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Abstract

The functional dimension of countable Hilbert spaces has been discussed by some
authors. They showed that every countable Hilbert space with finite functional di-
mension is nuclear. In this paper the authors do further research on the functional
dimension, and obtain the following results: (1) They construct a countable Hilbert
space, which is nuclear, but its functional dimension is infinite. (2) The functional
dimension of a Banach space is finite if and only if this space is finite dimensional. (3)
Let B be a Banach space, B* be its dual, and denote the weak * topology of B* by
o(B*, B). Then the functional dimension of (B*,o(B*, B)) is 1. By the third result, a
class of topological linear spaces with finite functional dimension is presented.
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§1. The Functional Dimension for a Class of
Countable Hilbert Spaces

In [1] the calculation formula of the functional dimension of perfect countable Hilbert
spaces was given. Let ® be a countable Hilbert space. According to the definition (see [1]),
there are countable inner products {(, ), m € N} in ®, such that ||¢]; < ||}l < -+, and ® =
“+o0

N @, where @, is a Hilbert space as the completion of {®, (,);,}, and &1 D Py D ---.

m=1
Suppose that @ is perfect. Then the imbedding operator I;* from ®,, to ®, is a compact

operator for m > k > 1. Let the sequence of eigenvalues of |/I]**I}"* be {a%’“”), n € N} with

alfm 1 0. Then the functional dimension df® can be calculated as follows (see [1]):

df® =1+ sup inf g, (1.1)
K m>k

—n
where Tk, = inf { w0 (ln ﬁ) < +oo} is just the exponent of convergence of
a

aglk,7n)<1 n

the sequence {ln(l/aflkm))|n=172,‘..}.
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Now we give a concreate class of perfect countable Hilbert spaces, and obtain the calcu-
lation formula of their functional dimensions.
Let H be a Hilbert space, A be a self-adjoint operator on H, and D4« be the domain of
—+oo
Ak (k =0,1,2,--+). Obviously, 4 = [) D4+ is a linear subspace of H. On ®4 we can

k=0
define countable inner products as follows:

<xay>m :Z(Ak‘r7Aky)a mGNa a:,yG‘I)A,
k=0

where (-,-) is the inner product on H. Since H is complete and A* (k = 0,1,2,---) is
closed, it is clear that the completion of {® 4, (, ), } is just Dam. It is denoted by ®,,,. From
Dy = +ﬂ ®,,, it follows that ® 4 is a countable Hilbert space. Furthermore, suppose that A
m=1

has spectral property C. By the definition (see [3]), we have o(A) = P,(A4) = {\, |n € N},
[An| T 400, and also the multiplicity of each eigenvalue in P,(A) is finite and is exactly the
number of times the eigenvalue is repeated in the sequence {\,, }. In this case ® 4 is a perfect
countable Hilbert space by [3, Theorem 2.2].

Now we start to set up the formula about calculating df® 4. By the spectrum analysis
there exists an orthonormal basis {¢,;n € N} in H, such that A¢,, = A\, ¢,,n € N. Noticing
that {¢,} C P4, we have

p=0

m 1/2
Lot 4" = 0 /[9nlm = 6n /(X N7) ", € N. Then
=

This means that {’(/JT(Lm), n € N} is an orthonormal basis in ®,,. Suppose that k < m, x € ®,,.
+oo ’ +oo ’
We have 2 = > (2,00 )mtoS™ = 3 (@, 07 |bnllk /|| nllmws . Therefore

n=1 n=1

+oo
1w = 3 1ulln/énllm (. 65 mt .
n=1

From [1, 1.2] it follows that I} is a self-adjoint operator, and o(I}") = P,(I}") = {aS{“m) =
|én I/ |#nllm: n € N}. Furthermore

k 1/2 m 1/2 A2(k+1) -1 1/2 1
km _ 2 2 _ n
atm = (o) (2N) T = (S ) e L

p=0 p=0 n — n
By this we have

Tkm = inf {M‘ Z (1H ag}m))# < +oo} = inf {,u‘ ;(1/1n|)\n|)“ < —l—oo} =Ta,

ag””) <1
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where 74 is independent of k, m. From the formula (1.1) it follows that
df®s =1+ 74. (1.2)

In [1, 1.3.8] there was an assertion: Every countable Hilbert space with finite functional
dimension is nuclear. Now we want to show that its converse is not true. For example, let
Ap be a self-adjoint operator on H with o(Ag) = P,(Ag) = {\n, = 2n + 1,n € N}, the
multiplicity of each A, being 1. It is easy to see that

A S 1N = 1/2n+ 1%, nkEN,

—+oo

Since Y alf ) < ~+00, it follows that I,’j+2 is a nuclear operator for £ € N. Then ® 4, is
n=1

a nuclear space (see [1]). On the other hand,

+oo
Ta, = inf {,u‘ Z[l/ln(Qn + 1 < —I—OO} = +00.
n=1

Sodf®a, =1+ T4, = +o00.

