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SELF-CANCELLATION OF MODULES HAVING
THE FINITE EXCHANGE PROPERTY

CHEN HUANYIN*

Abstract

Self-cancellation of modules having the finite exchange property is introduced. If
a right R-module M has the finite exchange property, it is shown that M has self-
cancellation if and only if Endg(M) is a strongly separative ring. Using this result,
some new characterizations of strong separativity are obtained.
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§1. Introduction

A right R-module M has the finite exchange property if for every right R-module A and

any decompositions A = M'®& N = @ A;, where M’ = M and the index set [ is finite, there

il
exist submodules A} C A; such that A = M'& ( o) A;) If a ring R as a right R-module has
il

the finite exchange property, we say that R is an exchange ring (see [10]). It is well known
that a right R-module M has the finite exchange property if and only if Endg(M) is an
exchange ring. Following Ara et al. (see [3]), a ring R is said to be strongly separative if for
all finitely generated projective right R-modules A, B we have A@ A2 A@G B — A= B.
Strong separativity is very useful in a number of various cancellation problems for modules
over exchange rings.

An abelian group A has self-cancellation if A® A = A® B implies that A = B (see [5]).
By [5, Corollary 8.19], every almost completely decomposable torsion free group of finite
rank has self-cancellation. In this paper, we extend this concept to modules and introduce
self-cancellation for modules having the finite exchange property. If a right R-module M has
the finite exchange property, it is shown that M has self-cancellation if and only if Endg (M)
is a strongly separative ring. Using this fact, we get some new characterizations of strong
separativity.

Throughout, all rings are associative with identity and all modules are unitary right
modules. The symbol M <® N means that M is isomorphic to a direct summand of a
module N and nM means that the direct sum of n copies of the R-module M. Let add(MEg)
denote the full subcategory of Mod-R whose objects are all the modules isomorphic to direct
summands of direct sums nM for a finite number of copies of M.
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§ 2. Self-cancellation of Modules

In [4], Ara et al. investigated regular rings having small projectives. Let R be a regular
ring. We say that R has cancellation of small projectives if for all finitely generated projective
right R-modules A,B,C, A®C =2 B® C and C <% nA for somen € N= A =~ B. By
[3, Lemma 5.1], a regular ring R has cancellation of small projectives if and only if it is an
strongly separative ring. We now extend this concept to modules having the finite exchange

property.

Definition 2.1. Let M be a right R-module with the finite exchange property. We say
that M has self-cancellation if for all A, B,C € addr(M), A& C = B®C and C <P nA
for somen e N— A~ B.

Clearly, an exchange ring R is an strongly separative ring if and only if it has self-
cancellation as a right R-module.

Lemma 2.1. Let M be a right R-module with the finite exchange property. For any
right R-modules B and C, if v : M & B = M & C, then we have a refinement matrix

M B
M M, B
C Ci, Dy )
Thatis,M%Ml@ClngGBBl,B%Bl€9D1 andC%Cl@Dl.
Proof. The result follows analogously to [14, Theorem 3.1].

Theorem 2.1. Let M be a right R-module with the finite exchange property. Then the
following statements are equivalent:

(1) M has self-cancellation.

(2) For any A,B,C € addr(M), A®C = B&C withC <% A= Ax~B.

(3) For any A,B € addr(M), A A= A®B—=— A= B.

Proof. (1)=-(3) is clear.
(3)=(2). Suppose that A C =2 BaC, C <P A and A, B € addgr(M). Then we have
A= (C & D for aright R-module D. Hence

2CeD)=(AaC)eD=Bao (Co D),

and then A=ZC@ D = B.

(2)=(1). Suppose that A& C =2 B&C and C <P nA (n € N), A, B € addg(M). Since
M is a right R-module with the finite exchange property, so is C. From C' <% nA, there
exists a right R-module D such that C ®@ D 2 A® (n — 1)A. By Lemma 2.1, we have a
refinement matrix

C D
A C, D
(TL — 1)A Bl E1 ’
So we have B; @ E; 2 A® (n — 2)A. Similarly, we have a refinement matrix

B, E;

A Cy Do
(n—2)A By By )
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Furthermore, we get a refinement matrix

Bn—2 En—2
A Cnfl anl
A Bn—l En—l .

From these refinement matrices, it follows that
C=2C10B12C10(C20B) = =2C10C®---DCp1 © By,
Set C, =Bp_1. 50 C=C1®Co®---C, with Cy,---,C, <% A; hence
Ci® - 0C,dA=C1®---0C, @ B.
As 7 <% A, we deduce that
Co® 0C, PAZCod---0C, @ B.
Furthermore, we get A 2 B, as required.

