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CODIMENSION 3 BIFURCATIONS OF
HOMOCLINIC ORBITS WITH ORBIT
FLIPS AND INCLINATION FLIPS

SHUI SHULIANG* ZHU DEMING**

Abstract

The homoclinic bifurcations in four dimensional vector fields are investigated by
setting up a local coordinates near the homoclinic orbit. This homoclinic orbit is non-
principal in the meanings that its positive semi-orbit takes orbit flip and its unstable
foliation takes inclination flip. The existence, nonexistence, uniqueness and coexistence
of the 1-homoclinic orbit and the 1-periodic orbit are studied. The existence of the two-
fold periodic orbit and three-fold periodic orbit are also obtained.
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§1. Introduction and Hypotheses

Recently, people have obtained many results on the bifurcations of principal homoclinic
or heteroclinic orbits in higher dimensional vector fields (see, for example, [1-4,6-10, 13, 16—
18]). Few studies are concerned in the non-principal homoclinic orbits yet. For example,
Sandstede [14] investigated codimension-two bifurcations of homoclinic orbits with an orbit
flip. Kisaka, et al. [11] studied codimension-two bifurcations of homoclinic orbits with an in-
clination flip. Homburg and Krauskopf [5] studied codimension-three bifurcations in the case
that the resonance and either an orbit or an inclination flip hold simultaneously, and put for-
ward some conjectures. Oldeman, et al. [12] treated these conjectures on codimension-three
resonant homoclinic flip bifurcations by numerical techniques. Because of the complexity,
these non-principal homoclinic orbits and their associated bifurcations were mainly studied
for 3-dimensional systems in the above mentioned references. In this paper, we study the
codimension 3 bifurcations of homoclinic orbits with both an orbit flip and an inclination
flip in 4-dimensional systems. Consider the following C" system and its unperturbed system

z2=f(2) + g(z, p), (1.1)

5= f(2), (1.2)
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where r > 5, 2 € R%, € R3, f(0) =0, g(0,u) = g(2,0) =0, f,g € C". Assume that
system (1.2) has a homoclinic orbit I' = {z = r(t) : t € R}, r(£o0) = 0 and the eigenvalues
of D, f(0) are —pa, —p1, A1, A2, which satisfy

—p2 < —p1 <0< A < Ao

Denote by W* and W* the stable and unstable manifolds of the saddle O(0,0), and
T,W"* and T,W*" the eigenvectors associated with the eigenvalues Ay and —p1, respectively.

Let et = . lirin %, and et € TyW¥ e~ € ToW?* are unit eigenvectors corresponding
— =00

the eigenvalues A1, —p2 respectively. Here, e~ is a unit eigenvector corresponding to the
eigenvalue —p,; means that I" enters the critical point O in positive time along the strong
stable direction of T,W?*, that is to say, I' is a homoclinic orbit with orbit flip, and so it is
non-principal. Further we need the following hypotheses

(H1) dim(TT(t)W" N Tr(t)Ws) =1.

(H2) span (T, y W, Ty W*, To W) = R?, t>1,

span (Tr(t)Wu, Tr(t)WS, ToWs—) = R4, t < —1.

Hypothesis (H2) is equivalent to

T,yW"* —et@e as t — +oo,
T,yW* —et@e as t — —o0.

The latter implies that T,.;)W* has the strong inclination property (as ¢ — —o0), and
consequently it is principal (see [2]); while the former implies that 7)) W* is inclination
flip (as t — 400), and consequently it is non-principal. With the above assumptions, the
homoclinic orbit I' is codimension-three. Clearly, this kind of homoclinic orbits can occur
only in the systems with dimension larger than 3.

§ 2. Preliminary Results and Poincaré Map

Suppose that U is small enough. We can introduce a C"~! change such that system
(1.1) has the following normal form in U (see [15]):

& =w(Ai(p) +o(1)) + O(u)(O(y) + O(v)),

= y(=pr(p) + (1)) +0()(O) + O(w)), o)

= u(rz(p) +0(1)) + O(z)(O(z) + O(y) + O(v)),

0 = v(=pa(p) +0(1)) + O(y)(O(z) + O(y) + O(u)).

System (2.1) is C"~2.
Denote A(t) = D, f(r(t)). We consider the linear system and its adjoint system

zZ = A(t)z, (2.2)
b= A (1) (23

Let T be the moment such that
r(=T) = (6,0,6,,0),  r(T)=(0,0,0,6),

where |§,| < d§ and ¢ is small enough so that {z: |z| < 2§} C U.



