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Abstract

The authors extend Hua’s fundamental theorem of the geometry of Hermitian matri-
ces to the infinite-dimensional case. An application to characterizing the corresponding
Jordan ring automorphism is also presented.
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8§1. Introduction and Statement of Results

The study of the geometry of matrices was initiated by Hua [11-18] in the middle of
twenty century. In this geometry, the points of the space are a certain kind of matrices
of a given size (rectangular matrices, symmetric matrices, Hermitian matrices, etc.). With
each such space of matrices, we associate a group of motions. The main problem is to
characterize this group by a geometric invariant called adjacency (see [23]). Recently, some
authors have generalized a part of Hua’s results (see, for example, [19-22]) and given other
proofs of the Hua’s fundamental theorems of the geometry of rectangular matrices (see [19])
and Hermitian matrices (see [21]). Motivated by [19], where the fundamental theorem of the
geometry of rectangular matrices is extended to the infinite-dimensional case, we consider
the question of extending the fundamental theorem of the geometry of Hermitian matrices
over the complex fields to the infinite dimensional case in this paper.

The idea of the geometry of matrices has been recently generalized to the study of gen-
eral preserver problems, that is, the problems of characterizing the maps between operator
algebras which preserve certain properties (see, for example, [1-3]). If the maps are linear,
the general preserver problems become the linear preserver problems which have attracted
much attention in last decades (for some papers on this topic, see [4-9]). We remark here
that the results in this paper were used in [10] to get the classification of the zero-product
preserving additive maps on self-adjoint operator spaces.

Let C be the field of complex numbers and R be the field of real numbers. Denote
M,,(C) and H,,(C) the algebra of all n x n matrices over C and the real linear space of all

Manuscript received October 7, 2003.
*Department of Mathematics, Shanxi Teachers University, Linfen 041004, Shanxi, China.
**Department of Mathematics, Shanxi Teachers University, Linfen 041004, Shanxi, China.
E-mail: jhou@dns.sxtu.edu.cn
***Project supported by the National Natural Science Foundation of China (No0.10471082) and the Shanxi
Provincial Natural Science Foundation of China.



306 DI, Q. H., DU, X. F. & HOU, J. C.

Hermitian matrices in M,,(C), respectively. As usual, GL,(C) denotes the general linear
group of degree n over C, that is, the group of all nonsingular matrices in M,,(C).

Let X1,X5 € H,(C). X; and X, are said to be of arithmetic distance r, denoted by
p(X1,Xs) = r, if rank(X; — X2) = r. In the case that » = 1, we say that X; and X»
are adjacent. It is easy to verify that p satisfies the requirements for a distance function
in a metric space. With the space H,,(C) we associate naturally a group of motions which
consists of transformations of the form

X — PXP*+ Hy

for all X € H,(C), where P € GL,,(C), Hy € H,(C) and P* denotes the conjugate trans-
pose of P, i.e., P* = P', where X = [Zi;] if X = [x;5] € My(C). Obviously the elements
of the group of motions leave the arithmetic distance between any pair of points of H,,(C)
invariant. Hua’s remarkable fundamental theorem states that the adjacency alone is suffi-
cient to characterize the motions to automorphisms of the underlying field. More precisely,

we have

Theorem 1.1. Let n be an integer > 2, and ® be a bijective map from H,,(C) onto itself.
Assume that ® preserves adjacency in both directions, that is, for every pair X1, Xo € H,(C),
X1 and Xo are adjacent if and only if ®(X1) and ®(X2) are adjacent. Then there exist a
non-zero real number ¢, a nonsingular matric P € GL,(C) and a matriz Xo € Hy(C) such
that either ® has the form ®(X) = cPXP* + Xy, for all X € H,(C), or has the the form
®(X) = cPXP* + Xy, for all X € H,(C).

For the general result that C is replaced by a division ring with involution, we refer
to Wan’s book [23]. We also point out that the bijectivity assumption of the fundamental
theorem of the geometry of Hermitian matrices can be relaxed to the surjectivity assumption.
The proof is similar to that in the proof of Theorem 1.2 below.

