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SOME RESULTS OF A NEHARI FAMILY ***
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Abstract

The authors study the Nehari family N, and obtain some important properties for
this family.
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§1. Schwarzian Derivative

Let w = f(z) be a locally univalent analytic function in the unit disk D, and its
Schwarzian derivative is defined by

= (5) 35 =5 -5 s

. 3 f// 2 f/// .
u' =55 (F) ] = s,
hence u” + %Sf cu=0.
On the contrary, if ¢(z) is an analytic function, and u is the solution of the following
equation
v’ 4+ qu =0,
denote

f(2) = /0 Tu (),

then Sy = 2q.
An important property of Schwarzian derivative is the invariance under Mdbius trans-
formation. If T' is a M6bius transformation, then we have

Stof = S¥. (1.2)

According to the above property, if f(z) is a locally univalent meromorphic function, the
Schwarzian derivatives of f(z) at its poles can be defined by

Sf(Z) =5 (Z)
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For the Schwarzian derivative of the composition of two analytic functionsf, h, we have
Ston = Sy (h(2))(W')* + S (1.3)
In 1949, Nehari [?] proved the following theorem which reveals the connection between

the univalence of analytic functions and their Schwarzian derivatives.

Theorem A. If f is a univalent analytic function in the unit disk D, then

6

|S¢(2)| < A= P2

(1.4)

On the contrary, if f is a locally univalent analytic function in the unit disk D, and satisfies

2
S < 1.5
| f(Z)|_ (1_|Z|2)27 ( )
then f is univalent in the unit disk D.
Because the Schwarzian derivative of the Kébe function
_ o _ 2 3
is 6
(v
the constant 6 in the above necessity condition can not be improved.
At the same time, Hille [?] found that the function
1— 2\
= , >0 1.7
=) (1.7)
is not univalent in the unit disk D, and its Schwarzian derivative is
2(1++?)
S =—".
£(2) =2

This example shows that the constant 2 in the above sufficiency condition is also sharp.

Nehari’s work has attracted the notice of many mathematicians. In 1962, Ahlfors and
Weill [2] found the connection between the quasiconformal extensibility of conformal map-
pings and their Schwarzian derivatives.

Theorem B. (cf. [2]) If

2t

IS¢(2)] < A= P2

0<t<l1, (1.8)

14t

then f can be extended to a 1

quasiconformal mapping of the whole complex plane.

Following Nehari and Ahlfors, many scholars have made a lot of researches in this area.

§ 2. Nehari Families

In 1979, Nehari [?] obtained other two important univalence criteria for analytic func-
tions.
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Theorem C. If f is a locally univalent analytic function in the unit disk D, and satisfies

4

< -
195 < =

(2.1)
then f is univalent in the unit disk D.

Theorem D. If f is a locally univalent analytic function in the unit disk D, and satisfies

7.‘.2

1Sy(2)| < =, (2.2)
then f is univalent in the unit disk D.

We used to call the families of univalent analytic functions which satisfy the following
three Nehari’s univalence criteria

(a) |Sf(z)| < 1,|22‘2)2a

) 187()] < .

2

(€ 152 <%
as Nehari families, and denote them by N,, N, and N, respectively.

It should be noticed that the functions which satisfy the normalizations f(0) = 0, f/(0) =
1, f”(0) = 0 and the following three equalities

—~|

3

510 = o SO = G =%

are

1+ 2 1(1 1+2 1 1 ) 2 Tz

11— f(z)=H(z) = Ogl—z_1+z+1—z f(z)Z;tan—7

() = 5o : ”

which are called the extremal functions for the corresponding Nehari families, and the images
of the unit disk under the extremal functions are called the extremal domains.

In 1985, Gehring and Pommerenke [?] studied Nehari family N,, and obtained some
important results.

Theorem E. Let f be an analytic function in the unit disk which satisfies the normal-
ization f'(0) = 0. If f satisfies

2
S < -
| f(2)| = (1 7 |Z|2)27
then either )
e + 2
f(z):alogeie_z—&—b, a,be C, 0 <6< 2, (2.3)

or f(z) has a homeomorphic extension to D with
|f(27)_f(zl)|§M1(10gi)717 2,2 €D,
|z — 2|
f(rei®) — f(e)] < Maldist(f(re™),0f(D)]Z,  0<r<1, 0<0<2m.

Theorem F. Let f be an analytic function in the unit disk. If [ satisfies

2b

15¢(2) < m,

b <1,
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then f(D) is a quasidisk with constant 8(1 — b)~ 2.
For Nehari family N, the following results are also known (see [5]).

