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REGULARITY RESULTS FOR SOME
QUASI-LINEAR ELLIPTIC SYSTEMS INVOLVING
CRITICAL EXPONENTS***

HU YEeExin* LI JUAN**

Abstract

The authors show the regularity of weak solutions for some typical quasi-linear
elliptic systems governed by two p-Laplacian operators. The weak solutions of the
following problem with lack of compactness are proved to be regular when a(z) and
a, 3, p, q satisfy some conditions:

—Apu + a(@)|u]* Moy = |ulP” 2, x € Q,
—Agv + a(z)|u|* Pt = [v]? "2, z €Q,
u(z) =v(x) =0, x € 09,

where Q@ C RV (N > 3) is a smooth bounded domain.

Keywords Elliptic equation system, p-Laplacian operator, Critical Sobolev expo-
nent, Regularity
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§1. Introduction

In this paper, we consider the regularity of the weak solutions of the following quasi-linear

elliptic systems

—Apu + a(x)u|* oy = ulP” 2, x € Q,
—Agv + a(@)|ul* TP = |u]?" 20, x €Q, (1.1)
u(z) =v(z) =0, x € 08,

where Q@ C RY (N > 3) is a smooth bounded domain, A, is the p-Laplacian operator,
namely Apu = div(|Vu[P72Vu). In addition, we assume that 1 < p < N, 1 < ¢ < N,
a+1>0,8+1>0and a(z) € L*(Q). For the positive constants «, 3,p,q and N, the
following inequality is valid:

at+1l [f+1

* + *
p q

<1

— )

(1.2)
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where p* and ¢* are the critical Sobolev exponents, i.e., p* = NN—_p and ¢* = Noq
Analogous results have been obtained for single elliptic equation (see [1]). As for the

existence and regularity results for some quasi-linear elliptic equations or systems on RV,

we refer to [2,3] and the references therein. The condition (1.2) can guarantee that the C!

functional corresponding with the problem (1.1) defined as follows exists.

1 1 1
I(u,v) = ot / |Vu|pdz+&/ |Vo|ldz — ozt / |u
b Ja 9 Ja p Q

1 -
- ﬁt / [v]? dx—l—/ a(x)|u|* TP de.
q Q Q

1 dx

By variational methods, the critical point theory and Lions’ concentration compactness
principle, we can prove the existence of nontrivial weak solutions to the problem (1.1) similar
to the arguments of [4]. Thus, it is necessary to show the regularity of the weak solutions to
problem (1.1). In this paper, we obtain the regularity result by applying Morse’s iterative
scheme to this elliptic systems.

We shall denote by W, () the Sobolev space obtained as the closure of C§°(Q) in the
norm ||ul[? = [, [Vu[Pdz. For simplicity, we denote [,-dx by [-dz and denote different
positive constants by C which may change from line to line. The natural space setting
for our problem is the space E = W, (Q) x Wy9(Q). We prove first any weak solution
(u,v) € E belongs to L>(Q) x L*(Q), then (u,v) belongs to C#(Q) x C**(Q), u > 0,
v>0.

Now, We state our main results in this paper.

Theorem 1.1. Let (u,v) € E be the weak solution of problem (1.1), and suppose that
(1.2) holds and the following condition holds

B+1

¢ —(B+1)
p*—(a+1) = '

<4
- p* a+1

(1.3)

Then (u,v) € L () x L>®(£).

Theorem 1.2. Under the conditions of Theorem 1.1, it holds that (|Vu|, |Vv|) € L*(Q)
X L>°(Q), moreover there exist two positive constants pu > 0, v > 0 such that (u,v) €

CLH(Q) x CH7(Q).
Example 1.1. Take N =4, p=¢g=3,and let a+1 = (341 = 4. One can see that the
conditions (1.2) and (1.3) hold.

