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Abstract

The purpose of this paper is to give a refinement of the Atiyah-Singer families index
theorem at the level of differential characters. Also a Riemann-Roch-Grothendieck
theorem for the direct image of flat vector bundles by proper submersions is proved,
with Chern classes with coefficients in C/Q. These results are much related to prior
work of Gillet-Soulé, Bismut-Lott and Lott.
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§0. Introduction and Main Theorems

The purpose of this paper is to establish a version of the Atiyah-Singer families index the-
orem (see [3]), where the Chern character takes its values in the C/Q differential characters
of Cheeger-Simons [16]. As a non trivial corollary, we obtain a version of a Riemann-
Roch-Grothendieck theorem for the direct image of complex flat vector bundles by proper
submersions, where the Chern classes are cohomology classes with coefficients in C/Q. This
last result complements a result of Bismut-Lott [14, Theorem 0.1] for the corresponding
imaginary parts.

Let m : M — B be a proper submersion, with a compact oriented spin even dimensional
fibre Z. Let T M be a vector subbundle of TM such that TM = THM & TZ. Let g%
be a metric on TZ. Let VT4 be the Euclidean correction on (T'Z, g7%) constructed in [6,
Section 1] which is canonically associated to (m, TH M, gT%). Let STZ be the Zy-graded
vector bundle of (T'Z, g7#) spinors. Let (£, g%, V&) be a complex hermitian vector bundle
with connection. Let D?Z be the family of Dirac operators acting on smooth sections of
STZ @ ¢ along the fibres Z.

Assume that the dimension of ker DZ is locally constant, i.e. ker DZ is a vector bundle
on B. Then ker D? inherits a natural Ly metric. Let Vker P “ be the unitary connection
on ker DZ one obtains by projecting the unitary connection on the bundle of sections of
STZ @ ¢ along the fibres Z constructed in [6].

Let 7 be the odd real form on B of [7] such that

dij = m, [A(TZ,V7%)ch (¢, V)] — ch (ker DZ, V¥er D7), (0.1)
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Let H(M,R/Q) be the ring of differential characters of Cheeger-Simons [16] with coef-
ficients in R/Q. If P is a characteristic polynomial with coefficients in Q, and if (£, VE)
is a vector bundle equipped with a metric preserving connection, we denote by P(E,VE) €

H(M,R/Q) the differential character constructed in [16, Section 2], which lifts the obvious
Chern-Weil real closed form P(E,VF). We use a similar notation on B.

Theorem 0.1. The following identity holds,
ch(ker DZ Ve D7y L = 1, [A(TZ,VT%)ch(¢,VE)] in H(B,R/Q). (0.2)

In fact Theorem 0.1 is a straightforward consequence of the original expression given by
Cheeger-Simons for the eta invariant in terms of differential characters (see [16]), and of the
adiabatic limits results of Bismut-Cheeger [7] and Dai [17], of which (0.2) is a considerable
weakening.

Now we make the same assumptions as before, except that we no longer assume the fibres
Z to be oriented, spin, or even dimensional.

Let (F,VF) be a complex flat vector bundle on M. If P is taken as before, a simple
modification of [16] allows us to define P(F, V¥) € H°(M,C/Q). Let e be the Euler class,
and ¢ be the Chern class. Then é(TZ, VT4)e(F, VT) EfI(M, C/Q) does not depend on the
choice of the Euclidean connection VZZ, and will just be denoted by é(TZ)é(F, V).

Let H(Z,F|z) be the direct image of F' by m. Then H(Z, Fz) is a complex Z-graded

vector bundle on M, equipped with a flat connection V#(%:Fiz),

Theorem 0.2. If the orientation bundle o(TZ) is the lift of a Zy-line bundle on B, then

(H(Z,Fz), VD) = m e(TZ2)e(F,VT)] in H(B,C/Q). (0.3)

To establish Theorem 0.2, we use a result of Bismut-Lott [14, Theorem 0.1], which says
that in full generality, the imaginary parts of (0.3) coincide. As to the real parts, we use
essentially a version of Theorem 0.1, for another family of Dirac operator D%?%. Also, by
using a result of [14], we show that ) = 0, from which (0.3) follows.

We refer to the appendix by K. Corlette and H. Esnault for more precise statements
when (F, V) is the trivial bundle with connection (C, d), so that H!(Z, C) is equipped with
the classical Gauss-Manin connection. In fact when 7 is a proper submersion with orientable
fibres, then the total class ¢(H(Z, C)® H4™Z~i(Z C)) vanishes, and if 7 is a proper smooth
morphism of complex manifolds with Kihler fibres, then the total class é(H*(Z, C)) of the
individual H*(Z, C) vanishes.

Theorem 0.1 has already appeared in the literature. In fact, in degree 1, (0.2) is a mod
(Q) version of the holonomy theorem of [9] (this mod (Q) version being quite easy, the
whole purpose of [9] being to lift the mod (Q) ambiguity). Also in [22], when M and B are
Kéhler and £ is holomorphic, Gillet and Soulé have given a proof of Theorem 0.1, based on
the classical Riemann-Roch-Grothendieck theorem, on the existence of Bott-Chern classes
(see [10]), of analytic torsion forms (see [11,21], and the Hodge decomposition on B. Using
the existence of a map from their arithmetic Chow groups (see [18,19]) to the differential
characters, they could give a direct verification of the weaker differential character version
of their conjectural formula for arithmetic Riemann-Roch in Arakelov geometry (see [20]).
This conjecture has later been proved in [21] for the first Chern class, using the analytic
results of [13].

It thus seems natural to write a simple proof of Theorem 0.1 in full generality in the
C® category, in which the objects appearing in (0.2) live naturally. Incidently note that
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the adiabatic limit argument which allows us to pass from [16] to Theorem 0.1 cannot be
extended to the Arakelov theoretic setting, even if one uses the results of [5] on the adiabatic
limit of the Ray Singer holomorphic torsion of a fibered manifold, the obstruction being the
Hodge conjecture.

In [23], Lott has developed a R/Z index theory, for the direct image of a virtual bundle
whose Chern character vanishes. The identity established in [23, Corollary 2] is an identity
of odd classes in H(B,R/Q), which is essentially equivalent to Theorem 0.1 when ch(&)
vanishes in H(M, Q). The formula of Lott [23] also contains the form 7, and its proof uses
[7] and [17]. Finally, let us observe that in [23], by modifying the form 7 “at infinity”, Lott
has extended his formula to the case where ker D? is not necessarily a vector bundle on B.
A similar deformation argument can also be worked out in the context of Theorem 0.1.

When taking the direct image of a flat vector bundle F', the main point of Theorem 0.2
is that the form 7 vanishes identically. Rather surprisingly, the work of Bismut-Lott [14],
which is essentially devoted to a refinement of the equality of the imaginary parts of (0.3) at
the level of differential forms, also provides us with the argument which shows the vanishing
of the form 7.

This paper is organized as follows. In Section 1, we prove Theorem 0.1. In Section 2,
we construct differential characters with values in C/Q, and we recall a few properties of
the Euler class and of the corresponding Euler character. Finally in Section 3, we prove
Theorem 0.2.

8§ 1. Differential Characters and the n Form

The purpose of this section is to establish Theorem 0.1. This result is a straightforward
application of a formula of Cheeger and Simon [16] for the eta invariants in terms of differ-
ential characters, and of the results on adiabatic limits of eta invariants of Bismut-Cheeger
[7] and Dai [17]. Also we discuss briefly the relation of Theorem 0.1 to corresponding results
of Gillet-Soulé [22].

This section is organized as follows. In (a), we briefly recall the construction by Cheeger
and Simons [16] of the differential characters. In (b), we state the result of [16] expressing
the eta invariant in terms of differential characters. In (c), we give the construction in [7] of
the form 7. Finally in (d), we prove Theorem 0.1.

(a) The differential characters of Cheeger and Simons
Let M be a compact oriented manifold. Let A =R or C. Let

dim M

B (M, A/Q) = P H*(M,A/Q)
0

be the ring of differential characters of Cheeger and Simons [16] with values in A/Q. To
make the reading of this paper easier, we briefly recall the definition of the differential
characters and some of their properties.

