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GLOBAL EXISTENCE AND ASYMPTOTICS
BEHAVIOR OF SOLUTIONS FOR A RESONANT
KLEIN-GORDON SYSTEM IN TWO
SPACE DIMENSIONS***

XUE RuyING* FANG DAOYUAN**

Abstract

The authors study a resonant Klein-Gordon system with convenient nonlinearities in
two space dimensions, prove that such a system has global solutions for small, smooth,
compactly supported Cauchy data, and find that the asymptotic profile of the solution
is quite different from that of the free solution.

Keywords Klein-Gordon equation, Asymptotic behavior, Global existence
2000 MR Subject Classification 35L70

§1. Introduction

This paper deals with the problem of global existence and asymptotic behavior for a class
of Klein-Gordon systems in two space dimensions, j = 1, 2,

Ouy + miug = Fy (u, Opu, Opu, 0p0yu, 02u), a1
1.1
Oug + miuy = Fy(u, dyu, Opu, 0p0yu, 0%u)

with small, smooth, compactly supported Cauchy data, where (¢,2) denotes coordinates on
R x R? u = (u1,u2), 0 = 8? — A is the wave operator defined on R x R?, F} and F, are
nonlinearities vanishing at order 2 at the origin. We say (??) is a resonant Klein-Gordon
system if m; = 2msy or 2my; = mo.

The problem of global existence for quasi-linear Klein-Gordon equations in two space
dimensions with small, smooth Cauchy data has been considered by many authors. For the
scalar Klein-Gordon equation the global existence has been proved by Ozawa, Tsutaya and
Tsutsumi [7] in the semi-linear case and Ozawa, Tsutaya and Tsutsumi [8] in the quasi-
linear case, after partial results of Georgiev and Popivanov [2], Kosecki [4] and Simon and
Taflin [9]. Under a non resonance assumption on the masses, Sunagawa [?] studied systems
of Klein-Gordon equations for quadratic nonlinearities in two space dimensions and got the
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global existence for small data. He found that the global solution tends to a free solution as
t — oo. In [?], Delort, Fang and Xue considered the resonant case, gave the global existence
for quasi-linear systems when the nonlinearity satisfies a convenient structure condition (i.e.
a null condition), and found that the solution have a linear behavior at infinity. Is there a
global solution for the resonant Klein-Gordon equations if the nonlinearity does not satisfy
the null condition? How does the solution behave as t — +oo0? The only result due to
Sunagawa [?] said that the behave of the solution for the following special case

Ouy +ug =0,
DUQ + ug = 0, (12)

Ous + 4us = ujusg

with small, smooth, compactly supported Cauchy data, is quite different from that of a free
solution, and said that the energy of the solution of (??) behaves like C'Int as t — +oc0. In
this paper we consider the global existence and asymptotic behavior of the solution for the
resonant Klein-Gordon system whose nonlinearity does not satisfy the null condition. We
consider the following special Klein-Gordon system:

Ouy + 4uy = Q1 (u2, 0uz) + Pr((0%u1)|a)<1, (8ﬁu2)w§1),
DOz + iz = Qa(uz, Duz) + Po((0%u1) aj<1, (0%12) 51<1),
(u1,u2)|t=0 = €(f1, f2),

(Opur, Opuz)li=o = €(g1, 92),

where o = (ag,a’) € N x N? with o/ = (a1, az) denotes a multi-index in N3, Q;(ug, duz)
and P;((0%u1)|al<1, (3Bu2)‘5‘51) denote, respectively, a real quadratic form and a real cubic
form depending on the derivatives up to order 1, f; and g; are two C§° functions defined on
R?, and € > 0 small. We will prove that the system (??) possesses a global solution, whose
large time asymptotic profile is modulated in the logarithmic order. Our main results are

Theorem 1.1. Fiz B > 0. There is o9 € N and for any integer o > o, there is
€0 > 0 such that for any € €]0,¢[, any (f,g) in the unit ball of H° (R?) x H°~1(R?), R?
valued, supported inside {x € R?;|z| < B}, the problem (??) has a unique global solution
(u1,uz) € CO(R, H° (R?)) N C1(R, H°~1(R?)).

For (t,z) satisfying |z| < ¢, write @(t,x) = V1% — 2.