CODIMENSION 3 BIFURCATIONS OF HOMOCLINIC ORBITS 557

Lemma 2.1. System (2.2) has a fundamental solution matriz

Z(t) = (21(8), (1), 22 (1), 23 (1))

satisfying
Zl(t) S (Tr(t)Wu)c N (Tr(t)W )C,
z0(t) = %}tﬂ e T.myW"NT,yWs,
2a(t) € ToyW*™ and it is linearly independent of zo(t),
23(t) € T,yW* and it is also linearly independent of zo(t),
wio woo 0 wsp 0 0 wp O
B w11 0 0 ws B w11 0 wop 1
2(-T) = w2 wor 1 wse |’ 2(T) = 1 0 we 0|
0 0 0 was 0 1 we O

where wog,w11,wss, w20 are all not equal to zero, and wyy < 0, [w11] < 1, |w601w02| <
1 |wntwnl <1, i =0,2, lwgws| <1, i=0,1,2, Jwogwa| <1, i=1,3.

Proof. By the expressions of the local invariant manifolds in U, the values of z(t),
29(t), z3(t) at t = £T and wgo < 0 are clear. Owing to % — e~ (as t — 4o00) and
T, yW" — et @e” (as t — 400) in (H2), we know that the weak unstable component
of z3(T) satisfies wyg # 0. Similarly, based on ;Eig‘ — et e ToW" (as t — —o0) and
the hypothesis that T,.;)W?* has the strong inclination property, we know that z3(t) with
z3(T) = ToW*~ approaches to ToW*® asymptotically (as t — —o0), and therefore, wzz # 0.
Similarly to [18], we first take Z1(t) € (T,.)W*") N (T, W*)¢ such that Z,(T) = (0,0,1,0),
and zZ1(—=T) = (W10, w11, w12, w13). If W13 = 0, then we set z; = Z1(t). Otherwise, due to
w33 # 0, we take

21(t) =71 (t) — wlgw?},123(t) S (TT(t)Wu)c N (Tr(t)WS)C
with w11 = 7@13&]3_31, and
21(=T) = (W0 — 513w§31w30,wl1 - 513w§31w31,512 - @13w§31w32>0)-

According to Liouville’s formula, det Z(T') # 0 implies det Z(—T) # 0, and so w1 # 0.
Now we show |w3_31w3i| <1 fori=0,1,2. Let T increase to T + T}, then

Zg(T + Tl) = 67p1T1 Zg(T),

23(=T — T1) = (waoe™ M7 wareP Tt wgpe™ 2T [wgger2Th),

Reset z3(T + T1) = (0,1,0,0). Then it is easy to see that wss becomes wsze(P1H2)T1 and
the new components of z3(T + T1) satisfy |wys'wsi| — 0 as Ty — +oo for i = 0,1,2. The
remainings can be proved in the same way. Thus the proof is complete.

Denote W*(t) = Z71(t) = (5(t), ¥ (t), 5 (), ¥35(t))*, which means that W(t) is a fun-
damental solution matrix of (2.3). Taking the following transformation in the neighborhood
of T’

2=1(t) + (21(t), 22(t), 23(t)) (n1,m2,m3) < S(B),  te[-T,T),
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system (1.1) becomes
(1) = 93 (Dg(r(t), ) +hot,  j=1,2,3 (2.4

Equation (2.4) produces amap P; : S; — So, where S1 = {z = S(-T) : |2| < 26}, 5 =
{z=S(T): |2| < 26}. Integrating two sides of Equation (2.4) from —T to T, we get

n;(T) =n;(-T) + M+ h.o.t., j=1,23, (2.5)

where

T
M= [ 0ae®.0w  j-123

Lemma 2.2. M; :/ Y7 (t)gu(r(t),0)dt, j=13.

