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WEIERSTRASS REPRESENTATION FOR
SURFACES WITH PRESCRIBED NORMAL
GAUSS MAP AND GAUSS CURVATURE IN H3**

SHI SHuGuo*

Abstract

The author obtains a Weierstrass representation for surfaces with prescribed normal
Gauss map and Gauss curvature in H®. A differential equation about the hyperbolic
Gauss map is also obtained, which characterizes the relation among the hyperbolic
Gauss map, the normal Gauss map and Gauss curvature. The author discusses the
harmonicity of the normal Gauss map and the hyperbolic Gauss map from surface
with constant Gauss curvature in H® to S? with certain altered conformal metric.
Finally, the author considers the surface whose normal Gauss map is conformal and
derives a completely nonlinear differential equation of second order which graph must
satisfy.
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§1. Introduction

K. Kenmotsu [7] obtained a Weierstrass representation for surfaces of R® with pre-
scribed mean curvature and Gauss map, which generalized the classical Weierstrass repre-
sentation of minimal surfaces in R%. D. A. Hoffman and R. Osserman [6] gave the Weierstrass
representation for surfaces of R™ with prescribed Gauss map.

R. L. Bryant [3] defined the hyperbolic Gauss map for surfaces of H® and using the
hyperbolic Gauss map he obtained the Weierstrass representation for surfaces of H? with
constant mean curvature one. Under this framework, many properties for surfaces of H3
with constant mean curvature one are studied (see [14-16]). M. Kokubu [9] defined the
normal Gauss map for surfaces of H™ and obtained Weierstrass representation for minimal
surfaces of H". Using Kokubu’s normal Gauss map, R. Aiyama and K. Akutagawa [1] and
the author [10] obtained the Kenmotsu-type Weierstrass representation for surfaces of H3
with prescribed mean curvature and normal Gauss map independently.

J. A. Gélvez and A. Martinez [4] studied the properties of Gauss map for surfaces of
R3. Particularly, the conformal structure on surfaces is induced by the second fundamental
form. Motivated by their method, we give a Weierstrass representation for surfaces with
prescribed normal Gauss map and Gauss curvature in H?® in this paper. Moreover, the
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conformal structure on surfaces is induced by its second fundamental form. We obtain a
differential equation about hyperbolic Gauss map which characterizes the relation among
the hyperbolic Gauss map, the normal Gauss map and Gauss curvature. We also discuss
the case of constant Gauss curvature in which the normal Gauss map and the hyperbolic
Gauss map are harmonic map from surfaces to S? with certain altered conformal metric.
Finally, we discuss the surface whose normal Gauss map is conformal and derive a completely
nonlinear differential equation of second order whose graph must satisfy.

§2. Surface Theory of H3

Take upper half-space model of hyperbolic 3-space H? = {(z1,72,73) € R® : 3 > 0}
with the Riemannian metric g = 25 (dz? 4 dz3 + da3) and constant sectional curvature —1.
3

Let ¥ be a connected 2-dimensional smooth surface and = : ¥ — H? be an immersion
of ¥ into H? with local coordinates uy, us. In the sequel, we agree the following ranges of
indices: 1 < A, B,--- <3,1 <4,j,--- < 2. The first and the second fundamental forms of
the immersion are written, respectively, as ds® = gijduidu; and h = hijdu;du;. The unit
normal vector field of z(X) in H? is

n= Tatsrg + Taes2g — + T3e G
where
1 O0xg Oxs  Oxo Oxs
N om0 9us 0z )
1 Oxs O0x1  Oxq Oxs
O g~ )T s Ous s )

L (8901 Oxa  0xq 8302)
€33 = il el Pt 2
x% (911922 — g%z)% Ouj Oug  Oug Oug

2 2 2 _
e3; +e3p +ez3 =1

We have the Weingarten formula

= €33 5— —e3p=—034 — h
8uk I3

Oesa 1( x4 Oxp 4 jl%)
auk 8u;€ kg Gul

and the Gauss equation
hi1hoy — h?
K= _1 + 117622 212'
911922 — 912

Identifying H® with Lie group

1 0 0 logzxs
3 0 I3 0 I 3
H° = 0 0 x4 7 : (.’tl,xg,l’g) eH R
0 0 O 1

the multiplication is defined as matrix multiplication and the unit element is e = (0,0,1).
It is easy to know that the Riemannian metric is left-invariant and X; = xga%l,XQ =

T3, X4 = 13- are the left-invariant unit orthonormal vector fields. The unit normal
6.’E2 a:ltg
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vector field of z(X) can be written as 1 = e31 X1 + e32Xo + e33X3. Left translating 7 to
T.(H?), we obtain

_ 5 e O 9 9 2 3
= fol*(n) = e31 o (6) + €32 92 (6) + e33 92 (6) es (1) C Te(H )

Su

By the stereographic projection, we get the map ¥ — C(J{oo},

gl(:n) _ 6311 + €32 ﬁ cU, = 52(1)\{N},
— €33
_e3] —ie3 > _ 2
g2(x) = == - i€ Uy = S*(1)\{S}.

Call g1 (or go) the normal Gauss map of surface z(X) (see [9,10]). On Uy Uz, g1g2 = 1.
Throughout the paper, we only consider g; and write the normal Gauss map as g : ¥ —
C'|J{oo}. Then we have

g+g g—g ClglP—-1

f— — 5, e = —7:7’ (& = . 2.1
1+ g[? 2 1+]g/? BT 149l 21)

€31

Next, we define the hyperbolic Gauss map G (see [2,11]). The space H? is not compact,
but can be compactiﬁgd by adding on an ideal boundary—2-sphere at infinity. We get a

compactified space 7= 3US2,, where S can be viewed as the set of all geodesic
rays with the initial point e. It is easy to know that S2, =~ {(z1,22,0) € R3}J{oo} ~
H3(—1)/R™T. There is a natural complex structure on S%, with z; and 3, the local conformal
parameter, and z; + ixs, the local complex coordinate. For the immersion = : ¥ — H?3, at
each point z, the oriented geodesic in H? passing through x with tangent vector 7 meets
S2 two points. Since the geodesic is oriented, we may speak of one of the two points as
the initial point and the other one as the final point. Call the final point the image of the
hyperbolic Gauss map for x(X) at the point x. Denote the hyperbolic Gauss map by G.

Remark 2.1. By Proposition 34 in Chapter 7 of [13], the surfaces of H? with Gauss
curvature K = —1 is either a totally geodesic or a local ruled surface. In the sequel of the
paper, we consider the case of K # —1.