Theorem 1.2. In Theorem 7?7 assume that f and g are in C§°. There are C*° functions
y— ac;(y), j=1,2,3 defined on R?, supported inside the unit ball, such that if we set

1 ,
ure(t,x) = ;Re (aeq(z/t)Int + aca(z/t))e?™,
1.4
! 1_ (1)
Uz e(t,x) = EReaE,g(x/t)e ?,
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then there is, for any p > 0, a constant C, such that

) <G (1 ) 2

Jua(t, ) — s, ()| < Gy [ (1 - %L + ﬂ”

Remark 1.1. When Q; = u3, we have

1 _
|ae1(y)| = @1\y|<1(\DTw2 + 2ws|? — [Drwy — 2ws|?)p—g, (cosh (k| X|)) 7,

where X = %hl im’ wa, T and Tj are defined in (??) and (??). Moreover, (|Drws +

2ws|? — | Drwy — 2ws|?)r—1, depends only on the restriction of uy and its derivatives to the
hyperboloid Hy, = {(t,z) : (t + 2B)?* — 22 = T¢}, and we can choose f, and g such that
(|DTU)2 + 2w2\2 — ‘DTU}Q — 2w2|2)T:To % 0.

Remark 1.2. Let m; = 2 and mg = 1 and consider the equation (??) with the special
nonlinearity F;(u) which is dependent only on u. Note that F};(u) satisfies the “null condi-
tion” if and only if Fj(u) is independent of the term u? and Fy(u) independent of the term
ujug. In [?] we proved that the equation (??) with small, smooth, compactly supported
Cauchy data has a global solution if F;(u) satisfies the “null condition”. The nonlinearity
we consider in this paper is the special form Fj(u) = u3 and Fy(u) = 0, which does not
satisfy the “null condition”. However, our approach used in this paper is not suitable for one
to obtain the asymptotic profile of the solution to the equation (??) with the nonlinearity
such as Fy(u) = 0 and Fy(u) = ujus or Fi(u) = u2 and Fy(u) = ujus.

§2. Reduction of the Problem

Let uz be the solution satisfying the following Cauchy problem
Ouz + duz = Q1 (uz, dus),
uzlt=o0 = 0, Orus|t=0 = 0.

Denote v = (v1,v2,v3) = (u1 — us, ug, uz), and

Gi((0%0)jaj<1) = Pi((0%(v1 + v3))ja)<1, ((0%02)|a)<1))-
Then the following system is equivalent to the system (?7?):
Ovy + 4vp = G1((0%0)|o1<1)s
vy + va = Q2(v2, v2) + G2((0%0)|o)<1);
Ovs + 4vs = Q1(va, Ova), (2.2)
(v1,v2,03)|t=0 = €(f1, f2,0),

(Opv1, Opva, Orvs)|i=0 = €(g1, g2, 0).
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As in [?], it is sufficient to study the problem (??) in the domain {(t,z) € [0, +00) x R? :
(t +2B)% — |x|? > T} with the data defined on {(t + 2B)? — |x|?> = T3}, where Ty is a
positive constant. We introduce new coordinates (T, X) defined by

t+2B =Tcosh|X|, a= TXSiT;('X|, (2.3)

and a new function w associated with a solution v of (?7)
ve(t,x) = %(cosh(@X\))*lwg(T,X), (2.4)
where k is a positive number to be chosen later. Denote D; = %%, D,, = %a—‘zj, ji=12

and let (mq, ma,m3) = (2,1,2). By (??) and (??) we have
(D} = D2 =)o = - (cosh(sl X))~ (Plawe), (25)

while Z,(p) = k?(1 — 2(tanh(rp))?) + fftiggﬁf),

Pt =p'— QT,imanh(n|X|)(|§ : DT—X) - %EHOX\), (2.6)

Dy, Dx, ¢¢(|X\)( ,DX)_ 2
T

Pt=D2 — (X - — X 2.7
P D a0 T sinh | X| e 27)

1<i,j<2

with (a;;(X));,; the coefficients of the matrix defined by

- X26(IX]) X1 Xoo(|X]|
A(X:[ BoX) XX )
X1 Xoo(IX]) 1= X7e(|X])
and 1 1 1 h
cosh p
_ 1 ’ - , 2.9
o(p) 2 s, ¥(p) b 5 (2.9)
Let us define the Klainerman vector fields
Zy = X10x, — X20x,,
7(X12 Xizzcosh|X|)a +X1X2<17|X\cosh\X|)a
X X sinh [ X[/ T X sinh [X] /7% 2.10)
P 7X1X2(17\X|cosh|X|> <X22 ﬁcosh\X|) '
PR sinh [X] /7 T\ x2 X sinh X[/
Z3 = 8’1“.
If I = {i1, - ,in} is a family of indices between 0 and 3, we set |I| = N and denote
21 =2, - 7.