Let Co(M) (resp. C*(M)) be the group of singular chains (resp. cochains) in M. Let
Zo(M) C Cy(M) be the subgroup of cycles in M. Let A% (M) be the set of smooth A-valued
differential form on M, let AZ(M) be the subgroup of smooth A-valued closed differential
forms on M with periods lying in Q. In particular, if w € AS (M), Im(w) is exact.

Put

H*(M,A/Q) = {f € Hom(Z.(M),A/Q).df € A*(M)}. (1.1)
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Let [, : }AI'(M, A/Q) — A/Q be the obvious evaluation map. Then by [16, Theorem
1.1], there are natural exact sequences

0— H*(M,A/Q) — H*(M,A/Q) & A2 (M)[1] — 0,

AA(M) (1.2)

7Te P .
0— A(‘?‘(M) — H*(M,A/Q) = H*(M,Q)[1] — 0.

The construction of (d1,d2) is as follows. If f € H(M,A/Q), let T be a A-valued cochain
whose A/Q reduction T is such that T}z = f. Then there is (w,c) € A&(M) x Z*(M, Q)
such that

dT = w —c. (1.3)
Let [c] € H*(M, Q) be the class of ¢. Then by [16, Proof of Theorem 1.1],
51f = W, 52f = [C] (14)

Also in [16, Section 1], Cheeger and Simons have constructed a ring structure on H (M,
A/Q), so that d; and dy are ring homomorphisms.

Assume now that A = R.. Let (E, g%, V) be a complex Hermitian vector bundle on M
with unitary connection. Let P be an invariant polynomial with rational coefficients. Let
P(E,VE) € AR(M) be the corresponding Chern-Weil closed differential form, which repre-
sents the characteristic class P(E) € HV"(M, Q). In [16, Section 2], Cheeger and Simons
have constructed a differential character ]3(E, VE) e H °dd(M, R), which is “natural”, and
such that R

6 P(E,VE) = P(E,VE). (1.5)

(b) Differential characters and the eta invariant

Let M be a compact oriented spin manifold of odd dimension. Let g7 be a Riemannian
metric on TM. Let V™ be the Levi-Civita connection on (T'M, g7M).

Let STM be the Hermitian bundle of (7'M, g"™) spinors. The connection V™ lifts to
a unitary connection vS™ on §TM,

Let ¢ be a complex vector bundle on M, let g¢ be a Hermitian metric on ¢ and let V¢
be a unitary connection on (&, g¢).

Let ¢(TM) be the Clifford algebra of (T'M, gT™), i.e., the algebra spanned by 1 and
X € TM, with the commutation relations

XY +YX = -2(X,Y), X,Y €TM. (1.6)
Then STM @ ¢ is a ¢(TM) Clifford module.
Let DM be the Dirac operator acting on I'(STM ® ¢). Namely, if e;,--- ,e, is an or-

thonormal frame in T'M, then
DM =3 c(e) VS EE, (1.7)
1

Let Sp(D™) be the spectrum of DM. Let n(s) be the eta function of D™ defined by
Atiyah-Patodi-Singer [2]. Namely, for s € C,Re(s) > 0, set

sgn(A
ns)= > IAI(S)‘ (1.8)
AeSp(DM)
A0
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By [2, Theorem 4.2], n(s) extends to a holomorphic function near s = 0. Set

1
fj(s) = i(n(s) + dim ker D). (1.9)
Then 7(0) is called the (reduced) eta invariant of DM,
 Let A and ch be the Hirzebruch genus and the Chern character respectively. Let
A\(TM,YTM)7 ch(¢,VE) denote the lifts in H°d(M, R/Q) of the Chern-Weil represen-
tatives A(TM,VTM), ch(¢, V¢). Now, we recall a result of Cheeger and Simons [16].

Theorem 1.1. (Cheeger and Simons) The following identity holds,
7i(0) = / A(TM,VT™)ch(e,V¢)  in R/Q. (1.10)
M

Proof. The proof of [16, Theorem 9.2] is an easy consequence of the index theorem of
Atiyah- Patodi-Singer for manifolds with boundary [2], and of the definition of the differential
characters.

(c) The local families index theorem and the form 7

Let now w : M — B be a submersion of smooth manifolds with compact even dimensional
fibre Z. We assume that TZ is oriented and spin. Let g7 be a metric on TZ. Let
STz — SIZ @ STZ be the corresponding Zs-graded Hermitian vector bundle of (T'Z, g7%)
spinors. Let V|7 be the Levi-Civita connection on (T'Z, g"#) along the fibres Z. The

connection V‘TZZ induces a fibrewise connection V|SZT “ on STZ. Let ¢ be a complex vector
bundle on M, let g¢ be a Hermitian metric on &, and let V¢ be a unitary connection on &.
Let ¢(T'Z) be the Clifford algebra of TZ. Then S ® £ is a ¢(T'Z) Clifford module.

Definition 1.2. For b € B, let Hy, = H;r ® H, be the vector space of smooth sections
of (872 @ &)z, on Zy.

Then H = HT @ H~ is a Zg-graded vector bundle on B. Let dvz be the volume form
along the fibre Z. We equip H with the L, Hermitian product

5,8 € H— (s,8) = / (s,8")grzgedvyg. (1.11)
z
For b € B, let DbZ be the Dirac operator acting on Hy. If e, - - , e, is an orthonormal frame
in TZ, then
STZ
D7 = (e}, 55 (1.12)
Moreover D? exchanges H, and H_, so that
0 D%
Z —
D* = [DJZF 0 } . (1.13)

Let TH M be a subbundle of TM such that
TM=TiMaTZ (1.14)

Let P74 . TM — TZ be the associated projection. Let VT4 be the connection on
(TZ,g"?) associated to (TH M, g?#), which is constructed in [6, Theorem 1.9]. In other
words, let g77 be a metric on TB. Let

gTM _ ,n_*gTB @gTZ (1.15)
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be the obvious metric on TM = TEM @ TZ. Let VITM.L he the Levi-Civita connection on
(TM,g™). Set

vT7 = proyrit, (1.16)

Then by [6, Theorem 1.9], the connection V74 does not depend on 7. Also V7% preserves
g7% and restricts to the Levi-Civita connection V‘TZZ along the fibres Z. Let V5" be the

connection induced by V74 on S7%.
If U € TB, let U¥ be the lift of U in TH M, so that =, U” = U.

Definition 1.3. Let V¥ be the connection on H, such that if s is a smooth section of
STZ @ ¢ over M, if U € TB, then

Vs = V5, ©s. (1.17)
If U € T'B, the Lie derivative operator Ly# acts on the tensor algebra of TZ. If U € T'B,
let k(U) be given by
1
§LUHd’UZ = k(U)d'UZ (118)

Definition 1.4. Set
vy = v k. (1.19)

Then the connection V#:* preserves the Hermitian product (1.11). If U,V € TB, set
T(U,V)=-PT2[UH" VH], (1.20)

Now we use the superconnection formalism of Quillen [26]. First we recall the definition
of the Levi-Civita superconnection of [6, Section 3].

Definition 1.5. Fort > 0, let A; be the Levi-Civita superconnection on H,

o)

Ay = VI 4 VitDZ — .
t 4\/z

(1.21)

We fix once and for all a square root /i of i. Our formulas will not depend on this choice.
Let ¢ : A(T*M) — A(T*M) be given by @ — (27i)~9e8%/2q,

Definition 1.6. Fort > 0, set

o = @Try[exp(—A?)]. (1.22)

By [6, Theorem 3.4], [8, Theorem 1.5], the forms «; are real, even, closed, and represent
ch(ker DZ — ker DZ) in cohomology. In the sequel, the convergence of forms on B is taken
in the sense of uniform convergence over compact sets together with their derivatives. First
we recall the local families index theorems of [6, Theorems 4.12 and 4.16].

Theorem 1.7. Ast — 0,

oy — ap = T, [A(TZ,VT%)ch(¢, VE)]. (1.23)
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Definition 1.8. Set

B = (Vaim) e [ (- + <

Xp(_A;%)} . (1.24)

Now we recall some results of [11, Theorems 2.11 and 2.20] and [7, Theorem 4.35].

