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CONVEXITY AND SYMMETRY OF TRANSLATING
SOLITONS IN MEAN CURVATURE FLOWS***
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Abstract

This paper proves that any rotationally symmetric translating soliton of mean cur-
vature flow in R? is strictly convex if it is not a plane and it intersects its symmetric
axis at one point. The authors also study the symmetry of any translating soliton of
mean curvature flow in R".
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8§1. Introduction

Let T € R"™! be a unit vector and f : M — R"*! a smooth immersion. The surface
My = f(M) is called a translating solition of mean curvature flow (MCF), if it is an n-

dimensional smooth manifold (without boundary) and satisfies the equation

—(T,v(f(p)) =H(f(p), peM, (1.1)

where v and H are the outer unit normal and the mean curvature, respectively, at the point
f(p) on the surface My = f(M), and (, ) denotes the usual Euclidean inner product. Here,
the signs are chosen such that the mean curvature of a convex surface is nonnegative and

H = —Hv is the mean curvature vector.
Let F(-,t) = f(-) + tT. Then it follows from (1.1) that

(O, F,u(F)) = H(F). (1.2)

This means that the one-parameter family of M; = F'(M,t) is a solution of MCF

O .ty = ~H.Ovlp1),  peM, 1e©T) (1.3
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up to a tangential diffeomorphism. Therefore, a translating soliton is the solution of MCF
which moves by vertical translating along T-direction.

It is proved in [1-3] that a type II singularity of a MCF evolved by a mean convex initial
surface is characterized by a complete convex translating soliton. Moreover, it is believed
that such a soliton should be rotationally symmetric (see [3, Conjecture 2]). In a very recent
paper [4], Wang showed the conjecture in the case n = 2 and claimed that this conjecture
might be wrong if n > 3. A natural question is that whether any 2-dimensional translating
soliton is strictly convex (see the open problem in [4]) and what is the optimal condition for
the symmetry of higher dimensional translating soliton.

In this paper, we try to study these problems and will prove the following results.

Theorem 1.1. Let ¥ be a rotationally symmetric translating soliton of MCF in R>.
If 3 intersects its symmetric axis at one point, then either X is a plane orthogonal to its
symmetric azris, or X is strictly convez, and ¥ = {(z, p(|z|)) : € R?} up to a rigid motion,

where p € C™[0,00) satisfies

p"(t) ()

=1 1.4
and
p'(t) >0 forte(0,00), p(0) = p'(0) = 0. (1.5)
Moreover, the function u(x) = p(|z|) satisfies
] 2
5 < |Vu(z)| < ||, Ve € R (1.6)
and
2 2
|Z| <u(z) < %, Yz € R?. (1.7)

Theorem 1.2. Suppose n > 2. Then we have the following conclusions.

(1) Any n-dimensional strictly convex and complete translating soliton of MCF' can be
represented as a graph {(z,u(x)) : © € Q} for an unbounded conver domain @ C R™ and a
strictly convex, smooth function u satisfying equation

Vu 1
di = . 1.8
lv(\/1+|Vu|2> VIt VP (18)

(2) Suppose that u € C?(R™) satisfies (1.8) in R™. If there are a sequence T — oo and
a point p € R™ such that

suplu(z") — u(y")] > 0 (1.9)
E>1
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for any sequences {y*} and {z*}, y* € B, (p) = {x € R" : |z — p| < %} and z* € OB, (p),
the boundary of By, (p), which satisfy hm ;yk‘l =1, then u must be rotationally symmetric

about the point p, i.e., u(x) = U(|Jx — p|) for all z € R™ and some function U € C?[0, o).

Corollary 1.1. If (1.9) is replaced either by
klim [u(rez +p) —u(rry +p)] =0 (1.10)
—00
uniformly for x,y € S"~1 = dB1(0), or by

lim [u(rgz +p)) —g(re)] =0 (1.11)

k—o0

uniformly for x € STt where g is some function defined in [0,00), then Theorem 1.2(2) is

still true, i.e., u must be rotationally symmetric about the point p.

Properties of similar problems were studied in [5-8].