Definition 2.1. Forr € R we denote by E” the space of C* functions (T, X) — a(T, X)
defined on [Ty, +o0o[xR2, such that for any family I of indices between 0 and 2, and for any
m € N, there is Cr,, > 0 with

07 2 a(T, X)| < Cr T~ ™er X

for any X € R2, T > Ty.
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Using a similar argument as that of Proposition 1.2.4 in [?], we deduce the following
proposition.

Proposition 2.1. (i) There are two quadratic polynomials

D ~ D
(ws, Drws, Zrws) = Qi (T, X wa, Dy, —wn),  j=23  (211)

which are, for real wo, valued in R, with £+ dependence in (T, X). There are two cubic
polynomials
D ~ D
(w, Drw, wa) — P (T, X, w, Dyrw, %w), ji=1,2 (2.12)
which are, for real w = (w1, wa, w3), valued in R, with £~2%%3 dependence in (T, X), such
that v = (v1,va,v3) is a solution to the equation (??), defined on a domain Ty < T < Ty, if
and only if w given by (?77?) satisfies

Péwl = iﬁl (T, X, w, Drw, D—Xw),

T2 T
1~ D 1~ D
P[ng = TQQ(TaX7w27DTw27 TX’LU?) + ﬁp2(Ta X,’LU,DTU), TXU)); (213)

1~ D
P'S)U)g = ?Q3 (Tv Xa TUQ,DT’LUQ, wa2>

ii) Denote by ~-, 7 =2, e expressions obtained when one replaces =*wy by 0 in Q..
ii) Denote by QY, j = 2,3 th btained wh laces BXw; by 0 in Q;
Then QJQ may be written as

1
¢; (X, w2, Dpws) + Trj(T, X, wa, Drws),

where q; is defined by
(g2, q3) = (cosh k| X|) 1 (Q2(wa, (W*Drws)|a|=1), Q1 (w2, (W* Drws)|a|=1)), (2.14)
w(y) = (wo(y),w1(y),w2(y)) is the function defined by

1 —Y; ,
wily) = ——=2= ji=12, (2.15)

wo(y) = \/17_77 M7

q; and r;j are quadratic forms in (w2, Drws) with coefficients in €T3,
Proposition 77 implies that Theorem 77 follows from

Theorem 2.1. Let A > 0, B > 0 be given constants. There is g € N such that for any
o €N, o > o9, there is ¢g > 0 and for any € €]0,¢o[, any couple (w°,w') € H® x H°™1,
real valued, supported inside {|x| < B}, satisfying |w°| ge + ||wt]| go-1 < A€, the system

1~ D
Pl = =P (T, X, w, Dyw, wa)

1~ D 1~ D
2 _ X X
P,:{w2 - TQ2(T7X7w2aDTw27 TwQ) + ﬁPQ(Ta X,’IU,DTU}, Tw)7

15 D
Piw = 7 Qs (T, X, wz, Druwn, —w, ), (2.16)

(w1, w2, w3)|r=T1, = W°,

Or (w1, we, w3)| =T, = W'
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has a unique global solution w € C°([To, +oo[, H) N C([To, +oof, HT1).

8§ 3. Global Existence

Let (mq1,ma,m3) = (2,1,2). Introduce the energy at time T,
E(T7 ’LU) =F (T, ’LU1) + E2(T, wg) + E3(T, w3) (31)

with

v
Eo(T,wy) :/ [\3Twe(TaX)|2 +t< X
RQ

V xwy sinh | X|

dX.
X

Jaun

We take £ > 5 and k € g +N. Denote by jo(r) the integer defined by jo(r) < 2r < jo(k)+1,
and denote by N’ the largest integer smaller or equal to min(N, N/2+1). Fix N € N so
large that N — jo(k) > N’ +6 (i.e. N > 14+ 2jo(k)). For any ¢ € N, ¢ < N we introduce
the following notation with w = (wy, ws, ws),