Remark 1.1. From the above example we can see that for countable Hilbert spaces
the property finite functional dimension is definitely a more restrictive topological character
than the property nuclearity.

§ 2. The Functional Dimension of Banach Spaces

In [1] the functional dimension of topological linear spaces was defined as follows.

Let ® be a topological linear space, U be a neighborhood of zero in ®, and M be a set

in ®. A set G in @ is called an e-set for M relative to U, it M C | (x 4 €U). Denote
zeG

G runs through the collection of }

N(e, M,U) = min {rG ‘ (2.1)

all e-sets for M relative to U

where rg denotes the number of elements in G.

Let U(0) be the neighborhood system of zero in ®. This means that U(0) is the
family of all neighborhoods of zero in ®. Suppose that U,V € U(0). Denote oyy =
@ Inln N(e,V,U)/Inlne™!, where N(g,V,U) is as in (2.1). Let
e—04

df ® = sup igf{aUV |U,V eU(0)}. (2.2)
U

The number df® is called the functional dimension of the space ®.

We have the following propositions on the function N. It is easy to prove them by a
simple analysis.

Proposition 2.1.

[fMl D M, then N(E,Ml,U) > N(&,MQ,U),'
If Uy D Us, then N(e,M,U;) < N(e, M, Us);
If &1 > e, then N(e1, M,U) < N(ea, M, U).
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Proposition 2.2. Let a > 0. We have
N(e, M, aU) = N(ea, M,U),
N(ag,aM,U) = N(e, M, U).

Lemma 2.1. Let ® be a topological linear space, B(0) be a base for the neighborhood
system of zero in @, and oyy be as above. We have

df® = sup Jnf {ovv |U,V € B(0)},

and also df ® is independent of the choice of B(0).

Proof. By Proposition 2.1, oyy is monotonously decreasing when V' is descending. So
it is easy to see that

inf oyvy = inf oyv = inf oyv.
Veu(o) VeB(0) vVcu
VeB(0)

Here the second equality holds for each fixed U € B(0).
On the other hand, by Proposition 2.1, oyy is monotonously increasing when U is

descending, and so does inf oyy. Therefore we have
Veu(o)

sup { inf O'Uv} = sup { inf aUV} = sup { inf O'Uv}.
Ueu(o) ¢ VeU() UeB(0) ¢ Veu() UeB(0) V‘é%%)
Then df® = sup inf {oyv |U,V € B(0)}.
U Vcu
From the above argument we can see that df® is independent of the choice of B(0).

Lemma 2.2. Let ® be a topological linear space, which satisfies the first axiom of count-
ability. Suppose that B(0) = {Uy | k € N}, where Uy D Uy D ---. Then

df® = sup inf oy, v,
k. m>k

and also df @ is independent of the choice of {Uy | k € N}.
Proof. By Lemma 2.1, it is obvious.

Lemma 2.3. Let B be a Banach space, and S be the unit ball of B. Then

dfB = @ InlnN(e,S,S)/Inlne*,
e—U4

and also df B is independent of the choice of S.

Proof. Take U, = 1S, k = 1,2,---. By Proposition 2.2, we have N(e, Ui, Up,) =
N(%E7 S, S). Furthermore

ovvU,, = lim lnlnN(Ee,S, S)/lnlne_l
€ m

—04

= lim InlnN(g,S,5)/Inlne™! for m,k,e N.

EHO_;_

From Lemma 2.2 it follows that df B = lim Inln N(e,S,S)/Inlne™t.

e—04

Now we study the functional dimension of Banach spaces.
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Theorem 2.1. The functional dimension of finite dimensional Banach spaces is 1. And
the functional dimension of infinite dimensional Banach spaces is +oo.

Proof. Suppose B is an n-dimensional real linear space. Take
S = { max |z;| < 1|(x1,22, - ,2p) €EB, xj (1<j<n) ER},
1<j<n

where R denotes the real field. Then
N(e,S,S) ~ K,(1/e)",

and K, is independent of ¢ (see [2, Formula (48)]). By Lemma 2.3, we have df B = 1.