The purpose of this paper is to extend the above fundamental theorem of the geometry
of Hermitian matrices to the infinite dimensional case.

Let H be a Hilbert space over C and B(H) the algebra of all bounded linear operators
acting on H. We denote by S&(H) C B(H) the real linear space of all finite rank self-adjoint
operators and S%(H) C B(H) the real linear space of all self-adjoint operators. As in the
finite dimension case, we say that two operators Xy, Xo € S*(H) are adjacent if X; — X is
a rank-one operator.

Note that a rank-1 operator X is self-adjoint if and only if there exists a vector x € H
and a nonzero real number ¢ such that X = cx ® . Moreover, every element in S%(H) can
be expressed as a sum of finite many rank-one elements in S&(H). Amap A: H — H is
said to be conjugate-linear if A is additive and A(tx) = tAz for all z € H and t € C. Note
that, the dual operator A* of a conjugate-linear operator A is defined by (A*z,y) = (Ay, )
for every z,y € H.

The following are our main results.

Theorem 1.2. Let ® : S&(H) — S&(H) be a surjective map. Then ® preserves the
adjacency in both directions if and only if there exist an Xo € SE(H), a bijective linear or
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conjugate-linear operator A on H and a scalar ¢ € R\ {0} such that X — ®(X) — X is a
linear or conjugate-linear bijective map and

O(r @) =cAzr @ Az + X

forallx € H.

Theorem 1.3. Let ® : S&(H) — S%(H) be a surjective continuous map. Then @
preserves adjacency in both directions if and only if there exists an operator Xo € S&(H), a
bounded bijective linear or conjugate linear operator A on H and a scalar ¢ € R\ {0} such
that

(X)) =cAXA" + X,

for all X € S&(H).

Theorem 1.4. Let @ : S4(H) — S*(H) be a surjective strongly continuous map. Then
d preserves adjacency in both directions if and only if there exist a bounded bijective linear
or congjugate-linear operator A on H, a scalar ¢ € C\ {0} and an operator Xo € S®(H) such
that
(X)) =cAXA" + X,

for all X € S*(H).

It is clear that S®(H) is a Jordan ring with respect to the addition (X,Y) — X +Y, and
the Jordan multiplication (X,Y) — XY + Y X. Recall that a bijective map ® : S*(H) —
S*(H) is called a Jordan ring automorphism if

P(X+Y)=2(X)+P(Y)
and
XY +YX)=d(X)P(Y)+ 2(Y)P(X)

for every X,Y € §%(H). As an application of Theorem 1.2, we get easily a maybe known
characterization of Jordan ring automorphism of S%(H).

Corollary 1.1. A map @ : S*(H) — S*(H) is a Jordan ring automorphism if and only
if there exists a unitary or conjugate unitary operator U on H such that

O(X)=UXU*

for every X € S*(H).

§ 2. Proofs of the Results

In this section we give the proofs of Theorems 1.2-1.4 and Corollary 1.1.

Proof of Theorem 1.2. The “if” part is obvious. To check the “only if ” part we
assume that ® is surjective and preserves adjacency in both directions. There is no loss
of generality in assuming that ®(0) = 0. Otherwise we let ¥(X) = ®(X) — ®(0) and then
consider ¥. We proceed in steps.
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Step 1. @ is injective.

Assume that ®(X;) = ®(X3), X;,Xs € S&(H) and denote ¥ = Xy — X;. Define a
new map ¥ : S&(H) — S&(H) by ¥(X) = &(X + X1) — ®(X1). Then ¥ maps both 0
and Y into 0 and preserves the adjacency in both directions. In particular, ® maps rank-1
self—adjoint operators into rank-1 self-adjoint operators. If Y # 0, then Y can be expressed
as Y = E €Y @ y; for some y; € H and ¢; € {-1,1}, i = 1,2,--- ,n. Choose y € H
such that y is linearly independent of y1,---,y,. Obviously, rank(y ® y —Y) # 1. But
1 =rank(¥(y ® y) — U(Y)) = rank(¥(y ® y)), contradicting the fact that ¥ maps rank-1
self-adjoint operators into rank-1 self-adjoint operators.