Theorem 1.9. The forms [, are odd and real. Moreover fort > 0,

80[15 -

T —d;. (1.25)
Finally, ast — 0,

By = O(1). (1.26)

Assume now that ker Df_ , ker DZ have locally constant dimension over B. Then they

form smooth complex vector bundles on B. Let Pker P “ . H — ker D be the orthogonal
zZ

projection operator. Let ¢* P~ be the metric on ker DZ induced by the Hermitian product

(1.6) on ker DZ.

Definition 1.10. Set . .
chrD :Pkch vH,u. (127)

Then VkerP” = wker DY g yker D2 reserves the metric gker D7 — gher DY g gker D% put
ch(ker DZ,V " P7) = ch(ker DZ, VX P¥) — ch(ker D7, V*r P2, (1.28)

Definition 1.11. Set .
Qoo = ch(kerDZ WkerD™y, (1.29)

Now we recall a result of [4, Theorem 9.23].

Theorem 1.12. Ast — +oo,

ap = Qoo +(’)(L),

) Vi (1.30)
5= 0(7)
Definition 1.13. Set oo
n= Bydt. (1.31)
0
In view of Theorems 1.9 and 1.12, the form 7 is well defined.
Theorem 1.14. The smooth odd real form 1 is such that
dij = m [A(TZ,V7T?)ch(¢, VE)] — ch(ker D, Vkr D7), (1.32)

Proof. This follows immediately from Theorems 1.7, 1.9 and 1.12.

(d) Differential characters and the form 7
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Theorem 1.15. The following identity holds,

cAh(kerDZ,Vk“DZ)+f]:7r*[j(TZ,VTZ)cAh(£,V5)] in H(B,R/Q). (1.33)

Proof. We only need to prove (1.33) when B is orientable, the general case being
obtained by replacing B by an oriented double cover. Set

§ = ch(ker DZ,V* P74 jj — m, [A(TZ, V" Z)ch(¢, VE)]. (1.34)

In view of Theorem 1.14 and of [16, Theorem 1.1], it is clear that § € H°9(B,R/Q). We
will prove that
d=0. (1.35)

Assume first that B is compact and of odd dimension, and also that B is oriented
and spin. Let ({’,ggl,Vé/) be a complex vector bundle on B equipped with a metric gf/
and a unitary connection V¢, Let gTP be a metric on TB. Let g™ be the metric on
TM =THM&TZ,

g8
g™ = 71'*? @ gt (1.36)

Let VIM.L he the Levi-Civita connection on (T'M, gI'M).

Clearly TM is oriented and spin. Let 7§®™ ¢ (0) be the eta invariant of the Dirac operator
on M associated to the metric g7™ and the vector bundle (¢ @ 7*¢’, VE®™ ¢"). By Theorem
1.1,

TETE(0) = / A@MIIRE V)T DBE V) i R/Q (137)
M

Let 7ker DZo¢ (0) be the eta invariant of the Dirac operator on B associated to the metric
gT8 and the vector bundle (ker D% @ ¢/, VkerDi@E/). Put

ker z ’ _ker VA ’ _ker zZ /
jerD7e¢ () = er PESE ) — er D28E ), (1.38)

By proceeding as in [9, Equation (3.196)], we find that as ¢ — 0,
/ A(TM,VTM)ch(¢, VEr*ch(¢', V) —
M ~ (1.39)
/ A(TB,V"B)eh (¢, V)m[A(TZ, V" )ch(¢,V*)]  in R/Q.
B

Now by the variational formula of [2], we know that as € — 0, 76®7 € (0) converges in R/Z.
More precisely, by results of Bismut-Cheeger [7, Theorem 4.35] and Dai [17, Theorem 0.1],
we find that as ¢ — 0,

EE0) - [ ATBVIP(E V)i a0 mod(Z), (140
B

Strictly speaking, we cannot directly apply [7] or [17], since in [7], it is assumed that ker D =
0 and in [17], that ker DZ is a vector bundle, and that as e — 0, the dimension of ker DM
stabilizes. Here, in general, this assumption is not verified. However, as explained in [23,
Section 4], by a simple modification of the argument of [17], one shows easily that if one
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disregards small eigenvalues of DM | one introduces an error in the evaluation of ﬁ§®“*f'(0),
which lies in Z, without modifying the rest of the argument. Also by Theorem 1.1, we get

prer PPet () = / A(TB,g"B)ch(¢, V)ch(ker DZ, V< P7)  in R/Q. (1.41)
B
From (1.37)(1.41), we find that for any (¢, V¢'),
/ A(TB,VTP)ch(¢', V) =0 in R/Q. (1.42)
B

Let c¢/ be an even cocycle in H*V*" (B, Q) representing A(TB)ch(€). Then (1.36) is equivalent
to

/Q,u(s:o in R/Q. (1.43)
B

As ¢’ € Ko(B), the ch({’) generate H**"(B, Q). Since A is a stable class (i.e. A(0) = 1),
as &' € Ko(B), A(TB)ch(¢') generates HV*™(B, Q). By (1.43), we get (1.33).

In the case of a general manifold B, we proceed differently. In effect by a result of Thom
[27, Theorem 2.29], if h is any homology class, there is n € Z and an oriented compact
submanifold S such that S represents nh.

So let h be an odd homology class and let S be an oriented compact submanifold taken
as before. Put

Mg =n~1(S). (1.44)

Then Mg is a compact oriented manifold, which fibres over S with compact fibre Z. If S is
spin, we proceed as before, and by following the arguments after (1.41), we get

§=0. (1.45)

If S is not spin, we replace the spin complex of S by the signature complex of [2]. The
only difference with respect to the previous arguments is that A is replaced by the modified
genus of Hirzebruch £, which is still stable. Ultimately, we still get (1.45). The proof of our
theorem is completed.

Remark 1.16. It should be pointed out that when M and B are compact and Kahler,
and the vector bundle ¢ is holomorphic, Gillet and Soulé [22] give an easy proof of (1.27).
Their proof uses the existence of analytic torsion forms and of Bott-Chern classes (see [10]),
and the Hodge decomposition.

The holonomy theorem of [9, Theorem 3.16] follows easily from (1.34). In degree 1, (1.27)
is a mod (Q) version of [9]. In [21], Gillet and Soulé get directly this mod (Q) version from
(1.27).

Also in [23], Lott has established a result closely related to Theorem 1.15, by considering
the case where the Chern character of the virtual bundle £ vanishes. Then (1.27) becomes
an equation of cohomology classes with coefficients in R/Q. The formula of Lott [23] also
involves the form 7, and its proof uses the adiabatic limit results of [7] and [17]. Note that in
[23], Lott also gives a formula when ker DZ is not a vector bundle on B. A similar extension
can be given of Theorem 1.15 along the lines of [23].
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§ 2. Differential Characters, the Euler Class
and Flat Vector Bundles

This section is mostly technical. In (a) we recall the construction given in [16, Sec-
tion 3] of the Euler differential character. In (b) we modify the constructions of [16] in a
straightforward way to obtain differential characters valued in

—~ — ®R.

Q Q
Finally in (c) we give more explicit formulas for the differential characters of flat vector
bundles. In the whole section, we use the notation of Section 1(a).

(a) The Euler differential character

Let X be a smooth manifold. Let E be a real oriented vector bundle on X. Let e(E) €
HY™ME(X 7) be the Euler class of E. If dim E is odd, e(E) is torsion. More precisely,

2e(E) = 0. (2.1)

Let V¥ be a metric preserving connection on E. Let e(E,VF) € AR4ME(X) be the
Chern-Weil representative of e(E), and let é(E,VF) € HUmEF-1(X R/Z) be the corre-
sponding lift of e(E, VE). If dimE is odd, e(E,VF) = 0. By [16, Theorem 1.1] (which is
Equation (1.2) with A = R, and Q replaced by Z), if dim F' is odd,

é(E,VE) e gimE-1(xX R/Z). (2.2)

In particular é(E, VF) does not depend on V¥.