W(T, X) = (Z"w;(T, X)jr<q € (R),
WUT, X) = (Z'w(T, X))11<4 € (R,

) +m§|w2|2}

(3.2)
EWiT) = Y B(Z'w,T).
[11<q,j=1,2,3
Set 0 = N + 1 in Theorem ??. We have to find a global solution to (??) when the Cauchy
data
(w1, w2, w3)|r=T, = w°, (Orwr, Orwa, Opws)|r=1, = W'

satisfy

[w®l| v+ wt | ax < Ae (3.3)
for some € > 0 small enough. Since w® and w' are compactly supported, there is a constant
A depending only on A such that

E(Z"w°, Ty) + E(Z'w", Ty) < A% < 400,  |I| <N. (3.4)
Using a similar argument as that of Lemma 2.2.1 in [?], we obtain

Lemma 3.1. For any set of indices I with |I| < N, there is a bilinear map (p,p’) —
B}-(T7 X,p,p) (j = 2,3), defined on C8II x C3'l | with values in C2, with coefficients
in E7RT3; there is a trilinear map (p,p’,p") — C}(T, X, p,0,p") (j = 1,2), defined on
81 % ¢8Il x (C8|IN‘, with values in C2, with coefficients in €253 there is a linear map
p— L}'(T, X,p), defined on C3V!, with values in C2, with coefficients belonging to £~"13,
such that

1 _~ fny ! fnd 1" 1 fay
P 7w, = ﬁc}(T,X,D‘”W,D” 'w, D)) + ﬁL}(T,X,D“‘Wl),
1 ~ 1 ~ |7/ |7/
PZ'wy = o BY(T, X, DI''Wa) + - CH(T, X, DV'lw, DI Iw, DI Iw)) 55)
3.5
1 ~
+ EL%(T7X7D|I|W2)5

1 ~ 1 ~
PiZ"ws = = BHT, X, DV''Wa) + 5 LY(T, X, DI W),
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where |I'| + [T"| < %, and
Ay — (Wu\’DTW\u, &Wu\),
plw, — (Wm D! Dme)

Moreover the terms in the right hand side of (??) are real valued when W is.

We shall assume from now on that we have a solution w to (??), defined on some interval
[To, T*[, and that w satisfies with a fixed constant p' > 0, for T € [Ty, T*[, an estimate

ZNWW+1 Mo~ <ple, WY FHT, )|~ < el T (3.6)
Our objective is to push forward this estimate to get a global solution. In the sequel we
denote by C(u') the different constants depending on ', and any constant that does not

3
depend on g/ is called absolute constant. Denote E(T, WN~=%) = > E(T, WjN .
j=1

Proposition 3.1. There are constants C(u'), eo¢ = eo(u') depending on ', and for

£=0,---,jo(k) + 1, absolute constants vy such that, for any w satisfying (77), we have
inequalities
E(T,WN=Y <y, B(Ty, WNYT#+CWe=t/2 - p—0 ... jo(k), (3.7)
E(T,WN™*) < vy B(Ty, WN)TOWs, 0= jo(k) +1. (3.8)

Proof. We deduce from (??) and (??) the estimate

~ C()eln®T
w1 x)) + { T

; C(W)e C\i5
I I
|PA(Z7wj)| < 62— +ﬁ}|D‘ W (T, X)|

C(W)e C \\pir
< {=55 + = JIDTW (T, X))

when |I| < N. Choosing € so small that C(u')e < 1, we get

sinh | X|

E(T, Z'w) < E(Ty, Z'w +2/€/ / |aTwa|‘ |X Vx XX (Zhw) (7, X) X de
To T
cl E w7 4 o E Wity 4 3.9
vohe [ Bew) e [ pewi 5 (39)
To To

for an absolute constant C' > 0 and a constant C'(p') > 0 depending on p'. If we bound in
the right hand side of (??) the second term by Iif;; E(r,Z'w) %, using Cauchy-Schwarz
inequality, and summing (??) for |I| < N, we get
N N ’ g Ny a1 g Ny 4T
E(T, W) < E(Ty, WY) 4+ (k+ C(1')e) E(r,W¥)—+C | E(T,W%) =y

To T To

(3.10)
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Next we use (??) for |I| < ¢ < N — 1. To bound the second term in the right hand side, we
write, using the fact that Vx can be expressed in terms of the family Zj,
X V inh | X
[ 1oz 2 2 ) P ax
X[ 7 | X

Sm|h|XdX < CE(W‘J+1 7).