Step 2. We assert that both ® and ®~! preserve the arithmetic distance, that is,
rank(X —Y) = rank(®(X) — ®(Y))

for any X,Y € S&(H).

If rank(X —Y) = r, then there exist t; € R\ {0} and unit vectors z; € H such that
X-Y = itixi(@ﬂvi- Let Yo =Y, Y1 =Y +tz1Q21, Yo =Y +Hhx1 @21 + 1222 @

i=1
To, -, Y, =Y + zrjltixi ® x; = X. Since ® preserves adjacency, we have rank(®(X) —
(Y)) < zr: rank(®(Y;) — ®(Y;_1)) = . The same argument applied to ®~! ensures that

rank(® (X)i — ®(Y)) = rank(X — Y).

By Step 2, for any non-zero vector € H, there exist nonzero y € H and a € R\ {0}, such
that ®(z®z) = ay®y. Indeed, we have P(Rx®x) = Ry®y, where Re®@x = {az®z | o € R}.

Denote by ranT the range of a map T and span S the linear space spanned by S. Some
times, we also denote the linear span of vectors x1, za, -+, Ty by [T1,Z2, Xy

Step 3. Suppose that x1,zs,--- ,z, are linearly independent vectors in H and write
(i © 7i) = aiyi @ yi, yi € H, i = 1,2,---,n. Then for any X € Sg(H) with ranX C
[1, 22, , 2], we have ran(®(X)) C [y1, Y2, - Yn)-

When n = 1, the assertion is obvious. In the following we assume n > 2.

Claim 1. y1,¥s, - ,yn are linearly independent.
Assume, on the contrary, that yi,ys,- - ,y, are linearly dependent. Without loss of
generality, we may assume that y1,y2, -+ ,yn_1 are linearly independent and y, = y1 +y2 +

-+ + yp—1. Then, for any j € {1,2,---,n — 1}, rank( Z Yi @ Yi — Y ®y]) =n-—2. So
n—1
_1( 2:1 Y @ yz> = &~ (y; ® y;) + Rj, where R; € S&(H) and rank(R;) = n — 2. Hence

ran(®~1(y; ® y;)) C ran( ( Z Yi @ y’))

n—1
{z1, 22, ,an1} C raﬂ(‘b—l(z Yi @ yz))
i—1
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n—1
Since rank(@_l( 2:1 Y ® yl)) =n —1, we have
1=

n—1
ran(07 (Y w@w)) = lonz e waal,
i=1

n—1
On the other hand, rank(®~!(y, ® y,)) = 1, rank(yn QYn— D Ui ® yz> =n — 1, rank
i=1

(‘1’_1(yn®yn) - @_1(:21% ®yi>) =n—1.So

n—1
ran(@ (g © ya)) Cran(@7 (Y yi @) € lor @, aail,
i=1

arriving at a contradiction.
Claim 2. If 2/ € [x1, 22, - xy,] and if P(2' @ ') = d'y' @ ¢/, then ¥’ € [y1,92, -+ ,Yn).
Let 2’ = a1z + agwe + - - - + @y, where a; € C. Without loss of generality, we assume

n
that o; = 1,9=1,2,--- ,n. For any j € {1,2,--- ,n}, rank(in@)xi—xj@xj) =n-—1.
i=1
n
So <I>( o ® xz) = ®(z; ® xj) + 55, where S; € St.(H) and rank(S;) = n — 1. It follows
i=1

n
that ran(@( Z T ® xl)) = span{ran(@(xj ® QC])),] = 172a T ’n} = [ylay27 T ayn] Since

1
n
")) =1 and rank(x' ®x — Z:lxz ® xz> = n, we have

i
rank(®(z' @ x

rank(@(x’ @z — @(zn:xi ® xz>) =n.
i=1

It is easily seen now that ran(®(z’ ® ') C [y1, Y2, * - Yn]-
Claim 3. If X € S¢(H) and ran(X) C [z1, 22, - ,Zy], then

ran(®(X)) C [y1, Y2, Ynl-

Assume rank(X) = s, 1 < s < n; then there exist linearly independent vectors zf, x5,

S
<,y € [r1,x9, -,y such that X = Y alal @z}, 0 #a; € R (i =1,2,---,n). Let
i=1

O(z; @) =byi®yl,i=1,2,---,s. By Claim 2, we see that y; € [y1,y2, -+ ,yn]. Then,
by the proof of Claim 1, we have ran(®(X)) C [y, ¥5, - ¥4 C [y1,y2, - , Yn], as desired.