Let S(E) be the sphere bundle on E. Let T'S(E) be the relative tangent bundle to the
spheres S(E). Then T'S(E) is of rank dim F — 1. Let e(T'S(F)) be the corresponding Euler
class.

Now we establish a simple result in the manner of Cheeger-Simons [16, Section 3].

Let z € Zgimr—1(X). Then by [16, Equation (3.1)], we can find y € Zgimr—1(SE),w €
CdimE (X)7 with

z =7, (y) + Ow. (2.3)

Theorem 2.1. Ifdim E is odd, then

(e(E,VE),2) = —%/e(TS(E)). (2.4)
In particular
26(E,VEY=0  in H(X,R/Z). (2.5)

Proof. In [24, Section 7], using the Berezin integral formalism, Mathai and Quillen
have associated to any real orientable vector bundle E with a metric g¥ and an Euclidean
connection V¥, a form 1(E, g¥, VF) on the sphere bundle S(E), of degree dim E — 1 such
that

d(E, g%, VF) = *e(E,VF), Y(E,VF) = —1. (2.6)

5(E)
The construction of ¥(E, g¥, V) is functorial. It follows from (2.6) that modulo cobound-
aries, ¥(E, g¥, VE) only depends on V¥, and not on g¥. We identify X to the zero section
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of E. Let dx be the current of integration on X. In [28, Section 3], ¥(E, g”) has been
extended to a current on F, such that

dw(Eng7vE) :W*G(E,VE) 75X7 (27)

from which the second identity (2.6) follows.
Now we proceed as in [16, Section 3]. Take z,y,w as in (2.3). Assume that dim E is odd.
Set

RE VO = [ 6(B.g5.7) e /2. 23
y
We claim that (2.8) is well defined. In effect if z = 0, then
7 (y) = —Ow. (2.9)

and so by [16, Equation (3.1)] , there is ¥ € Zgimp(SFE), and k € Z such that if SU™E-1 jg
one fibre SE,
y = 0y + kSImE-L (2.10)

From (2.6), (2.8) and (2.10), we deduce that
X(E,VP)(z) € Z. (2.11)

So (2.8) is well defined.
From (1.4) and the equation of currents (2.7), we find easily that, with the notation of
[16],
OX(E,VF) =0,
5X(E,VE)=¢(E) in H(X,Z). (2.12)
Using (2.12) and universality [16, Theorem 2.2], we deduce as in [16, Section 3] that

X(E,VE)=¢E,VF) in H(X,R/Z). (2.13)

Moreover by a simple calculation given in [15, Equation (6.20)] (where V f should be formally
replaced by the tautological section of E over SF), we find that on SE,

Y(E, 9" VF) = —%e(TS(E)) mod coboundaries. (2.14)

From (2.13) and (2.14), we get (2.4). Equation (2.5) follows (2.4).

Remark 2.2. Of course (2.1) and (2.5) are compatible. Note that (2.5) can be proved
directly by the same argument as in [16, Proposition 8.12], where only flat vector bundles
were considered.

Let p be a Zs-line bundle. Let Co(X, 1), and C*(X, ) be the groups of chains and
cochains with coefficients in p. Let Zo(X, p) be group of cycles in Co(X, ). Let A be the
group of smooth differential forms on X with values in pu.

Set

H(X,R/Z® p) = {f € Hom(Z(X, 1), R/Z),0f € A}. (2.15)



26 J. M. BISMUT

If 11 is non trivial, another description of H(X,R/Z ® p) is as follows. Let p: T — X be
a double covering of X on which p*y is trivial. Then 7" has a natural involution . Clearly

]E\[(X, R/Z ® H) _ [ﬁ(T, R/Z)]antiinvariant. (216)

Let now E be a real vector bundle on X, and assume that E is non-orientable. Let
p: T — X be the double covering of X associated to the orientation bundle o(£). Then
é(p*(E,VF)) € [H(T,R/Z)]rHimvariant Tt o(E, V) be the corresponding differential char-
acter in H(X,R/Z ® o(E)).

(b) Differential characters with values in C/Q

Let X be a smooth manifold. Since

C R
i:i@Ry
Q Q
if fe ﬁ(X,C/Q), then f can be written uniquely as
ih H(X,R h ARCY 2.1
f=g+ih, g€ H(X,R/Q), GCU\T(X)' (2.17)

Let (E,V¥) be a complex vector bundle with connection over X. If V¥ preserves a
metric g¥, as we saw in Section 1(a), Cheeger and Simons [16, Section 2] have associated
to an invariant polynomial P with rational coefficients a differential character P(E, V) ¢
H(X,R/Q). Strictly speaking, the construction given in [16] does not work for non metric
connections, since the theorem of Narasimhan-Ramanan [25] used in [16] does not apply to
non metric connections. However if V" is a metric preserving connection on E, there is

an unambiguously defined Chern-Simons form 15(E7 VE VE) in dll\\zi?;) such that
dP(E,VF VP = p(E,VE") - P(E, VF). (2.18)
Also P(E, V¥, V) is functorial.
Let P(E,VF)e H(X,C/Q) be given by
P(E, V) = P(E,VP%) — P(E,VZ, VF"). (2.19)

One verifies easily that ﬁ(E, V¥#) does not depend on VE,
Let ¢, be the k™" Chern class, associated to the k™ symmetric function o}, (1 < k <
dimF). Then one has the trivial identities

ex(E*,VE") = 6,(E, VE),
en(E*,VE) = (=1)Fen (B, V),
&x(B,VE) = (-1)* &, (E, V). (2.20)

(c) Differential characters and flat vector bundles

Assume now that (F, V¥) is a flat complex vector bundle. Then

5 P(F,VT) =0, (2.21)
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and so by (1.2), P(F,VF) e H(X,C/Q).
Let g¥ be a Hermitian metric on F. Set

w(F,g") = (g")'VFg". (2.22)

Then w(F, g") is a 1-form with values in self-adjoint endomorphisms of F. By [14, Propo-
sition 1.3], we know that for any k € N*,

Trjw?*(F, ¢")] = 0. (2.23)
For k € N, set )
di.(F, QF) = WTF[W%_l(Fa QF)]~ (2.24)

Then by [14, Theorems 1.8 and 1.11], the d(F, g") are real closed forms and their coho-
mology class d,(F) do not depend on g%".
Let VF be the connection

Ve =vE 4+ %w(F, ). (2.25)
Then VI preserves the metric g*". Also
(V)2 = —iwz(R ). (2.26)
From (2.23) and (2.26), we get
ch(F, V%) = tk(F). (2.27)
Now we state a result of [14, Proposition 1.14].

Theorem 2.3. The following identities hold

Re ch(F, V) = ch(F, vF") in H“(X,R/Q),

~ 1 <X (k—1)!
Imch(F, V¥) = “dy(F)  in HY(X,R). (2.28)

dm £ 2k~ 1)
Proof. [14, Proposition 1.14] only gives the second equality (2.29). However the proof
of [14, Proposition 1.14] and (2.19) show that the first identity in (2.29) also holds.

If (F,VF), (F',VF') are flat, if P and P’ are invariant polynomials with rational coeffi-
cients, and have no constant term, by [16, Proposition 8.7],

P(F,.VOYP/(F',VvF)y=0 in H(X,C/Q). (2.29)

§ 3. Differential Characters, Flat Vector Bundles
and Direct Images

The purpose of this section is to establish Theorem 0.2. Namely, if 7 : M — B is a
proper submersion, if F' is a flat vector bundle on B, we calculate the Chern class of Rm, F
in H(B,C/Q) in terms of the corresponding classes of F' in H(M,C/Q). The imaginary
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part of the corresponding classes is easily dealt with by a result of Bismut-Lott [14]. A
modification of Theorem 0.1 allows us to treat the R/Q part of the equality.

This section is organized as follows. In (a), we describe the geometric setting. In (b), in
full generality, we show the equality of the imaginary part in (0.3). In (c), we establish the
corresponding equality of the R/Q parts, when the fibres of Z are locally orientable over B.
Finally in (d), we give a weaker version of Theorem 0.2 when this assumption is not verified.
In this section, we use the notation of Sections 1 and 2.