Proof. We first have r(t) = (0,0,0,74(¢t)) as t > T, where |ry(¢)] = o(§). Then
Equation (2.1) tells us that g,(r(t),0) = (0,0,0,g4(t)) as t > T. Further we have

A1+ O(6) 0 0(5) 0
| ow T —pro) o) 0
an=| o o Xs +O(5) 0 as t2T.
0(5) 0(5) 0)  —p2+O()

Based on U*(T)Z(T) = I, we see that the fourth components of 11 (), ¥2(t) and 13(t)
are all zero at t = T. It turns out that they are always equal to zero for ¢ > T' by solving
Equation (2.3). Similarly, we have r(t) = (r1(t),0,73(t),0), 9.(r(t),0) = (91(¢),0, g3(¢),0) as
t < -T and

A1+ O0(9) 0(9) 0(9) 0(9)
_ —p1 +0(9) 0 0(5)
At) = 0(6) plO((S) A 4+ 0(6) 0 as t < -T.
0 0(6) 0 —p2 4+ O(6)

So we can also show that the first and third components of ¢;(t) (j = 1,3) are equal to zero
for t < —T. The proof is complete.

Now we consider the map Py : So — S1, g0 = (20, Y0, w0, v0) — @1 = (21,91, u1,01),
which is induced by the flow of system (2.1) in the neighborhood U. Let 7 be the time flying
from qo to ¢ and s = e~ ()7, Omitting all higher terms we get

Pl A2 P2
Ty = T18, Y1 = $>1 9o, U = ULS 1, v = S . (2.6)

In order to obtain the expression of Poincaré map, we need the relationship between
o, q1 and their new coordinates qo(n{,n9,n3), ¢1(n},nl,n}). Using the following formulas

(20, Y0, to, vo) = r(T) + z1(T)n + 22(T)ng + z3(T)ng,
(x1,y1,u1,v1) =r(=T) + zl(—T)n% + zg(—T)n% + z;:,(—T)n%,
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and the expressions of Z(T'), Z(—T), we have

A2 _
n[l) A uis — w22w20158,

-1
ny & wyy 05,

. a B (2.7)

ng X Yo — W15 M + (W11 — war )wyg 95,
0

vy & § + wazng = 6;

1, ,,-1 .8 -1 —15.%2
Ny R wip $M Yo — Wiy Walwsg 051,

1 -1 % -1 —15 82
Ny = up — ($u — WiaWqg CRS Yo + (wlgwu w31 — W32)w33 08 ™1 s (2 8)

ny ~ wg},lds%,
T~ 0+ wlon% + wgoné =~ 0.
Combining Equalities (2.5) and (2.8), and using n} = n;(—T) for i = 1,2, 3, we get the
Poincaré map P def P o Py:
_1 £ 1 1 P2
n1(T) = wiy $*1 Yo — wiy waiwsy 0s*1 + M+ h.o.t.,
p1 _ q. P2
’I’LQ(T) =u; — 0y — wlgwﬁls*l Yo + (OJ120J1110J31 — wgg)w331(58>‘1 + Moy + h.o.t., (29)
n3(T) = w3_315$% + Msu + h.o.t.
Now, Equalities (2.7) and (2.9) yield the bifurcation equations

G(S7y0a ulmu) déf (le G27 G3) déf P(qo) —qo = Oa

where G; = n;(T) —n?, i=1,2,3,

def 1 %

A
Gi1 = wiy 8™ yp — wﬁlwglwg;és% —ups™i 4 waswyy 85 + Myp +h.o.t., (2.10)

def -1 5 -1 —1s %2 -1
G2 = u1 — 0y — wiowiy $™M Yo + (Wiawyg W31 — w3z )way 0S* —wyg 05+ Map+h.o.t., (2.11)
A
Gs déf w?}}&s% — Yo + wuulsﬁ — (wggwu — wgl)w;olés + Msp + h.o.t. (2.12)

§ 3. The Main Results and Their Proofs

Assume that all hypotheses in Section 1 are valid. We first consider the existence of
the 1-homoclinic orbit. In this case we have s = 0 and the equation G = 0 becomes

Mip+hot. =0,
Uy — Oy + Moy + h.o.t. =0,
—Yo + Mg,u +h.ot. =0.

Thus, the following proposition is a direct consequence of the Implicit Function Theo-
rem.

Theorem 3.1. If My # 0, then there exists a surface ¥ : My + o(|u|) = 0, such that
there is a unique homoclinic orbit ', of system (1.1) in the neighborhood of T' for € 3.
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Remark 3.1. If p € 3N {p: Msp # 0}, then the coordinate yo of I'), NSy is not equal
to zero. This indicates that it is not along the strong stable direction T,,W*® as I',, entering
the origin O. Therefore, I';, is not an orbit-flip homoclinic orbit.