Suppose B is an n-dimensional complex linear space. We can define an inner product
as its topology. And also B with this inner product is a 2n-dimensional real linear space.
Denote it by B,., and the natural map from B to B, by J. Let Sg be the unit ball of B.
Then JSp = Sp, is exactly the unit ball of B,.. Obviously G is an e-set for Sp relative to
Sp if and only if JG is an e-set for Sp, relative to Sg.. So N(e,Sg,Sg) = N(¢,Sp,,5B,) ~
Ko, (1/€)*, where Ko, is independent of ¢. By Lemma 2.3, we have df B = 1.

Suppose B is an infinite dimensional Banach space. It is known that the unit ball of
an infinite dimensional Banach space must not be countably compact. Moreover, a set in a
complete metric space is countably compact if and only if it is totally bounded (see [4, II, 4]).
Then S = {z|x € B, ||z|| < 1} must not be totally bounded. So there exists some g9 > 0,
such that any eop-set for S relative to S must not be finite set. That is, N(eg, S, S) = +o0.
By Proposition 2.1, we have N(e,S,S) = o0 for any € < gg. Then df B = +o0.

Remark 2.1. From Section 1 and Section 2 we can see that the property finite functional
dimension implies a very deep topological character. In the next section we will give a class
of topological linear spaces, whose functional dimensions are finite.

§ 3. The Functional Dimension of (B*,o(B*, B))

In the title of this section, B* denotes the dual space of a Banach space B and o(B*, B)
is the weak-star topology for B*. It is known that a base for the neigbborhood system of
zero in (B*,0(B*, B)) is as follows:

Bl(o) - {U(07y17y27 ay’rrl;g)‘m S N7 Y1,Y2, " Ym 6B7 € > O}a
where U(0;y1,y2, - ,ym;€) = {f | f € B* |f(y:)] <e&,1 <i<m}.

Lemma 3.1. Another base for the neighborhood system of zero in (B*,o(B*, B)) is as
follows:

n €N, x1,z9,- -z, are linearl
82(0) = {U(O;xlax% Ct oy T 1) b y}v

independent elements in B
where U(0; x1, @2, -+ ,xn;1) = {f| f € B*,|f(z;)] <1,1 < j <n}.

Proof. Suppose that W is a neighborhood of zero in (B*,o(B*, B)). Then we can find
a neighborhood V- =U(0;y1,Y2, - , Ym;€) € B1(0), such that W D V. If y1, 90, - , ym are
linearly independent, letting z; = y;/¢, 1 < j < m, we have V. =U(0; 21,22, -+ ,Tm;1) €
B2(0). Otherw1se there exists n < m, such that yl,yg, -+, Yy, are linearly independent

and yp = Zakjyj, n+1<k<m. Letmn = Z|Oék3| n+1<k<m and § =

min(s,s/nn_H, &/Nm). Tt is clear that V D V) = {f|f € B*,|f(y;)] < 6,1 <j<n} By
the above analysis we have V) € B2(0). This comes to the conclusmn
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Lemma 3.2. Let U,V € By(0). Suppose that
V=A{fIfeB, [flz)l <1, 1<j<n}
where x1, %o, -+ Ty, are linearly independent elements in B;
U={fIfeB" [fy)l <1, 1<i<m),

where y1,Y2, -+ Ym are linearly independent elements in B. If V. C U, then y1,Y2," Ym
belong to the linear span of x1,xa, - ,xp.

Proof. Denote the linear span of x1,zs, -+ ,z, by E. Without loss of generality, we
assume that y; € FE. Denote the (n + 1)-dimensional linear span of xy, - ,z,,11 by Ej.
Define a linear functional fy on F; as follows:

fo(xj):O, 1<j<n,
fo(y1) = 1.

Obviously fj is a bounded linear functional on F;. By the Hahn-Banach Theorem we can
find a bounded linear functional f on B, such that f|Ey = fo, ||fl| = ||fol|- The facts f € V
and f ¢ U contradict the given condition V C U. Hence it must be that y1,y2, - ym € E.

Theorem 3.1. The functional dimension of (B*,o(B*,B)) is 1.

Proof. Take U,V as in Lemma 3.2. Suppose that V C U. By Lemma 3.2, we can write
inZﬁiﬂj, I<i<m,
j=1

where f3;; is a constant for each (4,7), 1 <i<m,1<j <n.