§2. Proof of Theorem 1.1

Let ¥ C R? be a rotationally symmetric translating soliton of MCF along the unit
direction T. Choose a coordinate system for R> such that one of the coordinate axis, say
x1-axis for example, is the symmetric axis of ¥. Let T' = (xo, Yo, 20) be the unit vector. If

Y is not a plane orthogonal to the x;-axis, then we can parameterize ¥ by
fila,b) x [0,21) — R®, f(t,0) = (t,r(t) cos 0, r(t) sin §),

where —oo < a < b < 400, r € C*®(a,b), r(a) =0, r > 0 in (a,b). Here we have chosen the
line ab as the symmetric axis and assumed that f(a,0) is the intersection point of ¥ and its
symmetric axis. Note that the outer unit normal of ¥

of _of
20 " ot B (—r’,cos@,sin@)

" =ar oN i e
a0

the metric tensor

and the second fundamental form

Ao | ez

T

(1401212
Then we see that the two principal curvatures of ¥ are

1
— 1
)\1 - ! 39 )\2
[1+(r)?]2

Il
—

o

=
S~—
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and the mean curvature
H=M\M4+X=—"—"——.
T i+ (R

Therefore, by (1.1) we see that yo = zo = 0 and |xg| = 1. Moreover, H(f(t,p)) > 0 when t

near a. Thus xg = 1 again by (1.1) and, therefore, the equation for soliton X is

=0, Vte(a,b). (2.2)

(&) (&) + O OF = [ (O) + (' () - 1

Furthermore, the strict convexity of the soliton X, which we want to prove below, is equiv-

(2.3)

alent to
' (t) <0, vVt e (a,b).

Since r(a) = 0, 7'(a) = +oo by the smoothness of ¥. Thus we may choose a small interval

[a, 8] C (a,b), near a sufficiently, such that () < 0, Vt € [«, 3].

Lemma 2.1. Let
a = inf{t € (a,b) : r"'(t) < 0}. (2.4)

Then r"(t) < 0 for all t € (a,b).
Proof. Suppose the contrary that there is a zero point of v/ in (@,b). We use ¢ to
denote the first zero point. Note that (2.2) can be rewritten as

e
M= P i (ab).
r

(2.5)

Then
(2.6)

r'(t) >0, vVt e (a,t1)

since r”/(t) < 0 for all ¢t € (a,t1). It follows from (2.5) and (2.4) that there exists to € (a,t1)
such that
r_1=-2 2
r-1-2r(r')* 2.7)

Lz a0 i n) o A =

Integration of (2.7) yields

(="t - )~ (=) = [ [T

Letting ¢ — 07 we obtain a contradiction.

Lemma 2.2. Let a be defined by (2.4). Then —o00 < a =a < b = +o0.

Proof. Suppose the contrary that a < a. We conclude that
(2.8)

' (t) > 0, vVt € (a,a).
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Otherwise, there is ¢3 € (a,a) such that 7" (t2) = 0 since 7"/ (¢) > 0 in (a,a) by the definition
of a. Using (2.5) we see that

1 =r(ta)r' (t2) (2.9)
and 2 is a minimum point of the function 1 — rr’ in the interval (a, a). Hence
0= (1—r")(t2) = =[r'(t2)]* — r(t2)r" (t2) = [’ (t2)]?,

contradicting (2.9).
However, (2.8) is impossible because of the fact r’(a) = 400 (by the smoothness of ¥ at
a). Therefore we have proved —oco < a = a.

In order to prove b = 400 we use (2.5) and Lemma 2.1 that

r(t) <0, 7'(t) >0, Vit € (a,b). (2.10)
Consequently, we have
+00> A= lim r(t) > r'(t) > 1ir1£1 r'(t) := B >0, Vit e (a,b). (2.11)
t—a t—b—

Choose tg € (a,b). (2.10) yields
r(t) —r(to) < r'(to)(t — to), V't € [to,b). (2.12)

Now suppose that b is finite. Then r(b) := 1ir51 r(t) is finite by (2.12). Therefore, r(b) =0
t—b—

and 7/(b) := lim /() = —oo since X is smooth and without boundary, contradicting (2.11).
t—b—