Then, we study the existence and nonexistence of the periodic orbits. By eliminating
Yo, 41 in the second and the third components of G = 0, we obtain the following equation

def -1 _1 22
F( ) (M1 + 8>\1 M2 —|— wll S>‘1 M3),u —|— [w22w20 S — wll (.4)31(4}33 $>\1
1 -1 r1tpr2 1 -1 1 . A +p1
+ Wiy wsg's Mo+ (w21w11 Wop — Wiy W11W22Woq )S A1 (31)
A1+Ao

1 EYY
—wyy's |6 —68,s% +ho.t. = 0.

Theorem 3.2. Suppose that My # 0, and < 1. Then we have

(1) If wgrwssMsp < 0, wyi MypMsp < 0 (resp > 0) and 0 < |u| < 1, then system
(1.1) has a unique (resp. not any) 1-periodic orbit near T.
(2) If wyiwssMsp > 0, wiynMyuMsp > 0 and 0 < |p| < 1, then system (1.1) has a
unique 1-periodic orbit near T.
(3) If wgrwzzsMszp > 0, w1 MypuMsp <0 and 0 < |u| < 1, then we have
system (1.1) has not any 1-periodic orbits near T' as A > 0 (resp. < 0) and Myp >0
(resp. < 0);
system (1.1) has a unique two-fold 1-periodic orbit near T' as A = 0;
system (1.1) has exactly two 1l-periodic orbits near I' as A < 0 (resp. > 0) and
Mip <0 (resp. > 0),
where

- 5 e
A= Mpu+ (p2 — pr)ws1 ( P1wW33 Msu) PRI ot
p1wiiws3  \pPaw31d

Proof. Under the hypotheses of the theorem, we may rewrite (3.1) into the following
form
-1 L1 -1 -1 P2
Mip+ wiy Msps™ — wiy wsiwsg 65> +h.ot. =0.

Let s51 = ¢. Then the above equation becomes
h(t) = def M+ wi Myt — wi wsiway L5tor + hot. = 0. (3.2)

For the equation

(SU_} P2—P1
P20W31 + 25

h/ t) =w 1M3
( ) H P1W11Ws3

+h.ot. =0,

we have a unique small positive solution

M P
t=ty = (w) 277 ot
Pow316

for wsjwssMsp > 0, and no small positive solution for wsjwssMsp < 0.
(1) Tt is easy to see that h(t) # 0 for small t € R™, as w3jwssMspu < 0 and wii MyuMsp
> 0. If wyjwssMsp < 0 and wy1 My puMsp < 0, then we have h/(t) > 0 (resp. < 0) for small
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t € R*, and h(0) = Myp < 0 (resp. > 0), h(f) = w;'Maut + h.ot. > 0 (resp. < 0) as
P11
w11 Msp > 0 (resp. < 0), where ¢ = (%ﬁg‘d”‘) »2 . Therefore, (1) holds.

(2) Without loss of generality, let Myp > 0, w3 Msp > 0, wiiwsiwss > 0. Then we
have

P2
h(to) = Myp+ wii' Mapty — wi waiwss 05" + heo.t.
= Mip+wii'py ' (p2 — p1)Msputo + hoo.t.
=A>0.

Thus, the straight-line L: hi(t) = Mip + wi;' Maut intersects the curve C: hy(t) =
wﬁlwglwg?}étﬁ + h.o.t. at a unique point t = ¢’ > ty. Because hy(t') = ha(t') — 0 as
@ — 0, t' is small enough for |u] < 1. (2) holds.

(3) Similarly to (2), we may as well assume Mipu > 0, w11 M3p < 0, wiwsiwss < 0.
Then we have

h'(to) =0, h"(to) >0 as |u/ <1, B'(t) <0  as te(0,t),
h(0) >0, h(ty) = A.

Hence, if h(tp) = 0, then the straight-line L is tangent to the curve C at point t = to; If
h(to) > 0, then the straight-line L does not intersect the curve C; If h(tp) < 0, then the
straight-line L intersects the curve C at exact two points t = t1,t2 and 0 < t; < ty < ta.
The proof is complete.

Remark 3.2. It is easy to see that the inequality and equality conditions given in
Theorem 3.2(1)—(3) are all well defined if ws; # 0 and Rank (M7, M3) = 2. The surface &
defined by h(tp) = A = 0 is called the two-fold periodic orbit bifurcation surface.