Lemma 2.2. Let M be a right R-module with the finite exchange property. For any right
R-modules B and C, if M @ B~ M & C with M <® B then we have a refinement matriz

M B
M M, B
C Ci Dy
with Ml SEB Bl.
Proof. Suppose that M @ B = M & C with M <% B. By Lemma 2.1, we have a

refinement matrix
M B

M M, B
C Ci Dy J°

M, <® M <® BB, ¢ D;.

Clearly

So M has the finite exchange property, and M; & D = By @ D, for a right R-module D.
By Lemma 2.1 again, we have a refinement matrix

M, D
By M, B
D, M, D, )

Hence My = My & M, with My <% By and M} <% D;. So we have a right R-module Dy

~

such that Dy = M) @ Ds. Thus we have a new refinement matrix

M B
M My By
C Cy Dy )’

where By = M} @ By and Cy = M) & Cy. In addition, My <% By <% B,, as asserted.
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Lemma 2.3. Let M be a right R-module with the finite exchange property. If A €
addr(M), then there exist idempotents ey, - ,e, € Endr(M) such that A= eyM @--- &
e, M.

Proof. Since A € add(Mp), we can find a right R-module B such that A® B = nM
for some n € N. Clearly, A also has the finite exchange property. Similarly to Lemma
2.1, we have decompositions A=A, ®---® A, B=B1®---® B, and A; ® B; =2 M for
i =1,---,n. Thus, there exists e; = e? € Endg(M) such that A4; = e;M for i =1,--- ,n.
Hence A% etM & --- @ e, M, as asserted.

Theorem 2.2. Let M be a right R-module with the finite exchange property. Then the
following statements are equivalent:

(1) M has self-cancellation.

(2) For any C € addgr(M), A®C =2 B& C with C <® A = A = B for any right
R-modules A and B.

Proof. (2)=-(1) is clear by Theorem 2.1.

(1)=(2). Suppose that C' € addr(M) and C ® A =2 C & B with C <% A. In view of
Lemma 2.3, we have idempotents eq,- - ,e, € Endg(M) such that C X e;M & --- e, M.
So

eetM®(easMP- - de,MPA) ZeyM B (eeM® -+ De, M B).

Set
Al=esM - e, MPA and Bi=esMPD---De,M D B.

Then
etM @A =ZetM P By
with e;M <® Ay. Clearly, e;M has the finite exchange property. Using Lemma 2.2, we

have a refinement matrix
€1 M A 1

etM ( My A, >
B By
with My <% A,. Clearly
My @Ay = My ® By =2 ey M <P M.
It follows by Theorem 2.1 that A = By, hence A; = Ay & Co = By @ Cy = By. That is,
eeM @ e, MPA=ZesM - De, M D B.
Likewise, we claim that
esM @ e, MPOPA=ZesMD---Pe, M D B.
Furthermore, we conclude that A & B, as required.

Corollary 2.1. Let M be a right R-module with the finite exchange property. Then the
following statements are equivalent:

(1) M has self-cancellation.

(2) For any C € add(Mg), C® A~ C & B and C <% nA for somen e N=—= A~ B
for any right R-modules A and B.
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Proof. (2)=-(1) is trivial.

(1)=(2). Suppose that A € addr(M) and C & A =2 C @& B and C <% nA for some
n € N. Clearly, C € addgr(4). By virtue of Lemma 2.3, there exists a decomposition
C2CL @ ®Cp, with all C; <® A. Therefore

( P c)oa=( P Ci)@B

1<i<m 1<i<m

with all C; <® A. By applying Theorem 2.2, we conclude that A = B.

Let M have the finite exchange property. It follows from Corollary 2.1 that if M has
self-cancellation then M & M =2 M & B = M = B for any right R-module B.

Corollary 2.2. Let M be a right R-module with the finite exchange property. Then the
following statements are equivalent:

(1) M has self-cancellation.

(2) For any right R-modules A and B, AOC =2 B®C <® M withC <P A= A~ B.

Proof. (1)=-(2) is trivial by Theorem 2.2.

(2)=>(1). Suppose that A® C = B®& C and C <® mA (m € N), A, B € addr(M).
Clearly, C is a right R-module with the finite exchange property. From C <® mA, there
exists a right R-module D such that C @ D = mA. Analogously to Theorem 2.1, we get
C=C00C,® --®C,, with Cy,---,C,, <% A. Hence

Ciod---0C,0A=ZC1®---0C, @ B.
As C; <% Aand A € addr(M), we have C; <% nyM. Similarly, we have C1q,- -+, Cip, <O

~
ni

M such that Cy = @ C1;. Likewise, we have C; = Q§ C;; for i =2,--- ,m. Therefore
1

j= j=1
( B cy)es=( @ cyec
1<i<m,1<j<n; 1<i<m,1<j<n;

with all Cij 5@ A,M Set

A1:< P cij>@A, Blz< oy, c,»j)@B.

