
N(B% Cp,Cn), B> R > 2, the definition of mg =mng —n + 1 is the same as the above.

W)= {rewmm)| [ pert [ 9stss)

functions f1, fa,- -+, fm are orthonormal on By (R), if

A

a

fifi = & , v1<i,j<m.
R)
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Proposition 5.2. Let uy,usg, - ,usy € HPij(M) be linearly independent. Given Q >
2, there exist constants Cyp > Q2(d+n0) ] > %C;Il, and functions vy, ve, - ,v; in the linear
span of u; such that for j =1,2,--- 1,

Ivj ((l, QQ) S QCHIUj ((J,7 Q) = 26‘H7
(5.3)
Ja,0(vi, v5) = 655,

where a is a point satisfying r(p,a) > Q™ +4Q, the definitions of mq,d, ng are the same as
the above.

The proofs of these propositions are as similar as those of Proposition 2.5 and Propo-
sition 4.16 in [1] respectively.

Likewise, Proposition 5.1, Proposition 5.2 and Property 2.3 assure that the proof of
Theorem 1.1 is as similar as that of Theorem 0.7 in [1], except that in this paper we let
X = B,(Q), such that r(p, a) is sufficiently large.
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