Example 1.2. When N =3, p=¢=2,if a+1=0+1 =3, then (1.2) and (1.3) are

satisfied. Hence the classical solutions of the problem (1.1) are obtained.
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§ 2. Proofs of Main Results

Proof of Theorem 1.1. First we suppose u > 0,v > 0 and s > 1,w = u® € LP(Q),

where s is to be determined. In a way similar to [1], let wy, =7 - u - u‘}';17 where L € RT,

and

() u(x), if w<lL,
ur(z) =
g L, if uw> L.

Take n € C§°(Q), n = 1 if z € Br(wo), Voo € Q fixed; n =0 if 2 & Bryy(z0),and 0 <7 < R

such that [Vn| < L. Then

Vwr =u-uy - Vn+n-ui N (Vu+ (s — 1)Vuyg),
/\Vu)ﬂpdm < 2p_1/|Vn|pup~u’£(sfl)da:

+4P—1/np EED (TP + (s — 1P| Vg [P)de

(2.1)

Since (u,v) € F is a weak solution of the problem (1.1), for any o € W, (), it follows that

/|Vu|p72VuV<de+/a(a:)\u|a71\v|ﬁ+1ug0dz:/up*flgodz.

Let ¢ = nPu - ui;d(s*l), then ¢ € Wy (Q). By (2.2) we get

> Ou Ou
Z/ [|Vu|p'77p~ui(s_1)+p(s 1)|VulP~ 2(‘) o anu ulz(s_l)_l

ou 0 s— s—
+ p|VulP~ Qau annp 1u-u€( D]dw—l—/a(m)npuo‘+1|v|5+1uﬁ( D g
= /up*np . ui(sfl)dﬂc.

Then for any € > 0, we deduce that
/Ivu|pnpuzi(s—1)dx +p(s — 1)/‘VUL|pnpu1£(sfl)dx
< p/Z|v I 28u (977 ! u~u’£(871)dx
_ /a(x)npuaﬂ‘v‘ﬁﬂui(s—l)dx+/up*np_u,z(s—ndx
S/p|Vu|P—277p 2 “L D eVl + C. |V - u?)de
+/|a($)|77pua+l‘”|5+1ui(571)da:+/Up*n”-ui(Ll)dm
= g/|Vu|Pnpu1£(5*1)dx+CE/|vu|p—277p—2|vn|2.u2 'U%Sil)dl‘

" / Jaa) P o) da + / Pl da,

(2.2)
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Choose € = %, then
/\Vu\pnpui(sfl)dm—&-Qp(s— 1)/|VuL\pn”ui(S*1)dm
= C/ V=202 Vg2 - b da
—|—/|a(m)|npua+1|v|ﬁ+1ui(sfl)dx—l—/up*np-ui(sfl)dm.
Notice that for any € > 0, the following inequality holds
/|Vu|p_2\Vn|2 P22 -ui(s_l)dx < 6/ \Vu|p77pufz(s_1)dx + C. / [Vn|PuP - ui(s_l)dx.
We may choose € such that
/|Vu|p7}pui(s_l)dac+40p(s—1)/|VuL\p77pu1£(S_1)da;
< C’/|Vn\pupui(s_1)dx+/|a(:17)|77”u”‘+1\v|ﬁ+1u’£(s_1)dz+/up*np-ui(s_l)dx. (2.4)
By (2.1) and (2.4), we obtain
/ |Vwr |Pdx = / \V (nuus ™) |Pdx
Q Q

gasp*l/(wn\pup uPCTY () P et BT ey Py ag(2.5)
Q

Let s = p— thenw =u'r € L?(Q). By (2.5) and Sobolev inequality, we have

[/Q (n'uuL_) az]’ " o C’/ v nuuz Y[ da
: C(%*> /Q(me“p“i T ‘“(z)|’7pua“|v\ﬂ“uff”’ +opu?” -l P)de. (26)
Notice that
/ LA :/ (PuPul ~7) - Pd S[/ (ﬁuuz*T_p)p*dﬂf} g [/ up*dw] P;:p'
@ Brir 0 .