8§ 3. Surfaces with K > —1

Consider an immersion x : ¥ — H? with Gauss curvature X > —1. By the Gauss
equation, we can choose suitable local coordinates on 2(X) such that the second fundamental
form h becomes a positive definite metric on ¥. 3 will be considered as a Riemannian surface
with the conformal structure induced by h. Let z = u + iv be a complex coordinate, the
first and the second fundamental form may be written as ds? = Edu? 4+ 2Fdudv + Gdv? and
h = e(du® + dv?), where e > 0 and

p= (5 + (5 +(5))

2
3
o=z ((5) + (7 +(3))

T
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Theorem 3.1. Let x: ¥ — H? be an immersion with the normal Gauss map g : ¥ —
2
CU{o0} and Gauss curvature K satisfying K > —1 and K # —%. Then, we have

COBY S (5 P ' S S
0= CUVEFT+ R+ (VE+1-ER) 0+ gl
02 _ 40 { (1+3)g- N (1+6%)3- L @)
0z (VE+T1+ )0 +1gP)?  (VE +1- 101 +g2)2
Oxs _ s { 299 3 293- } (3.3)
0 (VEFT+Erp) (1 +1gP)?  (VE+T - ) (1 + 192
Proof. By the definition of the normal Gauss map g, we get
o 1 8(631 + i632) 8(631 + i632) 8633 .
9= == 633)2( e =g TR e i) (34)
_ 1 8(631 + ’i€32) 8(631 + iego) Odess .
T 0 ep)? ( 0z TRz T et 2632))' (3:5)

By the Weingarten formulas, the Gauss equation and the representation formulas of F, F
and G, after a straight computation, we get

Od(es1 + e Oe
(es1 32)+ 33

—e33 s 9% (es1 + ie32)
1 . 0x1 0o €33 (0x1 Oz VK +1 /0x1 .Oxs
__x3(631+le32)<631 0z +es 8z>_x3(8z +Zaz)+ T3 (82 +laz>’
0 +1 0 )
— e33 (631821632) + ;;3 (631 +Z€32)
5‘:1:1 8%2 6%3 8x1 ,8:1:2 \/m &rl _8x2

= *%3@31 Fies) (en 5 +enyr) - ;73(5 vige) - T(E tige).

Using (2.1) and the above two formulas, from (3.4) and (3.5), we have

2¢° + |g|* + 1\ Oy | 2g° — |g|* — 1\ Oz
(,/K_|_ —%>71+Z(*/K+1+%)72

(1+1g?)?* / 0z (1+1g*)?* / 0z
2(gz +gzgz)x3
= 92T 9 92)73 3.6
(1+1gP)2 (3.6)
25°% + |g\4 +1\0z;1 . 2g% — |g|4 — 1\ Oxs
(VE+T+ TESTBE )5 Hi(VET TESPBE )
= 4 =2
_ 29 +3°9:)7s (3.7)

(1+1g?)

Solving the above system of equations about % and %7 we obtain (3.1) and (3.2). By

ox ox O3
€31 Szl + e32 6; + 63387; =0, we get

Oxs _ g+g Oz i(g—g)Oxrs
0z 1—1g|? 9z 1—|g]? 9z~

Using (3.1), (3.2) and (3.8), we get (3.3).
By using (3.1), (3.2) and (3.3), a straight computation gives

(3.8)
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Corollary 3.1. Under the same conditions as in Theorem 3.1, the first, the second
fundamental forms and the mean curvature of the immersion x : ¥ — H? are given, respec-
tively, by

49.9. 49z9% _
d 2 = — d 2 _ d 2
= ( z«1+mwv+4mw>z +( 1ﬂ1+MPP+4MP>Z
N ( 41g.|?
WK +1(1+|g?) + (g2 — 1)]2
4|92|2 2
+ |dz|?, (3.9)
[ﬂﬁjuHW%WW—mJ
h=VET1( Algsl”
WE+1(1+g2) — (g2 — )2
4|gz|2 2
- |dz|? > 0, (3.10)
[WH4OHWHWW—MJ
lgz|? lg-|?
zy::¢ﬁi¢i*VK+l“+gﬁl*””‘”P'+[VK+1“+gﬁ?*””—”P. (3.11)

WVEFT(A+lgP)-(gP-D?  [VE+I(+gl?)+(gl?-1)]

Theorem 3.2. Let z : ¥ — H3 be an immersion with normal Gauss map g : ¥ —

CU{oo} and Gauss curvature K satisfy K > —1 and K # —%, Then, normal Gauss

map g must satisfy

2K(1+1g1*) +4
A(K +1) [gzg CROLP 4|g|299292]
_VEFTO 4P 4 (o 1) VEFTO 4 [gP) (o 1)
CVET TP - (F -1 T VER TP+ o) o 1

Proof. From Theorem 3.1, the equation % (ag;‘) = 8% (ag—;) can be written as

WK +T1(1-g*)(1+19)%0::  2VK+1(1—g*)(1+9*)%3:2

4]g|2 4|g]2
K+ arjgep K+ ey
LK { (1-¢*)(1+91*)%g= B (1-g°)(1+g1*)?g= }
z 21,2 2_1,\2
o(VE +1+ W) VE+1  2(VE+1- ) VK +1

+ K{ (1-¢*)(1+19/°)%g- B (1-g*)(1+19*)%g- }
? lg]2—1)2 lg]>—1)2
d(VE+1- ) VE+1 2(VE+1+ {75) VK +1
N 2VEK + 12K (1 + |g|?) + 4]

2 2
(K + wgme)

((9—9°)3:9: — (5 — §°)g-92) = 0, (3.13)

2VK +1(1+ 331+ [g*)%g.2 N 2VEK +1(1+ ¢*)(1+ [9*)%g.2

[y alg[®
K+ wrlgpy K+ gy
-k (1+9*)(1 +g*)*g (1+9%)(1 +1g*)*g= )
: 9212 9212
2VE + 1+ p) VE+1 2(VE+1-{e) VE +1
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_K,{ (L+g)(A+lgP)g. _ (1+g)(+]gP)%: }
z -1 2—1\2
2(VE+1- W) VE+1  2(VE+1+ 43 VK +1
VK F12K(1+gP) +4]

EEERY:
(K + wme)

((9+9°)3:9: + (5 + 5%)g-9:) = 0, (3.14)

WE+1g(0+ 91?92 4VEK +1 g(1+ |91*)g:=

AR a9l
K+ mxigme K+ wxigmye
LK { 9(1 +19/*)%g= B g(1+19/*)%g= }
z 2_ 2 2_ 2
WVEH+T+ Y= VE+T  (VE+1-45) VR +1
g(1+ Ig\2)2’z B g(1+19l*)%g

+ 2{ K + lg|?—1 VE +1 VE +1 lg|2—=1\2 K 11
(V - 1+|g\2) + (VK +1+ {75¢) +
L AWEFTRE( A o) +4]
g \2
(K+ o)
Adding (3.13), (3.14) and g times (3.15), we obtain (3.12).