Theorem G. Let f be an analytic function in the unit disk which satisfies the normal-
izations f(0) =0, f'(0) =1 and f"(0) =0. If f satisfies

w2t

then f has a homeomorphic extension to D, and

Wf/itanh(ﬂ-;/ﬂzo <|f(z) < 7:/%tan(7r;/i|z|),
v vt

cosh_2<T|z|) < |f'(2)] < cos™2 (%t\zo

8§ 3. Nehari Family N,

For the Nehari families N, and N,, many results have already been obtained, but for the
Nehari family Ny, much less is known.
We know that the analytic functions in the Nehari families which satisfy the following
equations
2t 4t w2t
f(Z) (1_22)27 f(Z) 1_ 22’ f(Z) 2

are closely related to the following three differential equations

@ W =0

O 2=,

(c) u” + ”T%u =0,
where u(z) = [f/(2)] 2.

The solutions of differential equations (a)’, (c)’ can be expressed explicitly, but the
solution of differential equation (b)’ can not be expressed explicitly, which makes the research
for Nehari family N, more difficult.

In this paper, we apply the method in [?] to studying the Nehari family N,, and obtain
some important properties for V.

If f(2) =2+ agz? + - - is an analytic function in the unit disk D, let g(z) = f(2)/(1 +
azf(2)), then g(z) is a meromorphic function in the unit disk, which satisfies the normal-
izations ¢g(0) = 0, ¢’(0) = 1 and ¢”(0) = 0, and has the same Schwarzian derivative with

f(2).
Theorem 3.1. Let f(z) be a meromorphic function in the unit disk D, which satisfies

f(0) =0, f'(0) =1, f*(0) =0, and

(1= |2*)84(2)] < 4. (3.1)
Then either
z ds 1 1+2 1 1
=t = [ = (e - s ) (32

or f(2) has a homeomorphic extension to D with
f(2) = f(Z)] < M|z = 2], 2,7 €D, (3-3)
|f(re?) — f(e)] = o[dist(f(rew),af(D))]%, r—1-0, 0<6<2n. (3.4)
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Proof. Let N J
s

t = H = _—

&= T

whose Schwarzian derivative is Sp(z) = =13.

satisfies the conditions of the theorem, and let

Suppose that the meromorphic function f(z)

g(t) = foh(t), (3.5)
where h(t) = ¢ H=1(t). Then g(t) is the meromorphic function in the extremal domain,
and

lg' ()] = (1 —r*)?|f'(re”)] (3.6)

for t > 0 and r = H1(t). After some computation, we have
B (t) = e (1 — r?)?, R'(t) = —4e" (1 — r?)3r,
Sp(2) = —4(1 —r?)3,
Sg(z) = 8¢ W% + S = (1 —1?)18 — 4(1 — 1%)°.
Hence _
Re{S,} = (1 — r?)3[Re{e®®(1 — r?)S;} — 4] <0. (3.7)

Define )
o) =1g'(t)"z,  t=>0. (3.8)

Here v(t) is 0 at the possible poles of g(¢). Then we have

o O ) N
It follows that
V" (t) = p(t)v(t), t>0, (3.10)
where
p(t) = —%Re{Sg(t)} + [%Im{ gg/((f)) Hz >0 (3.11)
by (3.7).

It is obvious that v(¢) is non-negative and convex for ¢ > 0. This is also true when g has
a possible pole at ¢ =ty > 0 in which case v(tg) = 0. It follows from f”(0) = 0 and (3.5)
that ¢”(0) = 0. Then (3.9) implies that v'(0) = 0 which shows that v(¢) has its minimum
v(0) =1 at t = 0, so we conclude that g(t) # oo, which implies that f is analytic in the unit
disk.

If v'(tp) = 0 for some ¢t = to # 0, by the convexity of v(¢) we obtain that v'(¢t) = 0,¢ €
[0,t0], hence v"(t) =0, ¢ € [0,to]. Then it follows from (3.9) that

1

Re{‘(;—,}z(), Re{ccli‘(;:}_o, t €0, to].

Re{S,} = Re{% *‘;',/} - ;{Re{‘gj}r + %{Im{i—/}}Q <0,

it also follows that

Because
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hence
g"(t) =0, t €0, o).