Remark 3.3. If L. 1, then we consider the equation

1
Myp+ Mguwﬁls% + (w22w2_01 — wﬂlwglwggl)és +h.ot. =0;
e P2 p
if

—>1> —1, then we consider the equation
A A1

Mip+ wﬁlMgﬂs% + Wng;Ol(ss + h.o.t. =0,

and can also obtain some similar results.
Now, we show that system (1.1) may have the three-fold 1-periodic orbit in the following
theorem. Set

A
B(t) = (M + wi} Myt + Myt i ) — W1_11w31w3_315t% thot,
S 8B 6By [Agug—pl)wuwsstu]ﬁ
B///(tg) ’ B”’(tg)’ pQ(pQ - pl)w:ﬂ(;
— Ao — p1) M. 22
(p2 = A2)(p2 + A2 — p1) 2“753 h +h.o.t.,
p2(p2 — p1)
A — Ao M- Az—
Mtg 7 4 hot.
p1(p2 — p1)
-\ ) 2—p1
palpy = doJwmd | mazer
p1(A2 — p1)wiiwss
92—3/’1)

Ao —3p
B (t3) = Aa(Aa — p1)(Aa — pa)p1*Mapits~ 7 +hoo.t. = O(|Myp| 72—

+ h.o.t.,

B(t3) = Myp + wi Maputs +

B'(t3) = wiy' Msp +

= wilMgu —|—
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Theorem 3.3. Suppose that min{A; +p1,3p1} > p2 > Ao > A1 > p1, 0, =0, wes =0.

(1) In the case wiiwsiwssMaop < 0, we have

(la) If wii MapuMsp > 0, then system (1.1) has a unique (resp. not any) l-periodic
orbits near T' as win MipuMszp < 0 (resp. > 0) and 0 < |u| < 1.

(Ib) If w1 MapuMsp < 0 and win MiuMsp > 0, then system (1.1) has a unique 1-
periodic orbits near T’ as 0 < |u] < 1.

(1c) If wii MopMspu < 0 and wi MypuMsp < 0, then

system (1.1) has not any 1-periodic orbits near I' as B(tg) > 0 (resp. < 0), Mip >0
(resp. <0) and 0 < |u| < 1;

system (1.1) has a unique two-fold 1-periodic orbits near T as B(tg) =0 and 0 < |u] <
1;

system (1.1) has exactly two 1-periodic orbits near T’ as B(tp) < 0 (resp. > 0), Myu >0

(resp. <0) and 0 < |p| < 1,
where tg is a unique small positive solution of equation B'(t) = 0.

(2) In the case wiiwsiwssMaop > 0, we have

(2a) If p > 0, then system (1.1) has a unique (not any) l-periodic orbit near T' as
pty —q+t3 + h.ot. >0 (resp. <0) and 0 < |p| < 1.

(2b) If p=0, then

system (1.1) has a unique three-fold 1-periodic orbit near I' as ¢ = 0 (that s, W 1S

Pl
situated in a codimension 2 bifurcation curve ¥, defined by [/\2(;22(;21_)0;3:;3(1;\42#] ERECEE S

ho.t. = [~iGe=puslfon] Bt hodt. = | o e v % 4 hot) and 0 < |u < 1;

system (1.1) has a unique 1-periodic orbit near T' as ¢ < 0, or 0 < q < t3 + h.o.t. and
0< |p| <1;

system (1.1) has not any 1-periodic orbit near T as q > t3 + h.o.t. and 0 < |u| < 1,
and has a unique 1-homoclinic orbit near T' as q = t3 + h.o.t. and 0 < |u| < 1.

(2¢) If p < 0 and t3 — /=% + h.o.t. <0, then

system (1.1) has ezactly one 1-periodic orbit near T' as —t3 + h.o.t. < pt3 — q and
0<|pl <1

system (1.1) has ezactly two 1-periodic orbits near T' as p(ts+/—5 )+/—(5)3+h.o.t. <
pty —q < —t3 + h.o.t. and 0 < |u| < 1;

system (1.1) has exactly one two-fold 1-periodic orbit near I" as pts —q = p(ts +\/¥)+
V=(E)2 + h.o.t. and 0 < |pu| < 1;

system (1.1) has not any 1-periodic orbit near I' as pts —q < p(ts —l—\/—ig) /(5% +
h.o.t. and 0 < |p| < 1.