(9°9:9z — §°9:9z) = 0. (3.15)

By a straight computation, we know that (3.12) is the complete integrability condition
for the system (3.1)—(3.3). So we have

Theorem 3.3. Let X be a simply connected Riemannian surface with a reference point
20 and K be a C' real-valued function on E satisfying K > —1. Let g : ¥ — C'|J{oo} be a

smooth map satisfying (3.12), K # — (1+|9|2)2 and
Ags - Ag- " > 0. (3.16)
VE+1(1+[g?) = (g =1  [VE+1(1+]g?)+ (lgl> —1J?
Put
x1 = Z/Z nge{( (1 I;\ _292
20 ( K+1+W)(l+|g|2)2
_ 2 a
_ e )z} (3.17)
(VK +1- &)1+ 1gl?)
Ty = —2 Z:E Re{i( (1+5%)g:
2 . 3 ( K+1+ IglLl)(l_H 2)2
° 1+]gP? g
2 —_
n u Lg_zgz )=}, (3.18)
(VK+ - +|\)(1+|9|)
_ - 99z
5173—4/ IsRe{((m+ |g\2—1)(1+| |2)2
% 1+TgT? g
99
- o dz . (3.19)
(VEFT1-Em)0+ |g|2)2) }

Then x = (1, %2, x3) is an immersed surface of H® with prescribed Gauss curvature K and
normal Gauss map g. Moreover, the conformal structure on X is induced by the second
Sfundamental form.
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Proof. Direct computation may prove that g is the normal Gauss map of z(X). By
(3.9), (3.10) and the Gauss equation, we may prove that K is the Gauss curvature of z(X).

From Theorems 3.2 and 3.3, we immediately get

Corollary 3.2. Let ¥ be a connected Riemannian surface and x : ¥ — H?> be an
immersion with the normal Gauss map g : ¥ — C|J{oo} and the conformal structure
induced by the second fundamental form. If Gauss curvature K is constant satisfying K >

—1 and K # —%, then the normal Gauss map must satisfy

2K(1+g*) +4 _
.gs = 0. 3.20
RO+ [gP2)? + dlgl2 99 (3.20)

92z —

That is, g is a harmonic map from Riemannian surface X to
(5% e K(1+ [w]*)? + 4|w]?| " dwdw),

where ¢ is an arbitrary positive constant. Conversely, let 3 be a simply connected Rieman-
nian surface with a reference point zg and K be a constant on % satisfying K > —1. Let

g: 2 — ClJ{oo} be a smooth map satisfying (3.16), (3.20) and K # — W' Then the

immersion x = (x1, T2, x3) : ¥ — H3 given by Theorem 3.3 is a surface with constant Gauss
curvature K and normal Gauss map g. Moreover, the conformal structure on % is induced
by the second fundamental form.

Remark 3.1. Strictly speaking, when —1 < K < 0, ¢|K(1 + |w|?*)? + 4|w|?| " Ldwdw is
4w?
(I+w[?)?

Similarly to the Hopf differential, we can define a quadratic differential on surface with
Gauss curvature K > —1 (see [8] for the case of R3):

not a Riemannian metric on S2, because it diverges at the points satisfying K = —

E—-G 89-9
S =¢d:? = (— —iF)d* = — 29z 2
0ds* = (=5 —iF)ds* =~

From Corollary 3.1, we have ds*> = £® 4+ 1@ + L(E + G)|dz|?. ® is a global quadratic
differential on surface. The following theorem gives another characterization of the surfaces
with constant Gauss curvature K > —1.

Theorem 3.4. Let ¥ be a connected Riemannian surface and x : ¥ — H3 be an
immersion with the normal Gauss map g : ¥ — C|J{oo} and Gauss curvature K > —1.
The conformal structure is induced by the second fundamental form. Then Gauss curvature
K is constant if and only if ® is a holomorphic quadratic differential on 3.

Proof. (1) By (3.12), we have, on openset U = {z € ¥ | K # — W} that
K+l 29.7-
2 7 K(1+1gl)? +4lgl?

|gz|? |g.|?

R (/e Trepr ey ey R v e T prrm e Rl

K+1Q_S 2@595
TOK(L+g[)? + 4]g)?
,‘2

|g-|?

+{ |9z N
WK +1(1+1g?) = (g2 =D)*  [VEK+1(1+]g[?) + (|1 = 1)]?

}Kg - O
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On U, the necessity is obvious. Conversely, the above system of linear equations with respect
to K, and K has unique solution K, = K> = 0 when ® is a holomorphic differential.

(2) Assume that K is constant on X. Let V = X\U. V is a closed set. If zp € V
is a interior point of V| then by the following Section 6, ® = 0 is holomorphic in an open
neighbourhood of zy. Or else, there exists a sequence of points z,, € U satisfying z,, — zg as
n — 4o00. By (1), we know that ¢;(2,) = 0. So ¢s(z9) = 0. Combining (1) , we get ¢ =0
on ¥ . So @ is holomorphic. Similarly, using (1) and the following Theorem 6.4, we can
prove the sufficiency.

By Theorem 3.4, we may prove a known result (see [13]) which is similar to the Lieb-
mann’s Theorem in R3.

Theorem 3.5. A compact connected surface with positive constant Gauss curvature
K in H? must be a geodesic sphere.

Proof. By [3], we know that z(X) is orientable. By Gauss-Bonnet Theorem, we
know that ¥ has genus zero, i.e., ¥ is a topological sphere. So the holomorphic quadratic
differential ® = 0 on . This implies that the first and the second fundamental forms induce
the same conformal structure on ¥. Hence z(X) is totally umbilics and must be a geodesic
sphere.

From (3.9) and (3.10), we know that when the normal Gauss map g is anti-holomorphic
the first and the second fundamental form induce the same conformal structure on X. Then,
by the Corollary 3.1 in [10], z(X) is totally umbilic and by (3.11), its mean curvature
H = /K + 1. By Theorem 29 of Chapter 7 in [12], z(X) is a geodesic sphere, or a horosphere,
or an equidistant surface but not ordinary Euclidean plane.

From Theorem 3.1, we have

Theorem 3.6. (Uniqueness) Let X be a simply connected surface. Two immersions
v = (v1,m9,23) : X — H® and y = (y1,92,y3) : ¥ — H?> have same normal Gauss map

g: % — CU{x} and same Gauss curvature K satisfying K > —1 and K # —%.
If () and y(X) have same conformal structure induced by the second fundamental form,

then

Ty = cy; +dy, T2 = cyz + da, T3 = Cys,

where ¢ > 0, dy and dy are arbitrary real constants. In other words, x(X) differs y(X) by a
vertical hyperbolic translations of H?.