/|6Tsz\|vxzf |

Summing for || < ¢, one has

T T
d d

BT W) < BT, W) + C(u)e [ Eawn T ac [ B

Ty T Ty T

(3.11)
Using the Gronwall’s inequality we get from (??) that, K = x + C'(¢')e,
T
C KN\ /T\K
Ny < N 20N
E(T, W) < B(Ty, W )(HC/TO (55+7)(3) @)

< wE(Ty, WN)TX
for an absolute constant vy, since K > 0, Ty > 1. This gives (??) at rank £ = 0.
We shall assume from now on that € € (0, €o(u’)) with eo(p’) so small that C'(u')e < 1/8.
Let us assume that we have proved (?7?) for some index ¢ with ¢ < jo(x). Apply (?7?) with
q= N — ¢ —1. We deduce from this inequality and the induction hypothesis

T
d
B WY 1) < BT WY 1 O [ By T
:
. o (3.12)
+C | wBE(Ty, WN)7K=/273/2 47
To

The fact that £ + 1 < jo(k) < 2k and kK € N+ 1/8 implies K = k + C(u')e > £/2 4+ 1/2.
Applying the Gronwall’s inequality, we get
T
E(T, WN71271) < C'E(Ty, W) {TK7€/271/2 Jr/ O Yes™~ 0/2— 3/2(T/5) eds]

To

Since we assumed C(u')e < 1/8, K —£/2 —3/2 — C(u')e > —1, whence we get an estimate
E(T, WN*Z*l) S QC,E(TO, WN)TKfl/Qfl/Q,

which gives (??) at rank ¢ + 1.

We are left with proving the inequality (??). We have proved (??) when ¢ = jo(k). Since
then & < jo(k)+1 = €+1, we have 2k = j(ko)+ 5 and K—£/2-3/2 = k+C(i/)e—£/2—3/2 <
—5/4. Then (?7?) gives

T
d
BT, WYY < C'B(Ty, WY) + C(i)e | E(r,wN-1
Ty T
for some absolute constant C’ > 0. The Gronwall’s inequality implies that
T
ne d
E(T,WN=1) < C'E(TO,WN)[1 +C(i)e / (T/s)Cw)e &2
To S

< C"B(To, WN)[1 + (T/Tp)C ¥,

which gives (??) since Ty > 1.
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Corollary 3.1. Let § > 0. There is an absolute constant C > 0 and eo(y') > 0 such
that for any w satisfying (7?) and any € €]0, eo(1’)[, we have

W= =3(T || pee < CE(Ty, WN)Y2T?, T € [Ty, T (3.13)
Proof. By (??), we have for any j,k € {0, 1,2}, since sinh | X|/|X| > 1,
||ZjZk:I/I/I\/'—jO(H)—-?)(1"7 )||%2(dX) S V[E(TO, WN)TC(,U/)S.

If we take eg(p') such that C(p')e < 6, (?77?) follows from this inequality and Sobolev em-
bedding.

To obtain a uniform L°° estimate for the solution to (??) and its derivatives, we need
the following lemma.

Lemma 3.2. Let w be a solution to (??) satisfying (?7). There is eo(p') > 0, depending
on i, a quadratic map (we, Drws) — q(T, X, wa, Drws) = (¢%, ¢3) whose coefficients belong
to £ and a function (T, X) — R(T, X) = (Ry, R, R3) satisfying

> NZ'R(T, )i~ < CE(To, WN)(1 + E*(Ty, WN)) (3.14)
[T|<N'+1

for an absolute constant C, such that, for € €]0,eo(u')[, w = (w1, w2, ws) satisfies the
ordinary differential equation

1
(D% - 4)11)1 = le,
2 1 2 1
(DF = 1wy = 7q*(X, wa, Drws) + 75 o, (3.15)
1 1
(D% - 4)11)3 = TQS(X7 w27DTw2) + ng

Proof. By (??) we have, for [I| < N+ 1< N — jo(k) — 5,

’ZI (%Pj (T, X, w, Dyw, %w)) )

< CT_2+36E(T0, WN)3/2 < CT_3/2E(T0, WN)3/2,

(3.16)

which implies that %Pj (T, X, w, Dpw, Dwa) is of form ﬁRj with R; satisfying (??7). By
Corollary ?? we have for any index I with |I| < N — jo(x) — 5,