(2d) If p < 0 and t3 — /=% + h.o.t. > 0, then

system (1.1) has ezactly one 1-periodic orbit near I' as p(ts—/—8 ) —/—(E)3 +h.o.t. <
pts —q and 0 < |p| < 1;

system (1.1) has exactly one two-fold and one simple 1-periodic orbits near T as p(ts —
\/jg) —/— () + hot.=pts —q and 0 < |p| < 1;

system (1.1) has exactly three 1-periodic orbits near T as —t3 + h.o.t. < pt3 —q <
p(ts —/=5) —/—(5) + hot and 0 < |p| < 1;

system (1.1) has two 1-periodic orbits near T' as p(ts ++/=5 ) +/—(8) + h.o.t. <
ptz —q < —t3 + h.o.t. and 0 < |p| < 1;

system (1.1) has one two-fold 1-periodic orbit near I as p(t3+/—5 )+/—(§)3+h.o.t. =
pts —q and 0 < |u| < 1;
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system (1.1) has not any 1-periodic orbit near I' as pt3 —q < p(tz +/—%5 ) +/—(5)3 +
h.o.t. and 0 < |pu| < 1.

Proof. Under the hypotheses A\; + p1 > p2 > Ao > A1 > p1, §, = wey = 0, we see
that, to solve (3.1), it suffices to solve the following equation

My + Mys™ 4 wi Mys ) — wilwnwig 0555 + hot. = 0
( 1+ Mos™ +wqq Mss )u W] W31ws33 0s*1 + h.o.t. .

Let t = s% ‘We obtain

A P
B(t) = (M + wiy Mat + Mot 71 ) pt — wii'wgiwyy 6t1 + hoo.t. = 0, (3.3)
and \ 5
Ao —p —p
B'(t) = (—QMgt o +w1_11M3)u o Pa0%sL e h.o.t.,
P1 P1wW11Ws3
Aa(Xo — ra=201 pad(pa — -
By = 2202 — o)y 2enie pa0lpn — puwsy ey
P1 P1wW11W33

We first consider Case (1). When M;ju, w1 Msu, Map, —wi1wsiwssd are all positive
(or negative), we have B(t) # 0 for small t € RT. When wy; M3u, Mo, —w11wswszd
are all positive (or negative), but wyi MypuMspu < 0, we have B'(t) # 0 for t € RT, and
B(0)B(f) = Mlu(wfllMgf—i—Mgf% +h.o.t.)pu <0, where { = (%ﬁé‘lm)% Therefore (1a)
holds.

To prove Subcase (1b), without loss of generality, we assume that My > 0,w11 Msp >

Ag—

0, Moy < 0 and wyiwsiwss > 0. Because B'(0)B’(t) = w;11M3/L(%M2LLZ a h.o.t.) <0

and B”(t) < 0 for small t € R, the equation B’(t) = 0 has a unique small positive solution
_ _n

t =to € (0,t), where t = (M) »2=¢1 . Hence, B'(t) > 0 for t € (0,%9) and B'(t) < 0

paw310

for t > t5. On the other hand, the equation (M; + wy;' Mst)y — wl_llwglwg;(;t% = 0 has
a unique small positive solution ¢ = ¢. (The argument is similar to Case (2) in Theorem
3.2). Thereby, B(0)B(t) = Mllj/(Mgl,Lf% + h.o.t.) < 0. By the continuity of function B(t),
Equation (3.3) has a unique small positive solution t* € (to,%). (1b) holds.

For Subcase (1c), we note that ¢ = ¢y is a two-fold solution of Equation (3.3) as
B(tg) = 0. Thereby, (1c¢) also holds.

Next, we consider Subcases (2a)—(2d).

Solving the equation B”(t) = 0, we get its unique small positive solution

Ao(Ag — M- v
t=13 = 2( 2 p1)w11w33 2“} 272 + h.o.t. as wiiwsiwssMop > 0.
p2(P2 - Pl)w315

Hence Equation (3.3) is equivalent to

B(t) = B(ts) + B'(t3)(t — t3) + %B'”(tg)(t —t3)® + ho.t.

- éBW(t?’)[q +p(t —t3) + (t — t3)° + hot] (3.4)

=0.