Remark 3.2. The case of K = —% > —1 will be discussed in Section 6 below.

8§4. Surfaces with K < —1

Consider an immersion z : ¥ — H? with Gauss curvature K < —1. By the Gauss
equation, we see that the second fundamental form can be considered as a Lorentz metric
on ¥ and ¥ can be considered as a Lorentz surface. The first and the second fundamental
forms can be written as ds? = Edu? + 2Fdudv + Gdv? and h = 2fdudv, where f > 0 is a
function on ¥ (see [12]).

As similar as done in Theorem 3.1, we have
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Theorem 4.1. Let x : ¥ — H3 be an immersion with normal Gauss map g : ¥ —
CU{oo} and Gauss curvature K < —1. Then, we have

% - 2Im{ ( mSJ(FQQJ Lt 2)2 }’ (4.1)
V- ) (1+ |g?)

% — ~2Re{ 73(9” & 1)gu } (4.2)
u (V=K =T +i85) (1 + |g]?)?

Ozs _ —4Im{ 399y } (4.3)

du (V +Z|19_~|_| ‘2)(1+|g|2)2

ry _ 21m{ z3(g” — 1) g” 3 (4.4)

ov (1/ +Z‘lg-|%| g (1+ |g|?)?

Oz _ 2Re{ 23(9” + g, 3 (4.5)

g (V=K =T+ (14 [g]?)?

Oz3 _ —4Im{ 3990 } (4.6)

dv (V=K =T +i8m) (1 + |gl?)?

By using (4.1)—(4.6), a straight computation gives us

Corollary 4.1. Under the same conditions as in Theorem 4.1, the first, the second
fundamental forms and the mean curvature of the immersion x : ¥ — H? are given, respec-
tively, by

4|92 4|g0]?
d 2 = — d 2 + _ d 2
= K(1+gP)? +4|g\2> o+ ( K(1+g?)2 +4|g\2>
_ ( 49ugv
V=K —1(1+gP) —i(lgP — )P
4G.,9v
+ - dudv, 4.7
N ey ) 1)
. GuGv
h=4v—-K-—1
([ﬁ—K —1(1+gP) — (gl — 1)]?
Guv
— , dudv, (4.8)
V=K —1(1+g?) +i(jg? - 1)F>
gugZ’” 5 2 2 + gug; 5 2 2
H— Zm [\/—K—1(1+;g|g)+l(|g| —1)] [V—K—1(1+\g[)—z(\g\ —1)] ) (4'9)

wJuv _ 9ugv
[V-K-1(1+|gl)+i(lgl>-D]*  [V=K-1(1+]g?)—i(lg]?—1)]?
Using Theorem 4.1, by a similar computation as Theorem 3.2, we get

Theorem 4.2. Let z : X — H? be an immersion with normal Gauss map g : ¥ —
CU{<} and Gauss curvature K < —1. Then the normal Gauss map g must satisfy

2K(1+ |g|*) +4
W+ Dlow ~ i pr
_VER IO ) il 1) VIR STl il -1

VR =10+ — il -1 P VIR =T o) illeP - 1)

By a straight computation, we know that (4.10) is the complete integrability condition
for the system (4.1)—(4.6). So we have

|2 ggugv

(4.10)
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Theorem 4.3. Let ¥ be a simply connected Lorentz surface with a reference point
(ug,v0) and K be a C' real-valued function on Y satisfying K < —1. Let g : ¥ — C'|J{oo}
be a smooth map satisfying (4.10) and

. gug’u _ gugv
(Ve e Treapa ey A war e trenrm pwr Ty e R
Put

(w,v) 2~ 1)gudu + (5% — 1)gpdv
21 = 2/ xglm{ "= 1)g _‘g‘z(;ql )9 — } (4.12)
(uo0,v0) (V_K_1+Zl+\g|2)(1+‘g| )
Tog = —2/(%1)) £C3Re{ (92 + 1)QUdu _ (g2 + l)gvdv } (4.13)
(t0,00) (V=K =T+iZ5) (1 + |g])?
(u’v) a d qa
9gudu + gg,dv
- —4/ ngm{ e = - 2}. (4.14)
(u07v0) ( - -1 + ,LlJrlng)(l + |g| )

Then x = (x1, 2, 23) is an immersed surface in H with prescribed Gauss curvature K and
the normal Gauss map g. Moreover, the conformal structure on X is induced by the second
fundamental form.

From Theorems 4.2 and 4.3, we immediately get

Corollary 4.2. Let ¥ be a connected Lorentz surface and x : ¥ — H? be an immersion
with the normal Gauss map g : X — C|J{oc} and the conformal structure induced by the
second fundamental form. If Gauss curvature K is constant satisfying K < —1, then the
normal Gauss map g must satisfy

2K(1+ [g]?) +4

o — G9ugy = 0. 415
G = R+ [gP)? + g9 (4.15)

That is, g is a harmonic map from Lorentz surface to
(S%,c|K(1+ |w[*)* + 4|w|?| " dwdw),

where ¢ is an arbitrary positive constant. Conversely, let ¥ be a simply connected Lorentz
surface with a reference point (ug,vo) and K be a constant on ¥ satisfying K < —1. Let
g: 3 — ClJ{oo} be a smooth map satisfying (4.15) and (4.11), then the immersion x =
(x1,79,23) : ¥ — H? given by Theorem 4.3 is a surface with constant Gauss curvature K
and normal Gauss map g. Moreover, the conformal structure on % is induced by the second
fundamental form.

Similarly to the case of K > —1, we may define two quadratic differential on surface
with Gauss curvature K < —1:
|2 . 4|gv|2

K(1+g[*)* + 4[g|?

N 4]gu
K(1+1g]%)? +4]g|?

o, = du?, Py = dv?.
®; and P, are two global quadratic differential on . Similarly to Theorem 3.4, we

have

Theorem 4.4. Let X be a connected Lorentz surface and x : ¥ — H3 be an immersion
with the normal Gauss map g : ¥ — CJ {00} and Gauss curvature K < —1. The conformal
structure is induced by the second fundamental form. Then Gauss curvature K is constant
if and only if ®1 and ®o depend only on u and v respectively.