« Oé, O
12/ D3 (Dx /T) wle <~ BTy, WH)H2T (3.17)

when g + || < 2. Consequently

1
T (Q; (T, X, wa, Drwa, (Dx /T)ws) — Q(T, X, wa, Dyrws, 0)]

and (P — (D% — m?)) w; are of form CT-**¥ R, with R; satisfying (?7?).
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Let us introduce some more notations. Set
+ + 4+ o+
uj = (DT + mj)wja ui (ul ) Ug , Uz ) (318)

Denote by H(T,X,ut,u”) = (0, H?, H?) the quadratic term ¢ = (0,¢?,¢®) of the right
hand side of (??) in which we substitute

- +
— U, u; +u,
, Dij = 5 J (3.19)

with (my,ma,m3) = (2,1,2). Then H is a quadratic expression in u™, v, with coefficients
in £7%%3 and we can write (?7) as

1
(Dr % 2uf = gz R,

1 _ 1
(Dy ¥ 1)uf = THQ(X, ug, uy ) + WRQ, (3.20)

1 1

+ —

(DT F 2)u3 = THB(X, u;,’LLQ ) + WR:;,

where H? is given by ¢® (X, (ug —u3)/2, (u3 + uy)/2) with coefficients in £7%F3, the coef-
ficients of (u3)? and (u;)? in H? are given by 1¢*(X,1,1) and 1¢3(X, 1, —1), ¢ is defined
in (??). Remember that by (??) we have an estimate F(Z'w,T,)'/? < Ae. The main
remaining step to prove global existence will be

Proposition 3.2. There is an absolute constant Cy > 0, and for any p' > 0, there is
eo(p') € (0,1) such that for any e € (0,e0(p')), any solution w to (?7?) satisfying (??7) at
T =Ty and the estimate (77) on an interval [Ty, T*[, we have, for any T € [Ty, T*],

Z WNHT, e < e, [WHUT, Yo < CiAclogT.  (3.21)

Proof. By (??) it is enough to control HZIqu(T,-)HLoo for j =1,2,3, [I| < N' + 1.
Define

= > Z 12" uf (T, )z + 127w (T, )| =) (3.22)
[I|<N'+1 k=1
We shall denote
Ey = E(To, WN)Y2(1 + E2(T,, W))1/2, (3.23)

Denote (m1, ma, mg) = (2,1,2). Consider a quadratic polynomial QNQ(YQ’L, Y, ) in 2¢ indeter-
minates Y2+, Y, and consider for £ = 2,3 the map Zfz sending @ to

[Y57(0Q/9Y,") — Yy (0Q/0Yy )] F miQ. (3.24)

The action of Z, (6" = F) on a monomial Yg‘ia -Yz‘f;, with §,0” € {+, -}, a,a’ denoting the
indices of the coordinates of Y3, Yj‘g, is given by

(8ma + 6'ma + 8" my )Yy Vs . (3.25)
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When k = 2, one checks immediately that the coefficient in (??) never vanishes. This means
that in this case the map is surjective on the space of quadratic polynomials. When k = 3,
the coefficient dmo +8§'mé,+6"ms Vanishes only if § = §' = —4"”. So the range of IE’F contains
all monomials except Y3 aYz % with § =

We now take Yi (Z u; )\J\<|I| j = 1,2. By the above properties of 12 , we can choose
H?* such that I%HI = H12 Moreover, the coefficients of H>* belong to £° since the
coefficients of H? are of £°. Then we have

1 ~
(Dr ¥ 1) [qu;L — S HPH(TLX, (Z“’%i)wgm)}

1
ﬁHzi(T X (Z27uy)01<im)
1 (aﬁi OH2
T2\0Y,"  9Y,

(3.26)

2 1/2p,2y , Lt pt2
)(H +T-Y2R? )+T3/2R

Lt Lones
where Rli’2 satisfies (77), S;F’ satisfies
|SF%) < Cg(T)(Eo + 9(T) + *(T)). (3.27)
Now we rewrite H® as
Z'H® = H¥(T, X, (Z"u3) 1 51<in) + HX(T, X, (Z7u)171<11)
+ H(T, X (Z7uf, 27"uf) 111012111
As above, there exists ﬁ?’i(T, X, (ZJuéc)‘JKm) such that
(Dr ¥2)| 2"t - TH:H[(T X, (27 )U\<\II)}

(3.28)
Ri 3

1 _ 54 3
= -H (T, X, (ZJuzi)msm)ﬂLﬁsf

T T3/2

where Rf’?’ satisfies (?7), ST satisfies (77). Obviously we have

(Dr T2)[Z27uf] = R (3.29)

T3/2

where R}‘L’l satisfies (77).