(a) A proper submersion

Let 7 : M — B be a submersion of smooth manifolds, with compact fibre Z. Let (F, VF)
be a complex flat vector bundle on M.
Let H(Z, F|z) be the complex Z-graded vector bundle on B, such that for any b € B,

H(Z,Fiz)o = H(Zy, F\z,). (3.1)

The Z- graded vector bundle H(Z, F|z) is equipped with a flat connection V#(%F12).
Let

c=1+c+-+cp+--- (3.2)
be the Chern polynomial. Set
dimZ
(H(Z,Flz)) = Y (—1)'e(H'(Z,F|z)) € H(M,C/Q). (3.3)
=0

By [16, Theorem 1.1] (which is quoted in (1.2), with Q now replaced by Z), since ¢(F, V) €
H(M,C/Z), if VTZ is any metric preserving connection on TZ,

e(TZ, N4 e(F, V) e H(M,C/Z). (3.4)

In particular, é(TZ,VT%)é(F, V) does not depend on V4. From now on, we will write
e(TZ)e(F, V) instead of é(TZ,VT2)e(F, V).
By Theorem 2.1, if dim Z is odd,

26(TZ)e(F,VF)Y=0  in H(M,C/Z). (3.5)

(b) The imaginary part of the C/Q classes
We recall a result of Bismut-Lott [14, Theorem 0.1].

Theorem 3.1. The following identity holds,

Imé(H(Z,Fz), VIZ2) = 7, [e(TZ)Ime(F, V)] in H(B,R). (3.6)
Proof. Let g¥ be a Hermitian metric on F. Let ng(x1,--- ,z,) be the Newton polyno-
mial .
ng(zq, - ,xq):fo. (3.7)
1
Then by (2.28), we find that
Nk r 1 (k—=1)! . 2k—1
Im —(F. =—— ——di(F H M,R). .
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Also using Newton’s formulas and (2.29), we see easily that

(~1)H
k

By a result of [14, Theorem 0.1], we know that for any k € N,

(P, V) = n(F, V) in H(M,C/Q). (3.9)

dr(H(Z, F\z)) = m[c(TZ)dy,(F)] in H(B,R). (3.10)
From (3.9)—(3.11), we get (3.6).
(c) The real part of the C/Q classes
Theorem 3.2. If o(TZ) is the lift to M a Zs-line bundle on B, then

HH(Z, ), VIEFD) = n (T2)e(F,VF)]  in H(B,C/Q).  (3.11)
In particular, if dim Z is odd, under the same assumptions as before,

dH(Z,Fy),VIZF2)y =0  in H(B,C/Q). (3.12)

Proof. By Theorem 3.1, we only need to show that the real parts of (3.11) coincide.
Let g'" be a Hermitian metric on F. Recall that the metric preserving connection V" was
defined in (2.25). Let g”Z be a metric on the relative tangent bundle TZ.

For b € B, let E} be the vector space of smooth sections on A(T*Z) ® F' on Zy. Then
the Ey’s are the fibres of an infinite dimensional vector bundle E on B. The metrics g7 %4, g*
induce an Ly Hermitian product on the fibres of E.

Let d? be the fibrewise de Rham operator acting on E, let d4* be the formal adjoint of
d?. Put

DZR — g% 4 4%+, (3.13)

By Hodge theory, for every b € B,
H(Zy, Flz,) ~ ker D%F, (3.14)

As a subbundle of E, ker D%4E inherits a Hermitian metric from the Ly metric of E. Let
g"(ZFiz) be the corresponding Hermitian metric on H(Z, Fiz).

Then (H(Z, Fz), g% (#F12)) is a flat Z-graded Hermitian vector bundle on B. Therefore
we can construct on B objects which are the obvious analogues of the ones we constructed
for F in (2.22)-(2.25).

By (2.27),

Sych(F, V) =0

and so by (1.2), R
ch(F, V") ¢ H(M,R/Q). (3.15)

By (3.15), we find that é(TZ)ch(F, V") is a well-defined element of H(M, R/Q). Similarly,
CA(H(Z, Flz), VH112)0) € H(B,R/Q).
Put

§ = ch(H(Z, Fz), VI ZF2w) — r[e(TZ)ch(F,VF")] € H(B,R/Q). (3.16)

We will show that
6=0 in H(B,R/Q). (3.17)
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By using Theorem 2.3 and (3.17), (3.11) will follow.

Let V72 be the Levi-Civita connection on (T'Z, g7%). Of course VIZ is only defined
fibrewise. Let VAT 2)@Fu he the connection on A(T*Z) ® F along the fibres Z, induced
by VZ and VI,

Recall that A(T*Z) is a left and right TZ Clifford module. Namely by identifying T'Z
and T*Z,if X € TZ, put

oX)=X N —iy,

(3.18)
HX)=X N+ix.
Then if XY € TZ,
c(X)e(Y) + c(Y)e(X) = —2(X,Y),
HX)AY) + Y )E(X) = 2X, V),
e(X)e(Y) 4+ ¢é(Y)e(X) =0. (3.19)
Let eq,--- , e, be an orthonormal frame in 7Z. Let D? be the operator
D7 =" c(e;) VAT DO, (3.20)

1

Then D is a standard Dirac operator acting on E, which is self-adjoint with respect to the
Lo Hermitian product of F.
Let V be the operator

n

V=2 éle)w(F g")(e). (3.21)

[N

We recall a result from [15, Proposition 4.12].

Proposition 3.3. The following identity holds,

D% = pZ . (3.22)

Let TH M be a smooth subbundle of TM such that

TM =TiM o TZ. (3.23)

1. The case where dim Z is even and T'Z is oriented

Assume that dim Z is even and T'Z is oriented. For simplicity, we first assume that B is
odd dimensional, compact, oriented and spin.
Let ¢”P be a Riemannian metric on TB. We equip TM = T" M © TZ with the metric

gTM _ W*QTB @QTZ- (324)

Let (¢, ggl, Vg/) be a vector bundle on B equipped with a metric gﬁl and a unitary connection
.

Let ST be the vector bundle on B of the (T'B, g* ) spinors. Then ST is a T B-Clifford
module.
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If X € TZ, c¢(X),é(X) act naturally on A(T*Z)@7*STB. Let N be the number operator
of A(T*Z). If f € TB, we make c(f) act on A(T*Z) ® 7*STE by the formula

c(f) = (DN @ c(f). (3.25)

It is then trivial to see that with these conventions, if X, Y € TM, the analogue of (3.22)
holds, so that A(T*Z)®@7*STE is a left TM-Clifford module. In particular, c(f) anti-
commutes with the ¢(X),é(X) (X € TZ). Assume temporarily that T'Z is spin. Let
STZ = SIZ @® STZ be the corresponding vector bundle of (T'Z, g7#) spinors. Then

ANT*Z) = ST2&8T%*. (3.26)

Also, S™™ = 7*STERSTZ is the vector bundle of (T'M, g"™) spinors.

Let VIM.L he the Levi-Civita connection on (T'M, g"™). Then VTM:L induces a unitary
connection V5" on STM . Let V7B be the Levi-Civita connection on (TB,g"P), and let
V5" be the induced connection on ST5.

Let VT'Z be the connection on T'Z constructed in [6, Theorem 1.9] (and briefly described
in Section 1(c)) which is associated to (T M, g7%). As the notation indicates, VZZ restricts
to the previously considered Levi-Civita connection along the fibres Z. Then V7?4 induces
a unitary connection VS on STZ* and a connection VAT"2) on A(T*Z).

Let VAT 2)@7 5" .L he the connection on  A(T*Z)@n*STE = §TMRSTZ* induced
by V5™ and V77 Let VAT )& S™ 1o the connection on ANT*Z)@7*STE induced
by VAT and vS'°.

Let €},--- €}, be an orthonormal frame in 7M. Let (S(-)-, -) be the (0,3) tensor
constructed in [6, Section 1] which is associated to (T M, g7%). Then

NS NS 1
VAT DS STEL _ gMTTBTSTE L 2(S(-)ef € ele))ele)). (3.27)

Let V¥ (resp. V%) be the connection on A(T*Z)®F @ 7*(STE ® ¢') induced by

VA(T*Z)7 vRu7 vTr*sTB7 vs’ (resp. VA(T*Z)@w*STB,L7 vF,u’ Vfl).