WEIERSTRASS REPRESENTATION FOR SURFACES 577

From Theorem 4.1, we have

Theorem 4.5. (Uniqueness) Let X be a simply connected surface. Two immersions
v = (v1,22,23) : X — H® and y = (y1,92,y3) : ¥ — H?> have same normal Gauss map
g: % — CU{oo} and same Gauss curvature K satisfying K < —1. If x(X) and y(X) have
same conformal structure induced by the second fundamental form, then

1 = cy1 +di, T3 = cyz +da, T3 = Cy3,

where ¢ > 0, di and dy are arbitrary real constants. In other words, x(X) differs y(X) by a
vertical hyperbolic translations of H?.

8§5. The Relation of the Hyperbolic Gauss Map, the Normal
Gauss Map and Gauss Curvature

For an immersion x : ¥ — H?3, any oriented geodesic in H?, passing through = with
tangent vector 7 is either the Fuclidean half-circle which is orthonormal to the coordinate
plane {(z1,22,0) : (z1,22) € R?} or the Euclidean straight lines which is orthonormal

to the above coordinate plane. By the Euclidean geometry, the coordinate of the center

z3(9+3)(1—|g|*)

and the radius of the above half-circle are given, respectively, by (Jcl — 19

, L2 —
irs(gfg)(1*|g|2),o) and $3(1+\9\2). S

alg[? 2] o, we get the coordinate of hyperbolic Gauss map image

G(u,v) = (xl(uw) L 23w, 0)(9(u, ) + g(u, v))

2

() + ixg(u,v)(g(u,v) — g(u,v)) 7 0)'

2
Write G(u,v) in complex coordinate on {(z1,22,0) : (z1,32) € R%}, we get

Theorem 5.1. (cf. [1,11]) Let X be a connected surface and x = (w1, z2,23) : ¥ — H?

be an immersion. Then the normal Gauss map g and the hyperbolic Gauss map G must
satisfy

G =1 +ixs + x39.
Obuviously, g = oo if and only zf(N}’ = 0.

Theorem 5.1 gives a relation between the hyperbolic Gauss map G and the normal
Gauss map g, involving the position function of the surface x(X). The following result
further characterizes the relation among the hyperbolic Gauss map up to its third-order
derivative, normal Gauss map g and Gauss curvature K.

Theorem 5.2. Let X be a connected surface and x : ¥ — H® be an immersion with
hyperbolic Gauss map G : ¥ — C'|J{oo} and normal Gauss map g : ¥ — C'|J {oo} satisfying

g # 0. Let K be Gauss curvature satisfying K # 0 and K # —%. Assume that z(X)

has no umbilic. Then
(1) In the case of K > —1, we have

8G.G- - (WEFI+1)G.
Y R 7 T ) = Urrionge OV
2 (K+D(VE+1I-1)2  (K+)(VE+1+1)2 " ©
8G.G: - (VEF1-1G:
— - - =G - 2 (5.2)
4G25 o KK.Gsz . KK:G, 3 (m+ 1)g2

(K+1)(VE+1-1)2  (K+1)(VEK+1+1)2
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(2) In the case of K < —1, we have

( 3Gy ) _g, Wk Z1- )G (5.3)
e KK,Gy KK,G, - e K _1+ia2’ .
Guw + T T T T (V=K -1+1i)g
8G. G (WK =1+0G,
~ KK,Gy KK, G, =Gy — (m Yo . (5.4)
4Gy + (K+1)(V-K-1-1)2 + (KE+D)(V—E—-1+i)2 " ¥ g
Proof. (1) Using Theorem 5.1 and Theorem 3.1, we get
g = VE+T(1+]gP) + (91’ = 1) 55)
: (VK +1+1)(1+g?) 7
K+1(1 2y _ (lg|2 = 1) ~
_VEFLO 41" ~ (s -1 .

T T VET -+ gP)

Taking derivatives on the two sides of (5.5) with respect to z and using (3.3), (5.5) and (5.6),
we get

o = VEFLTA+]g) + (g -1 5
T (VK1 + D)1+ T
n 4\/m§ézéz " K.G,
3K (1+9[%)?  asVK +1T(VE +1+1)2(1+gl?)’

Using (5.5), (5.6) and the above formula, from (3.12), we have

4(12 KK.Gx KK:G. g (5.7)

T (KF)VE+I-1)2  (K+1)(VE+1+1)?

Taking derivatives on the two sides of (5.7) with respect to z (resp. z), using (3.3), (5.5)
and (5.6), we obtain (5.1) (resp. (5.2)).
(2) Similarly to (1), we have

VK T+ —ilglP 1) 5

= VR =T =)+ o) (5.8)
_VEE T+ g +i(lg* - 1) ~

= R =T+ lg) (5.9)

KK, Gy KK, G,
+ (K+1)(vV=K—-1-1i)2 + (K+1) (V=K —1+1i)2 9

46:1”)

Taking derivatives on the two sides of (5.10) with respect to u (resp. v), using (4.3), (5.8)
(resp. (4.6), (5.9)), we obtain (5.3) (resp. (5.4)).

By Theorem 5.2, it is easy to get the necessary conditions about hyperbolic Gauss map
G and Gauss curvature K of z(X).

Corollary 5.1. Under the same conditions as in Theorem 5.2, we have
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(1) In the case of K > —1, we have

VK+1-1 [( 8G.G. & }
£/ -~ 2l KK, Gz KK:G, Tz
( K + 1 + I)GZ 4Gz2 - (K+1)(m_1)2 - (K+1)(m+1)2 z
K+1+1 enen _
_ VE +1+ L K _ _ ;G G — GZ} (5.11)
(VK +1-1)G; L\4G .z — B ~ BT’ ®
(2) In the case of K < —1, we have
V=K —1+i K 8G .Gy & }
N ~ KK,Ga KK, G, —Mu
(V—K —1—49)G,, L\ 4Gy, + KD/ RKoioe + EiD/ Rz v
K —1—34 eNen -
- VRS- [( _ _8GuG _ > —Gv]. (5.12)
(V=K —1+1)G, L\ 4Gy, + Dbl + KK, Gy v

(K+1)(V=-K-1-4)? ' (K+1)(V-K-1+41)2

Corollary 5.2. Under the same conditions as in Theorem 5.2, we have
(1) In the case of K > —1, G satisfies the following linear elliptic differential equation
of second order,

Oe [Mlj(gi 1 (wﬁ!&;z)z] G:

(2) In the case of K < —1, G satisfies the following linear hyperbolic differential equa-
tion of second order,

Cn + '[Mii?i 1 (( Jff)g” a.
(A= () Je e

Corollary 5.3. (Uniqueness) Let X be a simply connected surface. Given two umbilic-
free immersions © = (w1, 22,23) : X — H? and y = (y1,y2,y3) : ¥ — H>. The hyperbolic
Gauss map, the normal Gauss map and the Gauss curvature of x(X) and y(X) are, respec-

~ ~ 2 2
tively, G, Ga, g1(#0), g2(# 0), Kr(#0, —iftlys) and Ko( #0, —(32ys). Assume

that (X)) and y(X) have same conformal structure induced by the second fundamental form.
If G =G and K1 = Ko on X, then x =y on X.