If we conjugate (??) with eT*T, (??) with eT2!7 and integrate, we get the estimate

T
; d
|ZTuE — eT2T=T0) (ZhyF) g | < / |RE| 3;2 < Ey, (3.30)
To
‘(qui _ lﬁz) _ FRTTy) (qui _ lﬁz)
2 T + 2 T + T=T,
T T
dr
< [ s
/To | 3/2 T I 72
~ T ~ 9 dr
< Ey+ 9(T)(Eo +9(7) + 9°(1)) - (3.31)
T=T, T
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Note that H2 is controlled by g(T'). We deduce from (??) and (??) that

T
~ ~ dr

oT) < OB+ o(T) + #(T) + M) + [ (Fatolr)+*o)5G] 632

0

To estimate ¢g(T') in the right hand side of (?7), we make use of the estimates deduced

from the energy inequality in Corollary ??: taking 6 < 1/4 we have for |I| < N — jo(k) — 3,

| Z1w(T, )| < CE(Ty, WN)Y/AT1/2, (3.33)

If we take N’ +2 < N — jo(k) — 3, we have a similar estimate for ||Z/uif(T,-)||L= when
|[7| < N’+1, and thus of g(T"). We use this inequality to control the term (Ey+1) fTTo g(7) T%
in the right hand side of (??). We get

g(T) < C[g(Ty) + g(To)* + g(T)? + s g(r)* + Eo(Bo +1). (3.34)
To, T
By (27), Ey < Ae(1 + Ae), and by (??) at time T = Ty, g(Tp) < CAe for an absolute
constant C' > 0. We deduce from (??) that there is a new absolute constant C' such that
when € € (0,¢e(u)),
g(T) < O[Ze +g(T)* + sup g(r)?
[To,T]
for any T € [To,T*[. This implies, taking eg(u') small enough and C; large enough with
respect to C, that the first inequality in (??) is satisfied.
Denote AE (X, Tp) = eF'To (ZIuQi - %Hi)T:TO. Then |AT(X,Ty)| < Ae(1 + Ae). (27),
(??) and the first inequality in (??) imply that

\ZTuf — eT T AE (X, Ty)| < Oy Ae,

and
ZhuE = LEE(T, X, (27 UM (X (AR T, I\ 4
ug — (1 X, (270 )1i<in) = h (7 X, (A7 (X, To)ygi<ir) — | < Crde
0
for some positive constant C; large enough. Using the fact that the coefficients of PNI?i
belong to £°, we deduce that

T
d - ~
1ZhE| < g(T)+C | L4 C1Ae < C1AelnT

T, T
for |I| < N’ + 1. This completes the proof of the second inequality in (?7?).

Proof of Theorem ??. The constants C; and A of Proposition ?? are independent of
u' of estimate (??). Consequently we may fix y’ = 207 A. Then Proposition 77 asserts that
if € is small enough and if we have on some interval [Ty, 7%,

Yo AW T, e <201 Ae, WV FHT, )| < 201 AeIn T, (3.35)
j=1,2
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we get, on the same interval,

> HWJN’H(T,.)HLOC < 4 Ae, IWNHYT, || < C1AcInT. (3.36)

7j=1,2

Since, by (??), (?7) can be assumed to be valid at T' = Tj if C; has been fixed large enough,
we deduce from the above property that (??) holds true on the whole interval of existence of
the solution. Since N’ +1 > 2, the classical blowing up criterion for solutions to quasi-linear
wave equations implies the global existence.

8§4. Asymptotic Behavior

In this section we shall prove Theorem ?7. We assume here that the Cauchy data are
in C§°(R?). Consequently, we can define v = (vq,v2,v3) in terms of (u1,uz) and define w
in terms of v by (??) using a « as large as we want. We go back to the equation (??7). We
remark that we have now a uniform estimate for g(7) in (??). This shows that (??) is true
with the remainders T—%/2R; with R; = O(e) in L. (??), (??) and (??) can be written

now as

1 ~
50t - 1]