Thus by the isolatedness of zeros of analytic functions, we have

g"(t)

0, t e d,

and hence
g'(t)

where G is the extremal domain. By (3.5) we obtain

z ds 1 1+ 2 1 1
f(z):H(Z):/O (1—32)2:Z(l°g1—z71+z+1—z)'

On the contrary, if f(z) is not of the form H(z), then the above argument shows that
for any choice of the constant 0, v'(¢) > 0 for ¢t > 0. So we have

1, ted,

v'(t) > a >0, t e [l,+00),

hence
v(t) > v(1) + ot — 1), te[l,400),
or )
")) < : 3.12
90 < TGP (312)
It follows from (3.6) that
‘ 1 1
! 0 < .
R AT =
When r is close to 1 sufficiently,
. 1 16
|f(re')| < ~ — : (3.13)
(1=72)% a?(log 13 + 125 — 4)?

the right hand side of the above inequality is bounded when » — 1 — 0. Thus there exists a
constant M > 0 such that _
|f'(re”)| < M.

This is an unexpected fact! It tells us that in the Nehari family N;, the derivatives of
all the functions other than the extremal function H(z) (up to a composition of a Mdbius
transformation) are bounded. On the contrary, according to the result of Gehring and

Pommerenke [?], the derivative of the extremal function f(z) = 1logi*2 in the Nehari

-2 1—z
family N, is f'(z) = L. For the derivatives of all the functions other than the extremal
function in the Nehari family N, it holds that

1

@< g (o)
z)| < lo + b,
el < (e =y

which shows that when » — 1 — 0, the derivatives of the non-extremal functions in the
Nehari family N, are infinity of lower order compared with the extremal function.

Now we can derive the distortion formula of the theorem. For any two points z, 2’ € D,
consider the hyperbolic segment I' joining z and 2’ in D. Then I has length | < 7|z — 2/|.
Hence

() — ()] < / F(QIlC] < Mz — 2.
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Furthermore, we have

e +ee dt 1 1
| s [ = = gt

to t  [o(to) +alt—to)]>  au(to)

for 1 <ty < co. Then by (3.5), (3.6) and the Kobe Distortion Theorem

Nl

3(1 = [z)If'(2)] < dist[f(2), 8f (D)), (3.14)

we obtain that when r — 1 — 0,
+oo
|
to

e = ) = | | et < [ o

1
2

< 2=l e

«

= oldist(f(re), O (D)%,
which completes the proof of the theorem.
For the discussion of the characterizations of quasidisks, we need the following definitions.

Definition 3.1. A Jordan curve I is called a quasi-circle with constant M if it satisfies
min[diamI'y, diamI's] < M|wy — ws], wy,wg €T, (3.15)

where T'1, Ty are two components of T\ {wy1,ws}. A domain bounded by a quasi-circle with
constant M is called a quasidisk with constant M.

Definition 3.2. If any two points wy,ws on the boundary of domain G(C C) can be
joined by an open arc L C G so that

_inQ lw —w;| < ¢-dist(w, 0G), we L, (3.16)

J
then we say that the domain G has c-accessible boundary.
It is obvious that ¢ > 1.

Theorem 3.2. Let f(z) be a meromorphic function in the unit disk D, and satisfy
(1—12[*)]Ss(2)] < 4b, b< 1. (3.17)

2M
Then f(D) is a quasidisk with constant ————, where M is an absolute constant.

(1-0)*
The proof of Theorem 3.2 needs the following lemmas.

Lemma 3.1. (cf. [?]) Suppose that G is a Jordan domain in the complex plane C. If
there is a constant ¢, such that for any Mdbius transformation ¢ satisfying o(G) C C,
domain p(G) has c-accessible boundary, then G is a quasi-circle with constant 2c.

Lemma 3.2. (cf. [5]) Suppose that f(z), F(z) are locally univalent analytic functions in
the unit disk, satisfying the normalized conditions f(0) = F(0) = 0, f'(0) = F'(0) = 1,
f'(0) = F"(0) =0, and [Sf(2)| < Sp(|z]). Then |f'(2)| < F'(]2]).

Lemma 3.3. (cf. [5]) Suppose that f(z),G(z) are locally univalent analytic functions in
the unit disk, satisfying the normalized conditions f(0) = G(0) = 0, f'(0) = G'(0) = 1,
f"(0) = G"(0) = 0, and |5y (2)| < =Sa(|2]). Then [f'(2)] = G'(|z]).
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Proof of Theorem 3.2. First we consider the differential equation

2
u’'(r) + 1 _brzu(r) =0, u(0)=1, «/'(0)=0, 0<b<l

Suppose
u(r) =1+aor® +azr® +asr* + - +ar™ + -

Then we have
u”(r) = 2ag 4 6azr + 12a47% + - -+ n(n — Da,r" 2+,

2b

T aulr) =201+ (1 + a)r? + azr® + (1 +ag + ag)r* + -+ ].