Denote the linear span of x1,29,---2, by E. Let E+ = {f|f € B*, flg = 0}, and
7: B* — B*/E* be the quotient map. That is, 7f = f + E+ = f for every f € B*, where
f denotes the equivalence class containing f. It is known that B*/E+ = E* = F", where
either F = R if Banach space B is over the real field, or F = C if B is over the complex field.
Thus we can regard 7f as an element (f(x1), f(x2),- - f(z,)) in F*. Moreover, it is easy to
see that kerT = {f|f € B*,7f =0} = B+, and ran 7 = {f | f € B*} = F".

Write V = TV, U = 7U. We have

V={rflfeV}={CICeF", || <1, 1<j<n},

ﬁ:{rf|f€U}:{§‘§€F”7

n
=1

and also V C U.
Note the following claim: For any ¢ € V (or ¢ € ﬁ), it must be that 7 ¢ CV (or

T ¢ C U). This is because of E+ C V (or E+ C U).
Now we start to show Np-(e,V,U) = Ngn (e, v, ﬁ), where functions IV are defined as in
Section 2. R ~
First we point out a fact: If G is an e-set for V relative to U, then G is an e-set for V/
relative to U.
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Let ¢ € V. If f 67’ ¢ C V, then there exists g € G, such that f € g +eU. Hence
f—geeUand (e g+el. SoV C U(§+€U) and the fact is true.

¢eG
From the definition of functions r in Section 2, it is obvious that rg > rz. By this it

follows that
Ng«(e,V,U) = min{rq | G is any one e-set for V relative to U}
> min{rs | G is as above}
> min{rg | Q is any one e-set for V relative to U}

= Ngn (e, V, 0). (3.1)

Next we point out the second fact: If @ is an e-set for }? relative to U , then we can find
a set Gg which is an e-set for V relative to U, such that Gq = Q with rg, =rq.

Let Gg = {gc|arbitrarily take an element g, € 7 ¢ for every (¢ € Q} It is obvious
that GQ =Q, TGq =TQ- If f € V, then there exists { € @, such that f e+ eU. Hence

T[(f—gc)/e] € U. By the previous claim, it follows that (f—gc)/e € U. Thatis, f € gc+eU
and Gg is an e-set for V relative to U.
From the second fact we have

Ngn(e,V,U) = min{rg | Q is any one e-set for V relative to U}
= min{rg,, | Q is as above}
> min{rq | G is any one e-set for V relative to U}

= Np-(s,V,U). (3.2)

By (3.1) and (3.2) it is true that Np.(c,V,U) = Npn(g,V,U). Here we recall that the
number n is just defined by V.
After this we calculate Ngn(g,V,U). Let

/2
s=5.={c[ceF, = (Z oP) " <1},
the unit ball in F". Since S C V C y/nS and S C V C U, from Propositions 2.1 and 2.2 it
follows that
Nin (g, V,U) < Nen(e,v/nS,U) < Nen(e,v/nS, 8) = Ngn (n~2¢, 5, ).
By the argument in Theorem 2.1,

Kp(n'/?e=hn for F =R,

N]Fn n_l/Qf,S,S ~
( ) Kan(n'/2e71)?n for F=C,

where either K, or Ks, is independent of e.
On the other hand, let

={¢|cer,

Gl <1h=1{cice, 1 ml <o},
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n 1/2 _ _ _
where w = ( > |ﬂ1j|2> ,and 0= (011/w, Pra/w, -+, B1n/w) is a unit vector in F™. Since
j=1
Uc ﬁl, from Proposition 2.1 it follows that
N]Fn(é‘,f},ﬁ) Z N]Fn(é“,‘/},ﬁl) Z NFn(g,S, ﬁl)

From the definition e0/; is a region between the two parallel planes: ¢,B) = ¢/w, and
(¢, B) = —¢/w with a normal vector 8. In addition, the distance between the two planes is
2¢/w. Translating 8171, we can take a cover for S, such that the number of regions in the
cover is the smallest. Obviously, the smallest number is exactly 1+ [w/e], where [w/e] is the
greatest integer in w/e. And also, the smallest number is just equal to Ng- (g, S, 171) Then
we have N» (¢, 8,U1) > [w/e]. Taking £ < w/2, we have

Ngn (g, S, ﬁl) >wle—1=(w—e)e !> (w/2)e .
By the above analysis we get the following estimation
coe ™t < Np-(g,V,U) < ¢(n'/?e71), (3.3)

where n = n(V),c = ¢(n),co = ¢o(V,U), and they are all independent of . By a simple
calculation, oy = 1 and furthermore df B* = 1.
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