Similarly, for & + 1 > p, we have

R e R B e
Q BRr4r

p*—p

p*—p £ * -
< {/(UUULP i dz} » [/ (ua+lfp|v|5+1)7pf,pdl,} P
Q Br4r

Clearly

a+1 p P 7(a+1)
(a+1 ) *(B+1) =
/ E P*—p £ |1)| p —p de < / |U|p dl’ / |’U|T’ _"‘Hd.’t v < C. (27)
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Here we have used (1.3) and (u,v) € E in the last inequality. As for the case 0 < a+1 < p,
the same result holds after the arguments similar to (2.11). By the continuity of integral,

for any €9 > 0 we may choose R,r such that

* p*(atl-p) p*(B+1)
uP dx < eg, u - |u| P dr < gg.
BRryr Bryr

Since u € WP (), it follows that u € LP" (). Take go such that

*\ p—1 p*—p 1
o (BT
P 4

then

*

. 1 Pop
T pdxgi[/g(mruLp )P dx}

P
I

Q

Q
Substituting it into (2.6), we get

£

[/(nu-uLT_)p*d:c}p < C’/ \Vn|pup-u12*_pda: <C.
Q Q

Letting L — oo, by Fatou’s lemma, we have

(/B u¥dm)pl <C. (2.8)
R

By (2.5) and Sobolev inequality, we obtain
[ / (nu - Ui‘l)”*df”} :
Q
<. sPt / (|Vn|Pu? - uzi(s—l) + P lo|PH e tt ~ui(s_1) + PP ~u1£(3_1))d:c. (2.9)
Q
If p<a+1<p* then

J e Ve = [

< ([omug o) ([t # )

In view of (2.7), it follows that

b
{/(nu . u‘};l)p*dﬂc} T<Csh! /(|V17\pup : ui(sfl) + nPuP” -ui(sfl))d:lc. (2.10)
If0<a+1< p, we have

/nua+1|v|ﬁ+1u1£(s_1)dx < /(nuui—l)aﬂ . U[L17—(Q+1)](5—1)|U|[3+1d1.

atl p"—(at1)
=

< (/(nuu‘fl)p*dx) " (/R (ulp= (A D=1 | B4+1) 7=y d:c) .
+r
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For a fixed A > 1, we may choose R, r small suitably such that

(/(n“uil)p*dx)aptl < A(/(ﬁuuil)p*dw):*.

Note that

[p=(a+1)](s=1)p*  _p*(B+1)
LA e O R L R i
R+

. [p—(atD](s=1)
< (/Mz) dx) PF—(atD) (/\v

In view of (1.3), we may choose s > 1 suitably such that

I

/ nPuctt |v\ﬂ+1u§(sfl)dm‘

p*—(at1)—[p—(at1)](s=1)
p*—(at+1)

p*(B+1)
p*¥—(a+D)—[p—(a+D](s—1) dgc)

p*(B+1)
p*—(a+D)—[p—(aFDIG-D) dg

exists. Then we get

< / s A

p* —(at1)
-

P *
SA(/(nuUi’l)p*dx)p (/ZR(u[p_("H)](s_l)|v|5+1)mdx) T @2n)

According to the continuity of integral, we also obtain (2.10).
Now, let t = Mg*;ip)' Using Holder inequality, we have

t 1-¢
/npupsdx < C(/ (npups)ﬁ) '
R+r

and

/ npup tPS—P o — / (npum) uP TPdr
R+r R+r
1

S(/R_~_7n(77p1ﬂ’s)”tldas)l1 (/R-s-r u(p*_p)tdx)?