(5.14)

Proof. From Theorem 5.2 and (5.7) (or (5.10)), we get g1 = g2 on X. So, by Theorem
3.6 and Theorem 4.5, we have

Ty = cy +dy, Zo = cy2 + da, T3 = cys,
where ¢ > 0, d; and dy are arbitrary real constants. By Theorem 5.1, we get, on X, that
G1 = a1 +ima + w391 = (cy1 + du) + i(cy + d2) + cysgo
= c(y1 + iy2 + ysga) + (d1 + idy) = cGy + (d1 + idy)
Go.
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By (5.5) and (5.6) (or (5.8) and (5.9)), we know that G is non-constant. So, we get ¢ = 1
and d; = dy = 0. We have proved x =y on X.

Corollary 5.4. Let ¥ be a simply connected surface. Given smooth map g : ¥ —
CU{oo} satisfying g # 0 and a C* real-valued function K on X satisfying K # 0, K # —1

and K # % If K > —1 (resp. K < —1) and g satisfies (3.12) and (3.16) (resp.

(4.10) and (4.11)), then G = x1 + iza + 239 is a solution of system of nonlinear partial
differential equation (5.1) and (5.2) (resp. (5.3) and (5.4)), where x1, x2, T3 are given by
(3.17)(3.19) (resp. (4.12)(4.14)). And cG + (d1 +idy) is still a solution of (5.1) and (5.2)
(resp. (5.3) and (5.4)), where ¢ # 0, d1 and do are arbitrary real constants. When K is
a C%-function on %, ¢G + (dy + idy) is also a solution of (5.13) (resp. (5.14)). Finally,
G+ (dy +1ids) is the hyperbolic Gauss map of an immersion (cx1 +dy, cxa+da,|c|zs) : & —
H3.

Remark 5.1. Theorem 5.2 implies that the normal Gauss map can be determined by
the hyperbolic Gauss map and Gauss curvature. Conversely, can the hyperbolic Gauss map
be determined by normal Gauss map and Gauss curvature? Or, is the solution of system
of Equations (5.1) and (5.2) (or (5.3) and (5.4)) about the hyperbolic Gauss map G unique
in the sense of ¢G + (d1 +id)? where ¢ # 0, di and dy are arbitrary real constants. An
affirmative answer to the problem would give the Weierstrass representation for surfaces
with prescribed hyperbolic Gauss map and Gauss curvature in H>.

Theorem 5.3. Let ¥ be a simply connected surface. Let x : ¥ — H? be an immersion
without umbilic. The normal Gauss map and Gauss curvature K satisfy g # 0, K #

0, and K # W Assume that the hyperbolic Gauss map G : ¥ — C|J{oco} is a

diffeomorphism from ¥ to G( ) and the conformal structure on 3 is induced by the second
fundamental form. Then
(1) If Gauss curvature K is constant and K > —1, then

~ 2 S
G.—— 9 __G.G.=o0, 5.15
w0+ 19P) (5:15)

i.e. G is a harmonic diffeomorphism from Riemannian surface % to

: Re(g(G " ())dw) .
(el =2 [ T o) )

where ¢ is an arbitrary positive constant and the integrals are taken along a path from a fized
point to a variable point belonging to G(X).
(2) If Gauss curvature K is constant and K < —1, then

~ 9 ~ ~
G — ——2— GGy = 0, (5.16)

i.e. G is a harmonic diffeomorphism from Lorentz surface ¥ to

) Re(g(G " (@))d) -
(S’C'e’m{_Q/acg(~ T oG )

where ¢ and integral path are the same as in (1).
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Proof. (1) By (5.7), we get (5.15). It is well known that G : (2, |dz|?) — (52, p2dwdw)
is harmonic if and only if G satisfies

20 ~ ~

G.: +-Z2G.G: =0.
1 Ow

After checking the integrability of the equation

20u _ 25(G ()

pOw ay(GLw)(1+ |g( G @)?)]

we have proved (1).
(2) Note that G : (,2fdudv) — (S?, p?dwdw) is harmonic if and only if G satisfies

Gt 291G G .
1 Ow

The proof of (2) is similar to that of (1).

Remark 5.2. Is this condition about diffeomorphism necessary for hyperbolic Gauss
map to be a harmonic map from surfaces with constant Gauss curvature to S? with an
altered conformal metric?

. 2
§ 6. Surfaces with K = —% > —1

The Weierstrass representation formula in Section 3 is unadaptable to the surfaces

with K = —% > —1. In this section, by Theorem 5.1, using hyperbolic Gauss map G

and normal Gauss map g, we give the Weierstrass representation formula for surfaces with

4 2
K =~y > -1
Let ¥ be a connected Riemannian surface and « : ¥ — H? be an immersion with local
complex coordinates z = u + tv. The first and the second fundamental forms are given,
respectively, by ds? = Edu® + 2Fdudv + Gdv? and h = e(du? + dv?), where e > 0.
If normal Gauss map g : ¥ — C U {oo} is constant, then x(X) is either an equidistant

surface or a horosphere z3 = const. > 0 which are ordinary Euclidean planes and satisfy

2
K = 7% > —1. And they are only these surfaces with constant Gauss curvature
2
K= —% > —1. From now on, assume that normal Gauss map g is nonconstant. It is
2 2
easy to see that when |g| > 1, VK +1 = ﬂ@% and when |g| < 1, VK +1 = L—r}g‘lz.

Theorem 6.1. Let ¥ be connected Riemannian surface and x : ¥ — H?> be an im-
mersion with Gauss curvature K and normal Gauss map g : ¥ — C U {oo} satisfying

2
K = — 38y > —1. Then
(1) When |g| > 1, we have gz =0, i.e. g: X — CU{oo} is holomorphic map, and

ory (1-g*G. (9> - 1)G,

or _ - , 6.1
5z AP 20+ lgP) (6.1)
O o 1+ )G, (9> +1)G.