Definition 3.4. Let DM be the Dirac operator acting on smooth sections of A(T*Z) ®
Fer(STB ¢ over M,

n+m

DM =" c(ef)VE" (3.28)

Recall that the operator D? acting fibrewise is defined in (3.20). Clearly, the operator
DZ also acts on smooth sections of A(T*Z) ® F @ n*(STP ® ¢'). Let e1,--- e, be an
orthonormal frame in TZ. If U € T'B, set as in (1.18),

1
iLUHdUZ = k(U)de. (3.29)
Let f1,---, fn be an orthonormal frame in T'B. Set
DH = o) (V' + K(fT)). (3.30)

Put
oT) = %<TH(ff,f?),ez')dfa)C(fﬁ)C(%)- (3.31)
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Then by proceeding as in [7, Equation (4.26)], we get

7).

DM =pH L pZ _ T

(3.32)

The operator DZ4% constructed in (3.16) also acts on smooth sections of A(T*Z) ® F ®
7*(STB ®¢'). Let D'M be the operator

D'M — pH 4 pZdR _ c(T) (3.33)
1 .
Let 7P (0), 7™ (0) be the eta invariants associated to DM, DM,
Proposition 3.5. The following identity holds,
M M
7?7 (0) =77 (0)  mod(Z). (3.34)
Proof. By (3.13), (3.22), (3.32) and (3.33),
DM = pM 1y, (3.35)

Now V is a matrix valued operator anticommuting with the ¢(X) (X € TM).
Using the variation formula for the eta invariant (see [2]), and local index theory tech-
niques as in [7, Proof of Theorem 2.7], we get (3.34).

Put .
By, 1) = H2sinh (%) (3.36)

Theorem 3.6. The following identity holds,

7" (0) = / A(TM,N™)B(TZ,V"?)ch(F, V") x*ch(¢',V¢)  in R/Q. (3.37)
M

Proof. Let DY be the standard Dirac operator acting on smooth sections of STM & ST 2
®@m*¢’, which is associated to the metric g”* and to the connections Vfiz* ,V¢'. Then by
[7, Equation (4.26)], D}! verifies the obvious analogue of (3.32). Let D™ be the operator
acting or smooth sections of STM@STZ* @ r*¢’,

DM 0 ]

DM = (3.38)

0 -DM

Let 7 be the operator defining the grading of ST#. If f € T B, the natural action of c(f)
on STM is given by

cf)y=c(f)®r. (3.39)

We claim that D™ is unitarily equivalent to DM In fact, let 7/ be the operator defining
the Zo-grading of ST%*. Clearly
(3.40)

By (3.25), (3.32) and (3.40),

(3.41)
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By (3.25), (3.32), (3.39)—(3.41), we get

DY = DY,
(3.42)
r1DMr = _pDM,
By (3.42), we see that DM and DM are unitarily equivalent. In particular,
72" (0) = P (0) = 7P7 (0)  mod (Z). (3.43)
By a result of [16, Theorem 9.2] (see Theorem 1.1),
7P¥ (0) = / A(TM,VTM)ch($T7, VST )eh(F, vF )t ch(e!, VE). (3.44)
M
So using (3.44), we get
i (0) = [ AT h(sTH, V) - st )
M
ch(F, VP"r*ch(¢',VE)  in R/Q. (3.45)
Now by [1, p.484],
ch(STZ* w5y — eh(8T7*, V527" = B(TZ,VT?). (3.46)

Using Proposition 3.5, (3.45) and (3.46), we get (3.37). The proof is completed.
Now we replace ¢g72 by ﬁ, for € > 0. We introduce the subscript € to indicate the
dependence on the parameter € > 0. From (3.37), we get
72" (0) = / ,i (TM,N"™)\B(TZ,V"?)ch(F,VF*")r*ch(¢/,VE)  in R/Q. (3.47)
By proceeding as in [9, Equation (3.196)] and in (1.39), we find that as ¢ — 0,
. A(TM, V™) B(TZ,V7%)h(F, VF)r* (e, vE)

- / ;T(TB,VTB)ch(g',vi')m[é(TZ,VTZ)&(F,VF»u)] in R/Q. (3.48)
B

Let VE+* be the unitary connection on E, which is the obvious analogue of the connection
VH:v of Definition 1.4. Let A% be the analogue of the superconnection 4; in (1.21), i.e.,

o).
4Vt

Since D% ig a perturbation of DZ by the matrix valued operator V', which anticommutes
with the ¢(X)’s (X € TZ), by proceeding as in [7, Proof of Theorem 2.7], one verifies easily
that the superconnection A% is as good as the superconnection A; from the point of view
of the local families index theorem of [6].

AgR — vE,u + \/%DZ,dR _ (349)
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By [14, Proposition 3.14], the orthogonal projection of the connection V¥ on ker D%%

~ H(Z, F|z) coincides with VH(ZFiz)u,

Let D® be the Dirac operator on B acting on smooth sections of ST2 @ H(Z, Fz)®¢,
where ST8 ® H(Z, Fiz) ® ¢’ is equipped with the obvious unitary connection. Let 7% be
the analogue of the form 7 constructed in Definition 1.13, which is now associated to the
superconnection A?®. Then the analogue of (1.32) is

di™® = 7, [e(T 2, V%) ch(F, V)] — ch(H (Z, F|z), VI (ZF12)w), (3.50)
Using (2.27) and (3.50), we find that
di®® = 0. (3.51)

We claim that the arguments of Bismut-Cheeger [7] and Dai [17] still apply to 7° ! (0)
as € — 0. In effect, as explained before, the perturbation of DZ by V is irrelevant from the
point view of local index theory. Moreover ker D% is a vector bundle on B. Using the
analogue of (1.40), we find that as ¢ — 0,

7P’ (0) — / A(TB,VTB)ch (¢, V)i + 727 (0)  mod (Z). (3.52)
B
Again, by Theorem 1.1,
7" (0) = / A(TB,V"P)ch(H (Z, Fz), VHZF2)m)ch(¢, v¢)  in R/Q.  (3.53)
B
Theorem 3.7. The following identity holds,
7t = 0. (3.54)

Proof. By [14, Theorem 3.15], we know that
©Trs{exp — AfR’Q} =rk(F)x(Z). (3.55)

By understanding (3.55) correctly, we can derive from (3.49) that for ¢t > 0,

Tr, [(g\d; n gigl)exp(—AfR’Q)} —0. (3.56)

Let us give a direct proof of (3.56). By [14, Equations (3.49), (3.50)], there are supercon-
nection A}, A} such that

1
AF=0 A" =0, AR = (47 +4)). (3.57)
By [14, Equation (3.57)],
0A, B [ﬂ ,}
ot Lot tp
. (3.58)
aAt N "
ot 7{27"44'

Set 1
B, = 5(14;’ — A}). (3.59)
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From (3.57)—(3.59), we get

DAIR N
2 4dR2 t o _[_
Bf = -4, = [ ?t,Bt] (3.60)

Now B, is a fibrewise differential operator. Using (3.60) and the fact that supertraces vanish
on supercommutators [26], we obtain

0A¢" dR,2 N 2 N 2
Tr, ot exp(— Ay )} = Try HBt, %} exp(B; )} = Tr, HBt, %exp(Bt )” =0, (3.61)
which is just (3.56). The proof of our theorem is completed.
By (3.16), (3.47), (3.48), (3.52)—(3.54), we get
/ A(TB,VTB)ch(¢, vE)s = 0. (3.62)
B

The proof of (3.17) continues as the proof of Theorem 1.15. Thus we obtain Theorem 3.2.
This argument still applies to the case of a general manifold B.

2. The case where dim Z is odd and T'Z is oriented

Now we assume that dim Z is odd and T'Z is oriented. Again, we first assume that B is
odd dimensional, compact, orientable and spin. We still introduce the objects appearing in
(3.28), (3.33).