In this way, we have shown Lemma 2.2.
Proof of Theorem 1.1. (Continued). Combining Lemmas 2.1 and 2.2, we see that ¥

is strictly convex. Furthermore, it follows from (2.5) that

%(21&—7‘2) <0, vVt e (a,00),

which yields

r(t) > /2(t —a) +r2(a) = /2(t — a), YVt e (a,00). (2.13)

Choosing a new coordinate system such that the translating direction T' = (0,0, 1) and using
(2.13) and the strict convexity of 3, we have ¥ = {(z, p(|z|)) : z € R?} for some function
p € C*[0,00). Rewriting (1.1) for p, we obtain

O
T+ ()2 1

=1, Vit e (0,00). (2.14)
The strict convexity reads as

p'(t) >0  for te(0,00). (2.15)
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By a rigid motion, we may assume the origin to be the lowest point of the strictly convex

surface . Thus

p(0) = p'(0) = 0. (2.16)

Therefore, in order to complete the proof of Theorem 1.1, we want only to prove (1.6) and
(1.7). It follows from (2.14)-(2.16) that @ < landp”+1p' >1forallt e (0,00). This
fact yields

pl(t) <t and p(t) < g, vVt e [0,00). (2.17)
Let w(t) = p(t) — %. Then
W'+ w?l >0 forte (0,00), w(0) =0 = w'(0). (2.18)
Consequently, we conclude that
w'(t) >0, Vit e (0,00). (2.19)

Otherwise, we could find ¢9 > 0 and & > 0 such that w'(tp) = 0 but w'(t) < 0 for t €
(to, to + 9]. Integrating (2.18), we have

to+9 /(t)

o>w%+®z—/ @
to t

dt >0,

a contradiction. It follows from (2.18) and (2.19) that £ < p/(¢) and % < p(t) for all
t € [0,00), which, together with (2.17), yields the desired (1.6) and (1.7).

8§ 3. Proofs of Theorem 1.2 and Corollary 1.1

Let n > 2. It is easy to see that any n-dimensional strictly convex translating soliton M
can be represented as a graph over a domain 2 C R™ orthogonal to the translating direction.

In fact, by the definition (see (1.1)), the outer unit normal at every point of such a soliton
3
represented as a graph over any domain {2 C R™ orthogonal to the translating direction, by

always has an angle larger than Z with the translating direction. If the soliton can not be
the connectedness, one can find a point at which the normal is orthogonal to the translating
direction. This yields a contradiction.

Therefore, we may assume M = {(z,u(x)) : z € Q} for a u € C*°(Q) and a domain Q C
R™. Obviously, €2 is convex since M is strictly convex. We will show that €2 is unbounded,
and therefore it is the entire R™ when M is rotationally symmetric.

Note that the induced metric on M is g = g;jdz’dx’ with

Gij = 0ij + wiuj, (3.1)
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where we have used the Kronecker’s symbol, the summation convention and the notations

ou 0u .
= -, Ujyj = —F—, €lC.

ox; Y 00
According to the sign choice in Section 1, the outer unit normal

(Vu,—1)

VI+ Va2

Hence the second fundamental form

s = _< 0%u(x) > _ Ujj (3.2)

I/)
O0x;0x; 1+ [Vul?

and the mean curvature

. \v4
H=giih; = div(iu) (3.3)
V14 [Vul?
Since the translating direction is T' = (0,0, - - , 1), the translating soliton equation (1.1) is

turned to Equation (1.8).
Now, suppose the contrary that Q is bounded. Since {2 is convex, we may choose an
xo € 00 and a ball Bg,(yo) C R™ such that

2o € Bry(yo) NOQ = {xo} and Bg,(yo) D Q.

Hence M C Bg,(yo) x R. This, together with the convexity of M, implies

H((2,u(x)))

> — as T — xg with = € Q. (3.4)
Ry

On the other hand, since M is complete and ¢ is on the boundary, |Vu(z)| — oo as
goes to xg. It follows from (3.3) and (1.8) that H((x,u(x))) — 0 as  — x¢, which contradicts
(3.4).