9ra _ _ _ , 6.2
52 = T Pl 2P (6.2)
81'3 _ ng + ng (63)

0z (L+gP)gl? T A +1gP)



582 SHI, S. G.

(2) When |g| < 1, we have g, =0, i.e. g: X — CU{oo} is an antiholomorphic map,
and

or, _ (1-¢g)G. (3" - 1)G.
5z = AL+ gPgE 20T gP)
%:Z—{ (1+¢%G- _(g2+1>éz}
5z = BT PR 20119 )
(9{1,‘3 géz géz

—_— = + . 6.6
5z~ 0+ gPE A+ 1eP) (6.6)

Proof. (1) When |g| > 1, (3.6) and (3.7) become
ox

or

1 . 9 2 2

_17_ 4 zZ)
9z +i(g ) o r3(9- +9°92)

—(1+4%)

ox . Ox gz
-(1 +92)87; +i(g? - 1)87; = ifs(gz + i)-

By the above two formula, we get gz = 0 and
ox1 . 0xo
—(1+4g¢*)== 2 1)22 = 13g..
(A+g7) 5 +ilg” — 1)~ =39
By Theorem 5.1, (3.8) and (6.7), we get
Ozry | .0zo Oxs $3|9|29z

o= s T T T T sy o

Similarly, by Theorem 5.1 and (3.8), we get

_ 81171 L 8932

1 PAN S 2 _ 1)2==2=

A+57) 5~ +ilg" - 1)~

Solving the system of the linear equations (6.7) and (6.9) with respect to % and % and
using (6.8), we get (6.1) and (6.2). Again by (3.8), we get (6.3). (1) is proved.

(2) When g, = 0, still using (3.6) and (3.7), we get g, = 0. Similarly to (6.8), we have

— —(lgP* - 1)G.. (6.9)

=~ x3|g|295
Gs = : (6.10)
9|2 =1

The proof of (2) is similar to that of (1).
By using (6.1)—(6.6), a straight computation gives

Corollary 6.1. Under the same conditions as in Theorem 6.1, the first, the second
fundamental forms and the mean curvature of the immersion x : ¥ — H? are given, respec-
tively, by

(1) When |g| > 1,

g5t = 9P10=PPGs o loPlo-PPCs s Igz\2(|9\4lézl2flézl2)‘dzlz
(l9)2 — 1)2G> (Ig]* = 1)*G- (lg]* = 1)?IG-[?
2 41/ 12 oy 12
- L )
9" — z

(19 = (g1l + 1G=P?)
(1+ lgP) 911G — |G- P)
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(2) When |g| < 1,
20, 1277 20 1277 120114177 12 A2
ds? — ‘g| ‘92| G. 2 |9‘ |92| G: dz2 + |gz‘ (lg‘ |GZ| +1G=[%) dz?

%

(lg> = 1)2G: (192 — 1)2G. (lg2 = 1)2|G[?
12 410712 |2
_losPAol"G 1G) e
(lg]* = D)IG=[?

_ (gl = D9GP +1G:)
(L+gl*)(Ig*G:[? = |G=?)
Theorem 6.1 implies that the normal Gauss map of a surface satisfying K = —%

> —1 is a conformal map. We can also check the normal Gauss map of totally umbilics
surfaces is an antiholomorphic map. Conversely, we have

Theorem 6.2. Let ¥ be connected Riemanian surface and x : ¥ — H?® be an immer-
sion with Gauss curvature K > —1 and conformal structure induced by the second funda-
mental form. Assume that the set of umbilics has no interior point. If the normal Gauss
map g : ¥ — C U {oo} is conformal, then the Gauss curvature K and the normal Gauss

map g must satisfy K = —% > —1 (when VK +1 = ‘ngerIQ_I%’ g:% — CU{oo} is
an holomorphic map and when VK +1 = L}Z}Q , 9: % — CU{oo} is an antiholomorphic

map).
Proof. By Corollaries 3.1 and 6.1, we have

9=l = [(E+C +2V/EG— F2 ) VE T (1+]gl?) ~ (gl* 1),
9: = 7(B+C —2/EG— F2 ) VE T (1+ o)+ (gl* 1)

Note that F + G — 2 EG — F? > 0 and equality holds at points satisfying F = G and

F =0, i.e. at umbilics. g : ¥ — C U {oo} is conformal if and only if either every point of
x(X) satisfies K = *ﬁ or is a umbilic. Since the set of umbilics has no interior point,
we have proved Theorem 6.2.

For hyperbolic Gaus map G:%—CU {oo}, J. A. Gélvez and A. Martinez and F.
Milan [5] proved that G is conformal if and only if 2(X) is either flat or totally umbilics.

Remark 6.1. By (5.6) and Corollary 6.1, we know that when |g| < 1, |Gs| =
Las|gl*(E + G + 2VEG — F2)z. By (6.10), we know that the normal Gauss map g has
no holomorphic points.

Theorem 6.3. Let ¥ be connected Riemanian surface and x : ¥ — H? be an immer-

2

sion satisfying K = —% > —1. The conformal structure on X is induced by the second
fundamental form. Then, the hyperbolic Gauss map G and the normal Gauss map g must

satisfy
(1) When |g| > 1,

% >0, (6.11)
191°1G=| > |G-, (6.12)
~ _— o~ 2_ o~

Goop— 92 G M990 (6.13)

(lglt=1)g ~ Jg|*—1
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(2) When |g| <1, g: X — CU{oo} has no holomorphic points and

MG;Q <0, (6.14)
e

'g'é'Gf' <1, (6.15)

- 9- = l9Pgg: 5 _

Gm+(mﬁ_1mG2 |g|4_1GZ_0. (6.16)

Proof. (1) By (6.8), we get (6.11). By h > 0, we have (6.12). Taking derivatives on
the two sides of (6.8) with respect to z and using (6.3) and gz = 0, we may prove (6.13).
The proof of (2) is similar to that of (1).

For the global quadratic differential ® = ¢d2? = (£5¢ — iF)dz? on ¥, we have

Theorem 6.4. Under the same conditions as in Theorem 6.3, ® is not a holomorphic
quadratic differential on ¥ unless x(X) is an equidistant surface (i.e., ordinary Euclidean
plane).

Proof. When |g| > 1, by Corollary 6.1, (6.11) and (6.13), we have

2. 9273 9 o

91°9:G. 2|9-1°39- ~ ~ = =

asz:z("~> _ 92 (|G + |gl*G[ + 202G Cx).
(lgl* = 1)2G./ 5 (lgI*> = 1)3(1 + [g]*)|G-|?

By (6.12), we know that |G.|2 + |g|*|Gz|2 > 2|g|?|G.||G=| and hence ¢z # 0. So ® is not
holomorphic.
When |g| < 1, similarly we may prove @ is not holomorphic.

For immersion z : ¥ — H?, by G = x1 + ixe + x39, we get

x1 = Re(G — x39), 9 = Im(G — z39),

where z3 is given by either (6.8) or (6.10). Next, we give the Weierstrass representation
formula.

Theorem 6.5. Let X be simply connected Riemannian surface. Suppose map G:¥—
C U {oo} and nonconstant conformal map g : ¥ — C U {cco} are given.