1<i<m,1<j<n; 1<i<m,1<j<n,
i#1 or j#1 i#1 or j#1

Then Cy; @ A; =2 C11 @ Bo with Cp; <® A;. Clearly, C1; has the finite exchange property
as well. According to Lemma 2.2, there exists a refinement matrix

Cn A
Cn Cy A
By By Do
with 02 S/@ AQ. Hence, 02 D A2 = CQ D B2 = 011 SEB M. So we get A2 = BQ; whence,
Ay = B;. Analogously, we deduce that A & B, as required.

Theorem 2.3. Let M be a right R-module with the finite exchange property. Then the
following statements are equivalent:

(1) M has self-cancellation.

(2) For any right R-modules A and B, A A2 A®B<® M = A <% B.
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Proof. (1)=-(2) is obvious by Corollary 2.2.

2)=>(1). Suppose that A& C =2 B C <% M with C <% A. By Lemma 2.2, we have a

( PP N N y ;
refinement matrix

A C
B D1 B
C A O
with C7 <% A;. Hence A; ® C1 =2 C = B; ® C; <% M. we may assume that 4; =2 C; & D
for a right R-module D. One checks that

20C1eD)=2A0C, e D= (C1eD)® B =2A 0B, <P CaeB<%M.

Thus, we get A; 2 C; @& D <% B;.
Since A; @ C; = B, ® C; <® M with C; <% A;, by Lemma 2.2 again, we have a
refinement matrix

A Gy
By Dy Bs
Ch ( Az Oy )
with Co <% A,. By the consideration above, we have Ay <% B;. Assume now that B, =2
As®F for aright R-module E. It is easy to check that B1 & Bo® Dy = As® Doy E =2 A1PE.
This infers that C 2 B @ C; X A, EDC; 2 C PO E. As C <% A, we have a right R-
module F such that A2 CHF. Thus A E2XCHFPE =2CPF = A Therefore
BEDi1&B 2D A @ FE2 AP E = A. So the result follows by Corollary 2.2.
Let M be a right R-module with the finite exchange property. We say that M satisfies
general comparability in case that for any N <® M, if N & N; @& N, then either Ny <® N,
or Ny <% Nj.

Corollary 2.3. Let M be a directly finite right R-module with the finite exchange prop-
erty. If M satisfies general comparability, then it has self-cancellation.

Proof. Suppose that A® A= A® B <® M. Since M satisfies general comparability,
we have either A <® Bor B <% A. If B <® A, then A= B® C for a right R-module C.
Hence 2A¢ C 2 A¢® B® C = 2A. Since M is directly finite and 24 <% M, 2A is directly
finite. So we deduce that C' = 0, and then A = B. Therefore we conclude that A <® B. In
view of Theorem 2.3, we complete the proof.

Theorem 2.4. Let M be a right R-module with the finite exchange property. Then the
following statements are equivalent:

(1) M has self-cancellation.

(2) Endg(M) is a strongly separative ring.

(3) Every N <® M has self-cancellation.

Proof. (1)=-(2). By Corollary 2.1 and [14, Lemma 3.3], M is a strongly separative right
R-module. It follows from [14, Lemma 3.1] that Endg(M) is a strongly separative ring.

(2)=(3). For any N <% M, we have an idempotent e € Endg(M) such that N = eM.
So Endg(N) 2 eEndg(M)e is strongly separative. It follows by [14, Lemma 3.1] that N is
a strongly separative right R-module. Using [14, Lemma 3.3] and Corollary 2.2, we prove
that NV has self-cancellation.

(3)=(1) is trivial.

Theorem 2.4 and Lemma 3.1 show that the concepts of self-cancellation of modules and
strongly separative right modules coincide with each other. Let M be a right R-module
with the finite exchange property, and let n € N. As a result, we prove that M has self-
cancellation if and only if so has nM.



SELF-CANCELLATION OF MODULES HAVING THE FINITE EXCHANGE PROPERTY 117

§ 3. Strongly Separative Exchange Ideals

Following Ara et al. [3], we say that an ideal of a ring R is strongly separative in case
forall AABe FP(I), A A~ A® B — A = B. In this section, we investigate strongly
separative exchange ideals of a ring.