In order to prove Theorem 1.2(2), we use u € C?(R™) to denote a solution of (1.8) in R"

and rewrite (1.8) as
ui(z)u; (x)
by — e Jug(e) =1, Vo€ R, 3.5
( ) 1+ |Vu(x)|2 l]( ) ’ ( )
Without loss of generality, we assume that the point p in Theorem 1.2(2) is the origin
in R™. We want only to prove that u is symmetric in any direction with respect to the
origin. Since Equation (3.5) is symmetric in every direction, it is sufficient to do this in one

direction. Without loss of generality, we will do it in x;-direction. Hence, for the proof of

Theorem 1.2(2), it is enough to prove

u(—x1, 2, ,xpn) = u(x1, T2, , Tp), Vo= (x1,22, ,2,) € R". (3.6)
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Denote x = (21,2, -+ ,x,) = (z1,2'). For any A € R, we define
Y(\) ={z=(21,2") € R" : 21 < A}, wi(z) =u(z1,2") — w2\ — z1,2).
Then we conclude that for any A < 0,
wx(r) = u(ry,2") — w2\ — z1,2") >0, Vo = (z1,2') € B(N). (3.7)

In order to prove (3.7), we need an elliptic equation for the function wy(z). For any

A € R, since both u(z) and vy (x) = u(2X — x1, 2') satisfy Equation (3.5), the function wjy(z)

satisfies
Aj(x)(wy)ij + Bi(z)(wr); =0 in R, (3.8)
where
VA
and

—ui(o)kg (o) (ui + (va)i) = (14 [Vul?) (va)(v2)i
Bilw) = ( 1+ [Vul2)(1 + Vo) )(@

_ ( (1 + [Voa[*)u;(va)ji )(x)
(14 |[Vul?)(1 + [Vouarl?) '

Since the maximum eigenvalue of the n x n matrix (u;u;) is [Vul?, (3.8) is a linear elliptic
equation in R™ and is strictly elliptic on any bounded domain in R™. Therefore, a strong
maximum principle can be applied to Equation (3.8).

Now suppose the contrary that (3.7) is false for some A; < 0. Then we could find
& € X(A1) such that wy, (&) < 0. Choose kg such that r > |Z| for all k& > ko. Then we claim
that for each k > kg, there exist

2t = (¥, x}) € 0B,,(0)) NT(\1)
such that
wy, (%) < wy, (2) <0,  VEk> ko (3.9)

In fact, suppose the contrary that (3.9) were not true for some k. Then wy, would attain

its interior minimum at a point in By, (0) N X(A1) since
wy, () =0, Ve dX(\). (3.10)
Therefore, by the strong maximum principle we obtain that

wy, (x) = wy, (&) <0, Va € By, (0) NX(\), (3.11)
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contradicting (3.10). In this way, we have obtained (3.9).
However, noticing that A\; < 0 implies the fact

|2 > [(2A1 — af, 2f)

and
@A at )]

=1
k—o0 |£L‘k|

)

and using the assumption (1.9), we have
sup{wy, (z*) : k > ko} >0,

which contradicts (3.9). This proves (3.7).
Letting A — 0~ in (3.7) we obtain

uw(zy, ') > u(—z1,2"), Vo= (x1,2') € R" with z; <0.

The opposite inequality is also true, because V(z) := u(—x1,2’) is a solution to (3.5) in R™.
This proves (3.6) and thus Theorem 1.2.

Proof of Corollary 1.1. We want only to show that the assumption (1.9) can be
derived from (1.10) or (1.11). Obviously, (1.11) implies (1.10) and (1.10) implies (1.11) by
taking g(ry) = u(ri(1,0) + p). Thus (1.11) is equivalent to (1.10).

For each k > 1, choose 2* € B, (p) such that

k
max u(x) = u(z").
X (z) = u(z")

Since constants u(z*) are supersolution of the Dirichlet problem of Equation (1.8) on the

ball B, (p) with the boundary value u(z), we obtain

u(y) <u(zF),  Vy € By, (p)

by the comparison principle in [9, Theorem 10.1]. Then (1.9) follows immediately from
(1.10).
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