(1) If holomorphic map g : ¥ — C U {co} satisfies |g| > 1 and (6.11)—(6.13), then the
system of linear equations (6.1)—(6.3) is integrable and a solution is given by

~ 2_ 1~
xlzm{G—ﬁL—4L}+ch (6.17)
99z
S P -1
To =ImqG — Z— G,y + Cs, (618)
99-
lg]* =1~
r3=—-—77—G,, 6.19
° T gl (6.19)
where Cy and Cs are arbitrary real constant. Moreover, x = (x1,22,23) : ¥ — H3 is

an immersion with hyperbolic Gauss map G + (C1 +iCs) : ¥ — C U {oo}, normal Gauss

map g : X — C U {0} and Gauss curvature K satisfying vK +1 = ‘Il%‘j\g_li And the

conformal structure on X is induced by the second fundamental form. Conversely, any
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surface © : ¥ — H? satisfying VK +1 = |1§+|2‘g_‘21, > 0 can be given by (6.17)—(6.19) by means

of hyperbolic Gauss map G and normal Gauss map g (C1 = Cy = 0), where the conformal
structure on Y is induced by the second fundamental form.

(2) If antiholomorphic map g : ¥ — C U {oo} without holomorphic points satisfies
lgl <1 and (6.14)—(6.16), then the system of linear equations (6.4)—(6.6) is integrable and a
solution is given by

~ 2_1~
o1 = Re{G - LGZ} eN (6.20)
99z
_nlE a1y
T9 = Imq G — —— Gs ¢ + Co, (6.21)
99z
lgl* =1~
T3 = Gs, 6.22
SPTrE (622
where C1 and Cy are arbitrary real constants. Moreover, © = (x1,T2,23) : X — H? is

an immersion with hyperbolic Gauss map G + (Cy 4 iCy) : & — C U {oc}, normal Gauss

map g : ¥ — C U {0} and Gauss curvature K satisfying vK +1 = ;‘lg{z And the

conformal structure on % is induced by the second fundamental form. Conversely, any

surface x : ¥ — H3 satisfying VK +1 = ;B}Z > 0 can be given by (6.20)—(6.22) by means

of hyperbolic Gauss map G and normal Gauss map g (C1 = Cy = 0), where the conformal
structure on X is induced by the second fundamental form.

Proof. Using Theorem 5.1 and Corollary 6.1, we may check this theorem.

In the following, we look for the graph (u,v, f(u,v)) with conformal normal Gauss
map with respect to the conformal structure induced by the second fundamental form (see
Theorem 6.2). Its Gauss curvature is given by

1 4 fQ(fuufvv — 31;) +f[(1 +f3)fuu - qufvfuv + (1 +f3)fvv] + (1 +f3 +f3)

e T+ 72+ 2 |
K= 7% > —1 is equivalent to
FFuufoo = £i) + 10+ L) fun = 2Fufo fun + (14 f3) fun] = 0. (6.23)
(6.23) is the equation of graph satisfying K = 7% > —1. Obviously, linear functions

are solutions of the equation (6.23). Now, we look for a nonlinear special solution of the
equation (6.23).
Let f(u,v) = ¢(u) +1(v). (6.23) is equivalent to

¢¢)//+1+(¢/)2 :7w¢//+1+(,¢}/)2'

¢I/ wl/

The above formula must equal the constant A. We get

(p— A" +1+(¢)>=0, (@W+AY +1+ %) =0.

Solving the above two ordinary differential equations, we get

¢o=xvV-uZ+au+b+ A, Y =2vV-1v2+cv+d-— A
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Making a linear transformation of variable, we may obtain

f:\/a2fu2+\/6271)2, or f:\/a27u27\/b27v2>0,

where a > 0 and b > 0 are constants.

Remark 6.2. Does there exist nontrivial solution of the equation (6.23) defined glob-

ally on R?? Furthermore, how about f > 0 ?
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visor Professor Y. L. Xin for his kindly and valuable instruction in this work.

References

Aiyama, R. & Akutagawa, K., Kenmotsu type representation formula for surfaces with prescribed
mean curvature in the hyperbolic 3-space, J. Math. Soc. Japan., 52:4(2000), 877-898.

Bryant, R. L., Surfaces of mean curvature one in hyperbolic space, Astérisque, 154-155(1987), 321—
347.

Do Carmo, M. P. & Warner, F. W., Rigidity and convexity of hypersurfaces in spheres, J. Diff. Geom.,
4(1970), 133-144.

Gélvez, J. A. & Martinez, A., The Gauss map and second fundamental form of surfaces in R3,
Geometriae. Dedicata., 81(2000), 181-192.

Gélvez, J. A., Martinez, A. & Milan, F., Flat surfaces in the hyperbolic 3-space, Math. Ann.,
316:3(2000), 419-435.

Hoffman, D. A. & Osserman, R., The Gauss map of surfaces in R™, J. Diff. Geom., 18(1983), 733-754.

Kenmotsu, K., Weierstrass formula for surfaces of prescribed mean curvature, Math. Ann., 245(1979),
89-99.

Klotz, T., Some uses of the second conformal structure on strictly convex surfaces, Proc. Amer. Math.
Soc., 14(1963), 793-799.

Kokubu, M., Weierstrass representation for minimal surfaces in hyperbolic space, Téhoku Math. J.,
49(1997), 367-377.

Shi, S. G., Weierstrass representation for surfaces of prescribed mean curvature in the hyperbolic
3-space (in Chinese), Chin. Ann. Math., 22A:6(2001), 691-700.

Shi, S. G., The hyperbolic Gauss map and normal Gauss map of surfaces in 3-dimensional hyperbolic
space (in Chinese), Acta Mathematica Sinica, 47:1(2004), 1-10.

Smyth, R. W. & Weinstein, T., Conformally homeomorphic Lorentz surfaces need not be conformally
diffeomorphic, Proc. Amer. Math. Soc., 123:11(1995), 3499-3506.

Spivak, M., A Comprehensive Introduction to Differential Geometry, Vol. 4, Publish or Perish, Inc.,
1979.

Umehara, M. & Yamada, K., A parametrization of the Weierstrass formula and perturbation of some
complete minimal surfaces in R3 into the hyperbolic 3-space, J. Reine. Angew. Math., 432(1992),
93-116.

Umehara, M. & Yamada, K., Complete surfaces of CMC-1 in the hyperbolic 3-space, Ann. Math.,
137(1993), 611-638.

Yu, Z. H., Value distribution of hyperbolic Gauss maps, Proc. Amer. Math. Soc., 125:10(1997), 2997—
3001.