- </R+r(npups)t_tld$) - (/R+r U¥dag) %'

By (2.8), there results

1
t

* t 1-—
/ nPuP PSPy < C(/ (npu”s)t%lda:) . (2.12)
R+r R+r

Combining with (2.10), we obtain
[ ( uusil)p*d;v}p% <C(1+i)sp_1( us'%dxy_
! L o rP R+r

1—1

t

SCr_psp_l(/ us'tpfldm> "
R+r

1
t
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Thus

1
s t

[/(UUUL > dm} CPS 5* S% . </R+ru = 1dw>

: _ p=1 ; _ i
By the same methods of Theorem 1.1 (see [1]), setting 7 = pT > 1, letting s, = 7°,

p*t—1
ps

(2.13)

r; =27, B; = Bpio-i,(z0) and letting L — oo in (2.13) for i = 1,2, - -, we have

H * —p* F(p—1 pt %%
[/ (us)p*dw} T O oorr st e (/ usﬁdx) . (2.14)
Br R+r

L
52

Set W = ur1, T, = ([, W*dx)

1 1
TiFT i % TiFT
Tz‘+1:(/ wETT dm) :(/ qud:C)
B Bia

1

1 —p* p*i . PI(p=1) i p* s
S C77 .=t .92+ (Tl) pr? . (/ u” tfldiL')
B;

—p* p*i . pi(p—1)

:C%~T‘ PO ) (’Tl) prt Tl

, and apply (2.14) iteratively,

1k RTINS ~ k p*(p—1) kln~
< Ck:O(T ( —P*)kz::r) ") . (2p*)k:0 T e K=o " To
1k Lok Nk P (p—1) <~ klnr
< C’kzo(T) (T*P*)kgo(ﬂ (21"*)1@:0 * e P k=0 7F (/ n: 1dx>
R+r
Note that
o0 o0
1\* T k
Z(;) :7_71<+oo, ZTT“<+OO
k=0 k=0
Since %5 < p* implies

pt_
ut-Ttdr < 400,
BR+7‘

it follows that T;1; < C. Letting i — oo, we can conclude that ||“HL°°(B ) < C e,
|[ul| L (Br) < C. Since zg is an arbitrary point in Q and Q is compact, u € L>(£) follows
by the finitely covered for u > 0.

If the sign of u is changeable, write v = u* — u™, where u™ = max{u,0}, v~ =
—min{u,0}. Let wy, = nu‘*uz(sfl), and take ¢ = nPut ~u+p(s D4 n (2.2). We may deduce
in the same way that u™ € L>(Q).

Because of the oddness of the first equation in the elliptic systems (1.1), (—u, —v) is also
a weak solution of the elliptic systems, thus 4~ € L>®°(). Noting that |u| = u* 4+ u~, we
obtain u € L>*(Q).

Taking the place of u,p by v,q, corresponding with (1.3), we can also conclude in the
same way as above that v € L*°(§2). This completes the proof of Theorem 1.1.

Proof of the Theorem 1.2. By Theorem 1.1, the fact that (u,v) is a solution of (1.1)
implies that (u,v) € L>(Q) x L>*(f2). In a way similar to the arguments of Corollary 5.4
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in [3], we can conclude that there exist g > 0, v > 0 such that (u,v) € CH#(Q2) x C1¥(1Q),
thus the proof is completed by the results of Tolksdorf [5] and Serrin [6].

Acknowledgement. The authors would like to express their thanks for the guidance

and encouragement of Professor Fang Ainong.

References
[1] Yang, J. F., Existence and regularity for a quasilinear elliptic equation involving critical exponents,
Math. Acta. Sci, 2(1989), 149-162.

[2] Fleckinger, J., Manasevich, R., Stavrakakis, N. M. & de Thelin, F., Principal eigenvalues for some
quasi-linear elliptic equations on R, Adv. Differential Equations, 2:6(1997), 981-1003.

[3] Stavrakakis, N. M. & Zographopoulos, N. B., Multiplicity and regularity results for some quasi-linear
elliptic equations on R™, Nonlinear Analysis, 50(2002), 55-69.

[4] Velin, J., Existence results for some nonlinear elliptic systems with lack of compactness, Nonlinear
Analysis, 52(2003), 1017-1034.

[5] Tolksdorf, P., Regularity for more general class of quasi-linear elliptic equations, J. Differential Equa-
tions, 51(1984), 126-150.

[6] Serrin, J., Local behavior of solutions of quasi-linear equations, Acta. Math., 111(1964), 247-302.