Clearly, the zero points of B(t) are corresponding to the intersections of the line L:
Hy(t) = —p(t —t3) — q with the curve C: H(t) = (t —t3)® + h.o.t. Thus, it is easy to see that
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Subcase (2a) is true. To show (2b), we need only to notice that if B’(t3) = p = 0, then we
have

ts= [ — p1(p2 — p1)Msp ]7A2‘7—1p1 St hot. = [_ p1(A2 — p1)wsz Mz mer St hot, g,
A2(p2 — Ag)wii Map p2(p2 — X2)ws1 8 '
if B(t3) = B(t4) = ¢ =0, then
Aeprwiiwss My def

P11
tg =t4 = { }”2 +hot. = t5.

(p2 = p1)(p2 — A2)ws16
Now we show Subcases (2c) and (2d). Owing to

3p1 P2

Ao— —3p1
B" (t3) = Aa(X2 — p1)(A2 — pa)p *Mapts~ 71 +h.ot. = O(|Map| 7222 ),

we see that the condition 3p; > p2 ensures |p|,|q] < 1 as |p| < 1. If p < 0, then (3.4)
implies that B’(t) = 0 has exactly two small solutions t* ~ t3 +1/=% as |u| < 1. It means
that the curve C has two tangent lines L*: HZ (t) = —p(t—t*) 4/ —(£)3, which are parallel
to the line L. The lines L* are intersect the vertical axis at points H*(0,pt* +,/—(Z)3),
respectively. Moreover, we can show that the point Co(0, —t3 + h.o.t.) is situated between
points H~ and H* as t~ = t3 — /=5 > 0. In fact, if t3 > /=%, then pt* +,/—(5)% =
pts —2/—(5)3 < pt3 — 2t3 < —2t3. Therefore, conclusions of Subcases (2c) and (2d) hold
(see the following figure). The proof is complete.

Remark 3.4. If 62 + w3, # 0, then the bifurcation pattern is the same as in Theorem
3.2.

Remark 3.5. If ws; = 0, then we eventually can find out the lowest order term in
+
Equation (3.1) (under some appropriate assumption, for example, wl_llwialsmhpz may be

the nonzero lowest order term) and do some similar discussion.

Remark 3.6. The inequality conditions and the bifurcation surfaces given in Theorem
3.3 (1) and (2) are well defined if Rank (M;, M2, M3) = 3.

If M7 = 0 or confined on the surface Mijpu = 0, we can obtain the following results
concerned with the existence of periodic orbits.

H

plts —q
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Theorem 3.4. Suppose that M1 =0, §, =0 and p1 < A1 < A2 < pa < A1+ p1 hold.

(1) In the case wag # 0, system (1.1) has a unique (not any) 1-periodic orbit near I' as
wiiwaswaoMsp < 0 (resp. > 0) and 0 < |p| < 1.

(2) In the case was = 0, the followings are true.

(2a) If wiiwsgwsi Map < 0, then system (1.1) has a unique (not any) 1-periodic orbit
near I' as wiy MopMsp < 0 (resp. > 0) and 0 < |u| < 1.

(2b) If wiiwsswsi Moy > 0 and wiy MapMsp > 0, then system (1.1) has a unique
1-periodic orbit near T' as 0 < |p| < 1.

(2¢) If wiiwsswsi Moy > 0, w11 MopuMsp < 0 and put

P2—P1

} 272 4 ot

Ay = wii Msp+

w316(p2 — A2) [()\2 — p1)wiiwszMap
w11w33(/\2 - Pl) (Pz - Pl)w315

then we have

system (1.1) has not any 1-periodic orbit near I' as Ay > 0 (resp. < 0), w11 Msu > 0
(resp. <0) and 0 < |p| < 1;

system (1.1) has a unique two-fold 1-periodic orbit near T as A1 =0 and 0 < |pu] < 1;

system (1.1) has exactly two 1-periodic orbit near T as Ay < 0 (resp. > 0), wi1 Msu >0
(resp. <0) and 0 < |p| < 1.

The proof is similar to Theorem 3.2.

Remark 3.7. If p; < po < A1 < A2 (resp. p1 < A1 < p2 < A2), then we need study
the equation

A2 -1 P1 -1 -1 P2
(Mas™ +wiy M3s™ ) — wiy waiwsg $31 6 +h.o.t. =0
Az 1 P1 1
(resp. (Mgsh + wi; Mss™ )u + waowyy 65+ hoot. = O)

and can obtain some similar conclusion on the existence and nonexistence of periodic orbit
for system (1.1).
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