Let € be the direct set consisting of all finite dimensional linear subspaces of H, ordered
by inclusion.

Step 4. If A = [z1,22, - ,2,] € Q and P(z; @ ;) = a;y; @ 4, © = 1,2,--- ,n, then
there exist a nonzero ¢y € R and a linear or conjugate-linear operator Ay : H — H with
ran(Ay) = pu = [y1,92, -+ ,Yn] and ker(Ay) = AL such that, for every X € S&(H) with
ran(X) C A, we have ®(X) = cy Ay X A3.

We may assume that dim A = n. By Claim 1 in Step 3, p = [y1, Y2, - , Yn] has dimension
n, too. Let Py and @ be the projections with ranges A\ and pu, respectively. Let ¢ :
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P\S¢(H)Px — H,(C) be the real linear isomorphism determined by ¢1(z; ® ;) = e; ® e;,
1z @ +o; Q) =ep®ej+ej Qe and ¢ (ix, @ ;5 — iz Q x)) = ey @ €5 — ie; ® e,
where 7 is the imaginary unit, e; denotes the jth standard unit row vector in C" and
ey ® e; denotes the n x n matrix with 1 in position (k,j) and 0 elsewhere. We define
similarly ¢o : QASE(H)Qx — H,(C). Let ¢ be the map from H,,(C) onto H, (C) defined
by ¢ = ¢od¢; ', which is a surjective map preserving adjacency in both directions, where
¢ =P|p, Se(H)Py - Applying the fundamental theorem of the geometry of Hermitian matrices
due to Hua (i.e., Theorem 1.1 in Section 1), it is easily seen that there exist some ¢ € R\ {0}
and nonsingular n x n matrix A such that o(T) = cy AT A* for every T € H}(C), where f
is the identity or the conjugation of C. Thus ¢(X) = ¢5 i1 (X) = ¢ (cxApy (X)) A*) for
every X € PA\S%(H)Px. We first consider the case that f is the identity of C, that is,

B(X) = ¢3 ' (exAd1(X)A*).

Write A in
ail a2 - Qin
a1 Qa2 - Q2p
A =
Gp1  QAp2 - Gpn

Note that by Step 3 we have ¢(z; ® z;) = ojy; ® y; (j = 1,---,n). A computation of
d(z; @ x;) = ¢y (eaApy(x; ® ;) A*) shows that A = diag{ai1,az, - ,an,} and ¢(z; ®
z;) = calaj;i|*y; ® yj = ajy; @ y;. Define a linear operator Ay on H by Ayz; = (;y;
(j = 1,2,---,n), Axz = 0 if z € AL, where 8; € C satisfies |3;]> = |a;|?>. Then A,
satisfies that ®(X) = cx A\ XA} for every X € SE(H) with ran(X) C A. For the case
that ¢(X) = ¢35 (cxAg1(X)A*) for every X € P\SL(H)Py, ¢ is conjugate linear. We
define a map J,, : C" — C" by Jo( & & -+ &) =(& & -+ & )b Then
T = JTJ and hence ¢(X) = ¢, ' (cxBp1(X)B*) with B = AJ a conjugate linear map from
C™ onto itself. Similarly, ¢(z; ® z;) = a;y;  y; (j = 1,---,n) implies that Be; = aj e;
and ¢(z; ® z;) = calajj*y; ® y; = ajy; ® y;. In the same way as linear case, we find a
conjugate linear operator Ay : H — H with ran(Ay) = p and (ker(A,))* = A such that
O(X) = cx A\ X A for every X € S(H) with ran(X) C A
As a consequence of Step 4, ® is additive.