Lemma 3.1. Let I be an exchange ideal of a ring R. Then eRe is an exchange ring for
all idempotents e € 1.

Proof. Let e € I be an idempotent. Given any x € eRe, we have x € I. Since [ is an
exchange ideal of R, we have an idempotent f € I such that f € Rx and 1 — f € R(1 — ).
Hence fe = f, and then (efe)? = efe € (eRe)x. In addition, we have e —efe = e(1 — f)e €
(eRe)(e — x). Consequently, eRe is an exchange ring.

Lemma 3.2. Let I be an exchange ideal of a ring R. If A € FP(I), then A~ e1R ®
-+ @ e, R for some idempotents ey, --- ,e, € I.

Proof. Suppose that A is a finitely generated projective right R-module such that
A = AI. Then we have a right R-module B such that A @& B = nR for some n € N. Let
e : nR — A be the projection onto A. Then A = e(nR), whence Endg(A) = eM,(R)e. It
follows from A = AI that e(nR) = e(nR)I C nl. Set e = (a1, ,a1) € My(R). Then
e(1,0,---,0)7 € nI, and hence a; € nl. Likewise, ag,- -+ ,a, € nl. Therefore e € M, (I).
Since I is an exchange ideal of R, M, (I) is an exchange ideal of M, (R) from [1, Theorem
1.4]. According to Lemma 3.1, Endg(A) is an exchange ring. That is, A has the finitely

exchange property. Set M = A® B. Then M = A® B = @ R; with all R; & R. By the
i=1

finite exchange property of A, we have B; <% R; (1 <i <n) such that M = A® ( &b Bl).
i=1

Assume that B; @ A; = R; (1 <i<n). Then A® (é Bl-) = (é Ai) &) (é Bi). Hence
i=1 i=1 i=1

A2 A & - A,. Clearly, we have idempotents e;such that A; & e;R (175 i<mn) It

follows from A = AI that AQ(R/I) = 0; hence, A; Q(R/I) =0 (1 <i < n). That is, each
R R

(e;R) @Q(R/I) = 0; hence, ¢; € e;,R = ¢;RI C I. Therefore A 2 e1R® - @ e, R with all

R
e; € 1.

Lemma 3.3. Let I be an exchange ideal of a ring R. Then the following statements are
equivalent:

(1) I is strongly separative.

(2) For any idempotent e € I, eR has self-cancellation.

Proof. Let e € I be an idempotent. By Lemma 3.1, Endr(eR) = eRe is an exchange
ring. Thus eR has the finite exchange property.

Suppose that [ is strongly separative. Given A ® A = A @ B as right eRe-modules, then
AR eRPAReR=2AQ eR®B Q) eR as right R-modules. Clearly, A @ eR,B Q) eR €

eRe eRe eRe eRe eRe eRe
FP(I). Hence AQ eR =2 B @ eR, and then A Q eRQ Re = B (@ eRE Re. Since
eRe eRe eRe R eRe R

eRQ) Re = eRe as right eRe-modules, we deduce that A = B. Thus eRe is a strongly
R

separative ring by [3, Lemma 5.1]. That is, Endg(eR) is a strongly separative ring. Using
Theorem 2.4, eR has self-cancellation.



118 CHEN, H. Y.

Conversely, assume now that A® A = A® B with A, B € FP(I). By Lemma 3.2, we
have idempotents ey, --- ,e, € I such that A~ etR®--- & e, R. Then we have

etR® (eaR® e, R® A) 2 e1RP (eaR P e, RE B).
Since e; R has self-cancellation, it follows by Theorem 2.2 that
esR®(esRD - Pep,RO®A) X esR® (e3sRD--- De, RD B).

Likewise, we have esR® - - e, RO®A X esRD--- D e, RO B. Furthermore, we deduce that
A = B. Therefore I is strongly separative.

Theorem 3.1. Let I be an exchange ideal of a ring R. Then the following statements
are equivalent:

(1) I is strongly separative.

(2) Fvery A € FP(I) has self-cancellation.

Proof. (1)=(2). Let A € FP(I). According to Lemma 3.2, we have idempotents
€1, -+ ,en € I such that A 2 et R® --- @ e, R. Tt follows by Lemma 3.3, Theorem 2.4 and
[14, Lemma 3.1 and Theorem 3.2] that Endg(A) is a strongly separative ring.

(2)=(1). For any idempotent e € I, eR has self-cancellation. Therefore we complete the
proof by Lemma 3.3.

Let I be a strongly separative exchange ideal of a ring R, and let n € N. As a consequence
of Theorem 3.1, one can prove that M, (I) is a strongly separative exchange ideal of the ring
M, (R).
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