Theorem 3.8. The following identity holds,
7" 0) =72 (0) mod(Z), 7”7 (0)=0 mod(Z/2). (3.63)
Proof. For 0 < s <1, set
DM = DM 4 V. (3.64)

Let 722" (0) be the eta invariant of DM . Then by [2], the derivative mod Z of 7P+ (0) is
exactly the constant term in the asymptotic expension as t — 0 of

ViTr[Vexp(—tDM:2)]. (3.65)
However since dim M is even, this constant term vanishes.
Let e1,- - , e, be an oriented orthonormal frame in T'Z. Set
p=2¢(er)--élen)- (3.66)

Then clearly
VAT 2)@Fu, _ (3.67)

Moreover since n is odd, using (3.19), it is clear that if X € T'M, ¢(X) anticommutes with
p, and if Y € TZ, ¢(Y) commutes with p. It follows that DM anticommutes with p. So if
A lies in the spectrum of DM —\ also lies in the spectrum, and so

1
72" (0) = gdimkerDM. (3.68)

The proof is completed.
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Remark 3.9. In general D’'M does not anticommute with p.
As before, we replace 72 by g with € > 0. From Theorem 3.8, we get
7P 0) =0  mod(Z/2). (3.69)

By Hodge theory,
ker DZ* = H(Z, Fz). (3.70)

We claim that all the arguments in part 1 of the proof of Theorem 3.2 can be applied to
the problem under consideration. This is not as direct as before, since here dim M is even,
which is a case not considered in [7]. The difficulty is essentially to show that the local index
calculations carry through in this case. However recall that by [BF, Section 1b)], if f1--- fi,
is an orthonormal base of T'B, among the monomials in the ¢(fy)’s, only 1 and ¢(f1) - - - ¢(fm)
have a nonzero trace, when acting on STB. Any monomial in the c(f,), c(e;), é(e;) whose
trace on 7*STP @ A(T*Z) is nonzero is a monomial in the c(e;), é(e;) which is a factor of
1 or of ¢(f1)---c(fm). If this monomial is odd, then it is either an odd monomial in the
c(e;), é(e;) or it is an even monomial in the c(e;), é(e;) which factors ¢(f1) -+ ¢(fm). Now
an odd monomial in the c(e;), é(e;) acts as an odd operator on A(T*Z), i.e. it exchanges
A (T*Z) and A°Y(T*Z) and its trace is 0. In view of [BF, Equation (1.7)] and of (3.28),
we find that if N is a monomial in the c(e;), é(e;)’s,

T S EMT DG o) el fin) N] = 20 B2 N D[, (3.71)

Using (3.71) and [15, Proposition 4.9], we see that the only odd monomial in the ¢(f,), c(e;),
¢(e;) whose trace is nonzero is

c(f1) - efm)e(er) - - clen)é(er) - - - é(en). (3.72)

Practically, this means that as in usual local index theory, we must use all the Clifford
variables ¢(fy), c(e;) to get a nontrivial trace. The proof then continues as in the case where
dim Z is even.

3. The general case

Assume now that the fibres Z are fibrewise orientable, i.e. the orientation bundle o(7'2)
descends to the base B. Let B be a double covering of B, such that the fibration 7 : Z — B
lifts to a fibration 7 : Z — B _where the fibre Z are now orientable. Over B the obvious
analogue of (3.11) holds in H(B, C/Q). Both sides of (3.11) are invariant under the obvious
involution ¢, so they descend to B. The proof of Theorem 3.2 is completed.

Remark 3.10. It might be possible to prove Theorem 3.2 in full generality. However, in
part 1 of the proof, we can no longer use the Atiyah-Padodi-Singer index theorem (see [2])
to establish the Cheeger-Simons identity of Theorem 3.6. Similarly in part 2 of the proof, p
in (3.60) is no longer well defined.

(d) Extensions

Although we do not prove (3.11) in full generality, i.e., when o(T'Z) is arbitrary, we will
prove a weaker, but general statement.
Theorem 3.11. In full generality, if dim Z is even, for any k € N,

ex(H(Z,Fz), VH(ZFi2)) 4 (—1)re(H(Z, Fl*Z)’vH(Z,F;))
=2m[e(TZ)en(F,VF)]  in H(B,C/Q). (3.73)
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If dim Z is odd, then for k € N,
é(H(Z,F ), VT2 — (1)fep(H(Z, Fy), VIPFR2) =0 in H(B,C/Q). (3.74)
Proof. Let p: M — M be a double covering of M on which T'Z lifts to an orientable
bundle. Then M still fibres over B, with a fibre Z which double covers Z. Clearly
H(Z,p"Fiz) = H(Z,Fz) + H(Z,F; @ o(TZ)). (3.75)
Also, by Poincaré duality,
HY(Z(F,©0(TZ))z) = (H"™ 7P (Z, F3))". (3.76)
By Theorem 3.2, if 7 : M — B is the obvious projection,
(H(Z, p"Flz), VTP R2)) o [6(TZ)c(F,VF))  in H*(B,C/Q).  (3.77)
Also by (2.20) and (3.76),
en(H(Z,(F & O(TZ))‘Z),VH(Z’(F|Z®O(TZ))‘Z)
= (—D)FHAmZ e (H(Z, Fry), VI PFz), (3.78)
From (3.75)—(3.78), we get (3.73) and (3.74).
Theorem 3.12. If '~ F*, then
e(H(Z,Fz), VIEE2)) = 1, [6(TZ)cr (F, V)]
in H(B,C/Q) if dimZ is even, k is even,
=0 in H(B,C/Q) if dimZ is odd, k is odd. (3.79)
IfF ~F", then
e (H(Z,F\z), VIZE2)) = 1 [6(T2)é,(F, V)] if dimZ is even. (3.80)

Proof. If F ~ F*, we use Theorem 3.11. If F ~ F",
H(Z,FYy) = H(Z, Fz). (3.81)

Then we use (2.20) and Theorem 3.11 to obtain the equality of the real parts in (3.80), the
imaginary parts (which both vanish in this case) being equal by Theorem 3.1. The proof of
Theorem 3.12 is completed.
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Appendix: Classes of Local Systems of Hermitian Vector Spaces

(by K. CORLETTE! and H. ESNAULT?)

For a local system V on a topological manifold S associated to a representation
p: m(S,s) = GL(n,C)
of the fundamental group, we denote by
&(V) =¢(p) = i +vi € H*71(S,C/2)
the class defined in [4, 1]:

B; € H*71(S,R) (see [1, (2.20)]),

v € H*7Y(S,R/7Z) (see [4, §4]).

If f: X — S is asmooth proper morphism of C*° manifolds with orientable fibers, the
Riemann-Roch theorem (see [1, Theorem (0.2) and Theorem (3.11)]) says

dim(X/S)
a( Y (RLC) =0

3=0
in H*-1(S,C/Q), for all i > 1.

The purpose of this short note is to show how to apply Reznikov’s ideas (see [12]) to

obtaining vanishing of the single classes ¢;(R? f.C) under some assumptions.

Definition A.1. Let A be a ring with Z C A C C. A local system of A hermitian
vector spaces is a local system associated to a representation p whose image p(m1(S,s)) lies
in GL,(A) C GL,(C) and U(p,q) C GL,(C) for some pair (p,q) with n = p + q, where
U(p,q) is the unitary group with respect to a non-degenerate hermitian form with p positive,

and q negative eigenvalues.

Theorem A.1. Let S be a topological manifold and let p : m1(S,s) — GL(n,F) be a
representation of the fundamental group with values in a number field F'. Assume that for all
real and complex embeddings o : F — R (CC) and o : F — C, ogop:m(S,s) = GL(n,C)
is a local system of o(F) hermitian vector spaces. Then ¢;(p) = 0 in H*~1(S,C/Q) for all
1> 1.

IDepartment of Mathematics, The University of Chicago, Illinois 60637, USA.
Email: kevin@math.uchicago.edu
2Universitéit Essen, FB6, Mathematik, 45117 Essen, Germany. Email: esnault@uni-essen.de



40 J. M. BISMUT

Examples of local systems of Q hermitian vector spaces are provided by Q variations
of Hodge structures (see [9, 1.2]), whose main instances are the Gau-Manin local systems
RI f.C, where f : X — S is a smooth proper morphism of complex manifolds with Kahler

fibres. So Theorem A.1 implies

Theorem A.2. Let f: X — S be a smooth proper morphism of complex manifolds with
Kahler fibres. Then
¢(RVF,C) =0
in H*=Y(S,C/Q) for alli > 1, j > 0.