Step 5. If there exists Ag €  with dim A\ > 2 such that Ay, is linear (resp., conjugate-
linear), then for every A € , A, is linear (resp., conjugate-linear).

Otherwise, assume that Ay, is linear but there exists A\; € 2 so that Ay, is conjugate-
linear. Take N € Q such that AUy C . Forany z € A\g C X, ®(2®x) = ), Ar, 2R AN T =
exAyx ® Ay x. Hence Ay, x, Ay x are linear dependent. It follows that Ay |x, = apAy, for
some ag € C\ {0}. With the same reason, we have Ay |y, = ag Ay, for some oy € C\ {0}.
Thus we get a contradiction since, by Step 4, A+ is linear or conjugate-linear.

Step 6. There exist a nonzero real number ¢ and a bijective linear or conjugate-linear
operator A : H — H such that

Oz ®x) = cAzr ® Ax.
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Without loss of generality, we assume that, for any A € Q, A, is linear. Fix )\ € Q with
dim A\g > 2. For any A € Q, if A C )y, as in Step 4, there exists a nonzero a € C such that
Ax = aAy,|x. Absorbing a scalar vector, we can assume that Ay = A, |» and consequently,
Cx = C)

With the same reason, if A\g C A or if AN Xy # {0}, we can assume Ay|y, = Ay, or
Axxnne = Axolann, and ey = ¢y,

IfANXg = {0}, let A\+ Ao = pr € A. Then we have A,|5, = apA,, for some oy € C\ {0}.
Let A) = ag'A,|x. For every 2 € \g C p, we have

(xR x) =crgArgz @ Az = A @ Ay

= 0 ArT ® apAx, T = cu|a0|2A)\0x ® Ay .
And for every x € A C p we have

Pz @) = crAxz @ Aye = ¢, A ® Apx = cpapdie @ agAlx

2 A7 !/ / !
= ¢, lap|*Ayz @ Ayz = cpA\z @ A\x.

So, we can assume ¢y = ¢o and Ay = A).

In conclusion, for any A1, A2 € ©, we have Ay, [x,;nx, = A, a0 So we can find a linear
operator A : H — H such that Az = Az, if z € X for some A € Q, and there is a ¢ € R\ {0}
such that ®(x ® ) = cAzr ® Az, for all x € H.

Proof of Theorem 1.3. The “if” part is obvious. For the “only if” part, we use
Theorem 1.2 to see that ® has the form stated in Theorem 1.2. Since ® is continuous, the
linear or conjugate linear operator A must be bounded and A* exists. Now the desired
conclusion follows.

Proof of Theorem 1.4. We only need to check the “only if” part. Assume that &
is surjective and preserves adjacency in both directions. Without loss of generality we may
require that ®(0) = 0.

For any X, Y € S%(H), it is easy to see that rank(X —Y) = r implies the existence
of operators X = Xo, X, -,X, =Y in §*(H) such that X;_; and X; are adjacent,
i=1,2,---,r. By the triangle inequality, we get rank(®(X) — ®(Y)) < r = rank(X —Y).
Considering @' instead of ®, we arrive at rank(®(X)—®(Y)) = rank(X —Y). In particular,
we have ®(S%(H)) = SE(H). Since, by the closed graph theorem, the strong continuity of
® implies the (norm) continuity, it follows from Theorem 1.3 that there exist a bounded
invertible linear or conjugate-linear operator A and a scalar ¢ € R\ 0 such that ®(X) =
cAXA* for all X € S(H). For any X € S*(H), there exist a net {a, | v € I'} of complex

numbers and a net {P, | v € I'} of projections such that { > ayPy ‘ I is finite subset
yel”

in F} converges to X uniformly. And for every finite subset IV in ', > ay P is a strong
A€l
limit of some monotone increasing net of operators in S%(H). Now the strong continuity of

® is used to complete the proof.