Comparing the coefficients, we obtain

1 1 1
N e AN R _ 1\
u(r)=1-"br 6b(1 b)r 15b(1 b) (1 6b)r

Thus we have the following estimation

u(r)>1fbf%b(1fb)f%b(lfb)@f%b)f%b(lfb)(lf%@(lfl%b)fm

= a=0(1-5) (- 50) (1= 558) = I (- =)

hence u(r) > (1 —b)S, where S = [] (1 - m)

Then we consider the differentiafequation

2b

12

v (r) (r)y=0, v(0)=1, '(0)=0, 0<b<1.

With the same method, we can obtain

o 2 1 4 1 1 6
o(r) = 1+ br? + cb(1+ b)r +—15b(1+b)(1+ Gb)r
1 1 1y s

Thus we have the following estimation

’U(T)<1+b+éb(1+b)+%b(lan)(lJréb)+%b(1+b)<1+%b)(1+%b)+,“
:(1+b)(1+éb>(1+115b)<1+218b)...:ﬁ(1+n(27;9_1)>7

hence v(r) < T, where T =2 [ (1+ m)
n=2

Finally we consider the solutions of the following differential equations

—2b . 2b

1
W)+ 5Spn(z) =0, wh(z) + T pua(z) =0, () + T zus(2) = O,
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and denote the normalized functions whose Schwarzian derivatives are f_4bg and 1%22 by
G(z) and F(z) respectively. By Lemma 3.2 and Lemma 3.3, we have

G'(l2)) < 1f(2)] < F'(|2]),

hence

1 1 1 1
3.18
- (318)

7 < < (=) < 2 S SPa—b)?

Now we can prove that f(D) is a quasidisk, and obtain an estimation of its constant.

Because of the invariance of the Schwarzian derivative under Mobius transformation, we
need only to consider such two points z; = f(—1), 22 = f(1). For any zy € (—1,+1), it
follows from (3.18) and the Kobe Distortion Theorem (3.14) that

min{|z; — f(z0)]} = min { | / B 72z}

+1 f’(t) 4
et )

st (:0). 0 (D) = 7= st [f o). OF (D).

_ mm{iu — 2)|f (20)] -

< 477
=521 _b)2

2
where M = 45%.

So we have proved that f(D) has #—accessible boundary. By Lemma 3.1, we know
that f(D) is a quasidisk with constant %, which completes the proof of the theorem.

In 1963, Ahlfors [1] proved that a necessary and sufficient condition for a Jordan curve
I" on the closed complex plane C' to be a quasicircle is there is a constant C' such that

21 —Rk2 23 — 24

|(217223237Z4)| = S C (319)

Z1 —R3 R9 — 24
holds for all ordered quadruples z1, 22, 23,24 on I'. Now let K be the constant C' in (3.19)
when I is the unit circle. Then we have

Theorem 3.3. Suppose that f(z) is a meromorphic function in the unit disk D, which
satisfies (1 — |z|?)|S¢(2)| < 4b < 4. Then f(D) is a quasidisk, and

1+

1-0

w; — w2 W3 — Wy

1
‘ < 1g &P {(77 +log K) (3.20)

|(w17w27w37w4)| =
w1 — W3 W2 — W4

holds for all ordered quadruples wy,ws, w3, wy on Of(D).

For the proof of Theorem 3.3, we need the following lemma.

Lemma 3.4. (cf. [?]) Let A C C. Suppose that the function g = g(z,\) : Ax D — C is
injective in z for fived X with g(z,0) = z, and is meromorphic in X for fived z. Then g(z, \)
can be extended continuously to A X D so that g(z, \) is meromorphic in X for z € A, and

14+ A
1— A

1
|(wy, wa, w3, ws)| < — exp [(’ﬂ' +log™ |(21, 22, 23, 24)|) (3.21)

16

holds for all ordered quadruples z1, 2o, 23,24 on A, where w; = g(z;, \).
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Proof of Theorem 3.3. Without loss of gererality, we suppose that the function f(z)
satisfies the normalized conditions f(0) =0, f/(0) =1 and f”(0) = 0. For A € D, consider
the differential equation

52 = 2852, 9 =0, JO)=1, §'0)=0

According to the initial conditions, the differential equation has a unique solution g = g(z, \),
which is meromorphic in A for fixed z, is analytic in z for fixed A, and when A = b, g(z,b) =
f(2). It follows from Lemma 3.4 with A being the unit disk D that f(D) is a quasidisk, and

1 1+
|(w1, w2, w3, wy)| < T6€Xp (7T+logK)171_b:|

holds for all ordered quadruples wy, wy, w3, wy on df (D).
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