T 7372
c
|(Dr ¥ Q)Uﬂ < T3/2 (4.1)
1 ~sy 1 c
‘(DTJFQ) {ﬁ - THog’ (Xvuzi)} - THB"i(X’ uy)| < 7372 €
The first two equations in (??) imply that
2. 1, c . C
or[e77 (i = 1) | < e 10r(™ T < e
which show that there are L functions a7 (X) and aF (X) such that
, €
[ (T, X) — X7 a (X)|| oo (ax) = O(7T1/2)7 T — oo, (4.2)
’ €
(7, %) = 270 (X) | peax) = O 775 ) T = +ox, (4.3)

The last equation in (??) can be written as

. 1~ 1 ;
00 [T (ug = ZHy *(Xou3)) | = e Taa(X 1, 41 (w3)?| <

Combining (??) with (??) and (??) implies that there is an L function aF (X) such that,
as T' — 400,

) 1 . €
+ _ 2T £ - 20T + 2 _
Hu3 (T.X) = M0 (X) + 17 g3(X, 1, £1)[az (X)) lnTHLOO(dX)_O<—T1/2). (4.5)

Reasoning in the same way on derivatives, we get that a;t7 j=1,2,3 are C*° with bounded
derivatives. The conclusion will follow from the expression (?7?) of v in terms of w and so
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in terms of u, if we can write

1 .
Te”"Tbj[(X)(cosh(,‘ﬁ\XD)_1 InT

(4.6)
Int . ~ 1 . ~ Int
= DLV (1) + e TR ) + S (e, )
and 1 1
TeimTai(X)(Cosh(H‘Xl))_l = Zeim\/mdi(gc/t) + t%p(t,:c) (4.7)

with a*, l;li and B2i being C'*° supported inside the closed unit ball and p(t, x) satisfying

Ip(t,z)| < c[( -~ @)Jr N Hp,

where b (z/t) =1 |3 <tb™ (V) (cosh(x|Y|)) " C(z/t), |C(x/t)| =1, Y = L 1n thlel
Remember that our change of coordinates is

inh | X

t+2B = Tcosh | X]|, :c:TXS1n|X| 5

whence 9B

X X

T =/t +2B)? —|z]2, X:f(f,—>

T+ 2B —Ja] Ly(2 Y

with
1 1+s+]y

§) = —— In- > W
9.5 = S T )

Moreover our solution v is supported for [z| <t 4 B, ie. |y| <1+ 3 if y = x/t,s = 2B/t.
It follows that on the support

T

Z =10+ =12~ [ =yl + 5], (4.8)
% 17x/2
cosh(k] X|)~! < o[( - @) + f} . (4.9)
t/+ i
This shows that the contribution +e™™7b%(X)(InT)(cosh(k|X|)) ™ ;> to the left hand

side of (??) can be incorporated to Eigtp, if k is large enough with respect to p. The fact

that

lyg(y,s) — yg(y,0)| < Cs[(1 — |y)4 + 5] 7"
when |y| <1+ s/2 and

Vol (6)(cosh(x]6])) ]| < Ce(cosh(]6]) " < Ce| (1 Et|)+ - ﬂm

when 60 € [2g(%,0), Zg(%, 22)] implies that

Do GO cosh (el X )7 = 5% (S (5.0)) (cosh ([ 5| [o(5.0)] )

<505, 43" a
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Using the expression

T [0-5) T 0= ) 45

we deduce from (??) that the term

b (X)(cosh(s] X1)) b (29(%,0)) (cosh (x] | [o(2,0)])) |

gives also a contribution to the remainder in (??). If we set

InT
T]l\z|<t

b* = b™(X)(cosh(k|X])) ™ x=2g(2.0),

t

we are thus left with the term

InT ,

Write, when |y| < 1,

S

i

T:t\/lfy2+25+52:t{\/17y2+ +52h(s,y)}

with |h(s,y)| < C(1 — |y|)~3/2. We thus write (??) as

Int ;. /= . im——28__1¢InT ,4p2 -
ey Loy <ib(2/t)e W}iﬂnf R/, (4.12)

The term between brackets is by definition of b smaller than Ce(1 — @)i/ ®. The last

exponential may be written as 1+ O(+(1 — @);3/2). We also have

InT t 1 1 1 _
TEZW{HEHI 1_(|~T|/t)2}+0(¥(1—|x|/t) 5/2).

Plugging these expressions in (?7?) we get the principal part in the right hand side of (?7?)
plus a contribution to the remainder. Using the similar approach we can prove (77?).
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