Now let us give a proof of Corollary 1.1 by use of Theorems 1.2-1.4.
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Proof of Corollary 1.1. Assume that ® is a Jordan ring isomorphism of S*(H). We
have to show that there exists a unitary or conjugate unitary operator U on H such that
O(X)=UXU*, for every X € S%(H). It is trivial to check that

®(0) = @(0), (2.1)
P(X?) = d(X)?, (2.2)
(1) =1, (2.3)
P(XYX) =0(X)D(Y)P(X) (2.4)

hold for every X,Y € S%(H). We divide the rest of proof into several steps.
Step 1. If X,Y € S%(H) satisfy X2 =X #0,Y? =Y #0 and XY =YX = 0, then

By (2.1), 0 = &(0) = ®(XY + YX) = &(X)B(Y) + &(Y)®(X). Thus &(X)d(Y) =
—Pd(Y)P(X). It follows from (2.2) and (2.4) that

0=0(XYX)=—-d(X)D(Y)=-3(X)d(Y).

Therefore

Step 2. ® maps rank-one projections into rank-one projections.

By (2.2), ® maps projections into projections.

Assume that there exists a rank-one projection P € S%(H) such that rank(®(P)) > 1.
Write @ = ®(P). Then there exist projections Q1,Q2 € S*(H) with Q1Q2 = Q2Q1 =0
such that Q = Q1 + Q2. Thus we have P = ®71(Q) = &7 1(Q1) + ®71(Q2). By Step 1,
Q)P 71(Q2) = 271(Q2)® 1(Q1) = 0. This implies that rank(P) = rank(®~1(Q1) +
®71(Q2)) > 1, a contradiction.

Step 3. ® maps rank-1 self-adjoint operators into rank-1 self-adjoint operators.

For any rank-1 self-adjoint operator X =tz @z € S*(H) (t € R\ {0} and z € H\ {0}),
b~1X is a rank-one projection, where b = t(x,z) # 0. By Step 2, rank(®(b~1X)) = 1. As
X = (b 1X)X(b71X), by (2.4), we get ®(X) = ®(b~1X)P(X)®(b~1X). Therefore ®(X) is

of rank-one.

Step 4. There exists a real number ¢ # 0 and a bijective linear or conjugate-linear
operator B : H — H such that ®(z ® ) = ¢Bx ® Bz holds for all z € H.

As in the proof of Theorem 1.4, it is easily checked that ®(S&(H)) = S&(H). So the
assertion is obtained by Step 3 and Theorem 1.2. Particularly, ® is linear or conjugate-linear
when restricted to S&(H).

Let us first consider the case that ® is linear, i.e., B is linear.

Step 5. (Bx, By) = ¢ Y{z,y) for all x,y € H.
Firstly, we show that (Bz, Bx) = ¢ (z,x) for all # € H. This is obviously true if
z = 0. Assume that x # 0, then ®(||z|| %z ® z) = ||z|| ?®(z ® ) = ||z||?cBx ® Buz.
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Since ||| 72z ® z is a rank-one projection, (||z||?)~*cBz ® Bz is a rank-one projection, too.

Therefore (x,z) "' (cBx, Bx) = 1, i.e., (Bx, Bz) = ¢ *{z,z). As a result, we have ¢ > 0.
Now the general equation (Bx, By) = ¢~ {x,y) follows from the polarization identity.
Let U = vVe=1B. Then U is a unitary operator.

Step 6. ®(X) =UXU* holds for all X € S&(H).
By the additivity of ®, we only need to check the case that X is of rank-one . Let
X =z®xz. Forany y € H,
Oz @)y = Uz & Un)y = (y, Un)Uz = (U*y, 2)Us
=U({(U"y,z))e =U(z @ z)U"y.

So Pz ®x)=U(zx®x)U*.

Step 7. ®(X) = AX A* holds for all X € S*(H).
For any X € §%(H) and y € H, we have

P(X(y@y)X)=2(X)P(y®y)P(X)
(X)U(y @ y)U"®(X)

d
(X)) Uy @ ®(X)Uy.

On the other hand
P X(yey)X)=2(Xye Xy) =UXyUXy.
So there exists a number Ax with [Ax| = 1 such that
(XU = Ay UX.

Thus
O(X)=AxUXU".

By Step 6 and (2.3), we see that Ax = 1 and hence
O(X)=UXU"

for every X € S*(H).
The proof is similar when @ is conjugate-linear.
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