In the C* category, other examples are provided by Poincaré duality.

Theorem A.3. Let f: X — S be a smooth proper morphism of C'* manifolds with
orientable fibres. Then
¢i(R7 £,C @ RUMX/9H=0) £ C) =0

in H*=1(S,C/Q) and
él(Rdlm(X/R)/Qf*(C) -0

in H*=1(S,C/Q) if dim(X/S) is even.

Proof of Theorem A.1. The U(p,q) flat bundle being isomorphic to the conjugate of
its dual, the formula (see [1, (2.21)]) says that 5; = 0. Thus we just have to consider ;.

We may first assume that A"p : 7m1(S,s) — C* is trivial. In fact, it is torsion as a
unitary and rational representation, say of order N, and V & --- @V (N times) has trivial

determinant. On the other hand,

in H?=1(S,C/Q), as

&i(V)-¢;(V)=0
fori > 1, j > 1, in H>+9)=1(S,C/Q). (The multiplication is defined by image (¢;(V) in
H?(8,2)) - ¢;(V) (see [4, (1.11)]).)

Furthermore, by adding trivial factors to V', one may assume that n is as large as one

wants.
There is an open cover S = US,, trivializing V with transition functions
[e3
)\aﬂ S A(Sag, SLn(F))

such that
00 Xag € A(Sap, SLn(o(F)) NU(p, q)).

One has the continuous maps

¢ S¢ -2 BSL,(F) % BSL,(0(F)) - BSL,(C)s —— BSL,(C),
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and
¥ Sy 23 BSU(p, q) ~ BSL,(C),

where S, is the simplicial classifying manifold associated to the open cover S,, BSL,(F)
and BSL,(0(F)) are the simplicial classifying sets, BG is the simplicial (C*) classifying
manifold for

G = SLu(C), SU(p,q),

BSL,(C); is the discrete simplicial classifying set. So ¢ = 1.
By [4, §8], there is a class 7™V € H*~1(BSL,(C)s,R), whose image
3 € H*H(BSLy(C)5,R/Q) = H*Y(BSLy(C)s,R)/H* ™ (BSL,(C)5, Q)

verifies

* __k —univ

Vi = N,

We now apply Reznikov’s idea to use Borel’s theorem. By [2, (7.5) (11.3)] and [3, (6.4)iii,
(6.5)], for n sufficiently large compared to i, H**~1(BSL,(F),R) is generated by

(2i—1)
(90" r HY(BSL.(O),R))

* % ~Univ

where (2i — 1) denotes the part of the tensor product of degree (2¢ — 1). Thus o*7*5™V €

H?*~YBSL,(F),R) is a sum of elements of the shape ®o*7*1*z,, where at least one x, €

H*-1(SL,(C),R), for some j < i. This implies that
Y= 800N u'a,,
and for each summand, there is at least one
Wtg € Hony (SU(p,q), R).
It remains to observe that

for p+q=mn large  H ' (SU(p,q),R) = 0.

In fact, if p = ¢, this is part of [2, 10.6]. In general, the continuous cohomology of the R
valued points of the R algebraic group SU(p, q) is computed by

Hc.ont(SU(pv q)a R) =H* (HOIHK (A'@C/ﬁ), R)a

where K is the maximal compact subgroup SU(p,q) N (U(p) x U(q)), R is its Lie algebra,
& is the Lie algebra of SU(p,q). The right hand side equals

H*(Homg (A*®./R),R),
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where &, is the Lie algebra of the compact form SU(p + ¢) of SU(p,q). This group is the
de Rham cohomology of the manifold SU(p + q)/SU(p+ q) N (U(p) x U(q)), a Grassmann

manifold without odd cohomology.

Remark A.1. To a representation p, one may also associate the classes
ci(p) € H%1(S,C/2(3))

defined by \*ci™V where X : S¢ — BGL,(C)s is defined by locally constant transition

functions of the local system, and
™ € H* Y(BGL,(C);5,C/Z(i)) = HE (BGLn(C)s, Z(1)),

where Hp is the Deligne-Beilinson cohomology, where ci™"V are the restriction to BGL,,(C)s
of the Chern classes in the Deligne-Beilinson cohomology of the universal bundle on the
simplicial algebraic manifold BGL,. One does not know in all generality that A\*ci™V =
é (V).

Again writing ¢™V as bV 4 20V with
by™v € H*~1(BGLn(C)s,R(i — 1)),
2" e H*~Y(BGL,(C)s, R(i)/Z(i)),
one knows that by definition b¥™" lies in the image of the continuous cohomology of G L, (C):
Hy = (BGLn(C)e, Z(i)) — HE (BGLn(C)s, R(7))
— H* 7Y (BGLA(C)a, Sg; 1)) 2 Hign (GLa(C),R(i — 1))

— Hzlil(BGLn((C)zsz(l - 1))3

where Sgi;_;) is the sheaf of R(i — 1) valued C* functions. (In fact Beilinson gave a precise
identification of this class in terms of the Borel regulator. See [11] for details.) Thus by the

: *puniv __
previous argument, A*o;™ = 0.

As before, we may assume that p has SU(p, q) values, since the multiplication

ci(p) - ¢i(p)

factorizes through the Betti class in H?(S,Z(i)) of p (see [6, Proof of (3.4)]). Furthermore,

univ
%

by definition, z is a discrete cohomology class. Thus one can apply the same argument

as in Theorem A.1 to prove.

Theorem A.4. Let S be a topological manifold and let p : m1(S,s) — GL(n,F) be a
representation of the fundamental group with values in a number field F'. Assume that for all
real and complex embeddings o : F — R(C C) and o : F — C, gop:m(S,s) — GL(n,C)
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is a local system of o(F) hermitian vector spaces. Then c;(p) = 0 in H*~1(S,C/Q) for all
1> 1.

On the other hand, if S is an algebraic manifold, then the image of ¢;(p) under the map
H*7Y(8,C/Z(i)) — Hz (S, Z(1))

is the Chern class ¢P(F) of the underlying algebraic vector bundle E on V & Og., (see [6,

(3.5)]). So one has

Corollary A.1. Let S be an algebraic manifold and let p : m(S,s) — GL(n,F) be a
representation of the fundamental group with values in a number field F'. Assume that for all
real and complex embeddings o : F — R(C C) ando : F — C, ogop:m(S,s) — GL(n,C)
is a local system of o(F') hermitian vector spaces. Then the Chern classes of the underlying

algebraic bundle in the Deligne cohomology are torsion.

Remark A.2. Let f : X — S be a proper equidimensional morphism of algebraic
smooth complex proper varieties X and S, such that f is smooth outside a normal crossing
divisor ¥, with D := f~1(X) a normal crossing divisor without multiplicities (that is, f is

“semi-stable” in codimension 1). Then the Gauf-Manin bundles
M = R’ f.0%s(log D)

have an integrable holomorphic (in fact algebraic) connection with logarithmic poles along
Y whose residues are nilpotent (monodromy theorem, see e.g. [8, (3.1)]). This implies [7,

Appendix B], that the de Rham classes of H/ are zero. Therefore
cf (W) € H*~1(S,C/Z(i))/F' € Hy~'(S, Z(i)),

that is, modulo torsion, ¢P (H7) lies in the intermediate Jacobian, and c¢P (H?|s_x) is torsion
(see Corollary A.1, Theorem A.2). It would be interesting to understand those classes, in
particular as one knows that there are only finitely many such classes for H7 of a given rank,
as there are, according to Deligne [5], finitely many Z variations of Hodge structures of a

given rank on S — ¥, and H7 is the canonical extension of R f|g_s-C.

In fact, if f has relative (complex) dimension 1, even the Chern classes of H’ in the Chow

groups of S are torsion, as a consequence of Grothendieck-Riemann-Roch theorem (see [10,

(5.2))).
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