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INEQUALITIES FOR MIXED
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Abstract

In this paper, some properties of mixed intersection bodies are given, and inequali-
ties from the dual Brunn-Minkowski theory (such as the dual Minkowski inequality, the
dual Aleksandrov-Fenchel inequalities and the dual Brunn-Minkowski inequalities) are
established for mixed intersection bodies.

Keywords Star body, Mixed intersection body, Dual mixed volume, Spherical
radon transform
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§1. Introduction

Intersection body is a basic concept in the dual Brunn-Minkowski theory. The history
of intersection bodies began with Busemann’s theorem which has important implications
for Busemann’s theory of area in Finsler spaces (see [3]). Intersection bodies were first
explicitly defined and named by Lutwak in the important paper [14], and played a key role
in the ultimate solution of Busemann-Petty problem (see [4, 7, 8, 10, 11, 14, 26-28]). It was
in [6, 14] that the duality between intersection bodies and projection bodies was first made
clear. Interest in projection bodies was rekindled by three highly influential articles which
appeared in the latter half of the 60’s by Bolker [1], Petty [19], and Schneider [22]. Projection
bodies have been the objects of intense investigation during the past three decades (see [2, 6,
21, 24]), and Lutwak established the inequalities for the mixed projection bodies and their
polar bodies (see [13, 15, 16]). Though the notion of mixed intersection bodies has also
been raised (see [12, p.251]), their properties have not been studied systematically by now.
The corresponding work about the mixed intersection bodies is done in this paper. Basic
properties of mixed intersection bodies are given in §2. In §3, the proof of dual Minkowski
inequality for mixed intersection bodies is presented and an upper bound estimate about
mixed intersection bodies is given. The dual Aleksandrov-Fenchel inequalities and dual
Brunn-Minkowski inequalities for mixed intersection bodies are proven in §4 and §5. At the
same time the equality conditions of these inequalities are obtained.
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As usual, S"~! denotes the unit sphere, B the unit ball, and o the origin in Euclidean
n-space E"™. If u is a unit vector, that is, an element of S"~!, we denote by u* the (n — 1)-
dimensional subspace orthogonal to v and by [, the line through the origin parallel to .
We write Vi, for k-dimensional Lebesgue measure in E™, where 0< k < n, and where we
identify Vj, with k-dimensional Hausdorff measure (Vj is the counting measure). We also
generally write V' instead of V,,. k; denotes the volume of i-dimensional unit ball, where
1<i<n.

A set L is star-shaped at o if LN, is either empty or a (possibly degenerate) closed line
segment for each u € S™~!. If L is star-shaped at o, we define its radial function py, by

max{c: cu € L}, LN, #0,
pr(u) =
0, otherwise.

A body is a compact set equal to the closure of its interior. By a star body we mean a
body L star-shaped at o such that pr, restricted to its support, is continuous. We denote
the class of star bodies in E™ by £™, and the subclass of star bodies containing the origin
in their interiors by L.

If z; € E*, 1 < i < m, then 1+ --+x,, is defined to be the usual vector sum of the
points z;, if all of them are contained in a line through o, and 0 otherwise. Let L; be a star
body in E™ with o € L;, and ¢; > 0,1 < i <m. Then

Iy F - Ftp L = {1z 4 - Ftopxm 2 € Ly, 1 < i < m}

is called a radial linear combination. Moreover, for each u € ™1,

Pey Ly Tta L, (W) = t1pr, (u) + tapry (u). (1.1)
The dual mixed volume V(Ll, -+« ,Ly) of star bodies Ly, -+, L, containing the origin
in E is defined by
~ 1
V(e La) = [ pr (@) pu, (), (12)
S7L71

where du signifies integration on S™~! with respect to V;,_1, which in S"~1 is identified with
spherical Lebesgue measure. When Ly =Ly =---=L,,_;, =Ky, Ly_j4y1 =---=L, = K»
in (1.2), we write V;(K1, K3) for V(Ki,n — i; Ko,1). For 0 < i < n, the dual volume V;(L)

and dual quermassintegral W,,_;(L) are defined by

~ — - 1

Vi(L) = W,_i(L) =V (L,i; B,n — i) = - /S_ pr(u)'du. (1.3)

In particular, Vn(L) = V(L), i.e., the polar coordinate formula for volume of star body L
with o € L is

V(L) =— /Sn_1 pr(u)"du. (1.4)
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Let L; be a star body in E" with o € L;, 1 < j < n, and suppose that 1 <7 < n. Lutwak
proved the dual Aleksandrov-Fenchel inequality (see [6, Section B.4])

[
V(Ly,-+ L) < [[V(Lj i Liga, -, Ln), (1.5)

Jj=1

in which the equality holds if and only if L1, - - - , L; are dilatates of each other. The inequality
has the same form as the classical Aleksandrov-Fenchel inequality. Two special cases of (1.5)
are worthy of note. If L; € L™, with o € L;, and 1 <i < n, then

V(L1, L))" < V(L1)V (La) -V (L), (1.6)
and

Vi(L1, L))" < V(L))" "'V (La)?, (1.7)

in which the equalities hold if and only if the bodies are dilatates of each other.
If L € L™ n > 2, with p;, € C(S"71), then the intersection body I(L) of L is a star
body defined by

prr(u) = Voo (LN uJ‘) =

/ pr(v)" tdv. (1.8)
Sr—1nut

n—1

Suppose that f is a bounded Borel function on S™~!. The spherical Radon transform
Rf of f is defined by

(Rf)(u) :/SHm f)dy forall we s

The transform R is self-adjoint (see, for example, [6, Theorem C.2.6]), that is,

/ £ (u)(Rg) (u)du = / (RF)(w)g(u)du, (1.9)
Sn—l Sn—l

for bounded Borel functions f and g on S"~!. Let ¢ € SO,, where SO, is the special
orthogonal group of rotations about the origin. Then (see [25, p.635])

H(Rf)(w) = (Rf)(u) = / f(v)dv. (1.10)

§r=1n(p—tu) L

Suppose L € £ and u € S"~1. The i-chord function p; ;, of L at o is defined by

pL(u)z + pL(_u)iv i 7é 0,
pi,L(u) = ) (111)
pL(U)PL(—U)7 i =0,
and the i-chordal symmetral VL of L is a centered set defined by

P; 5,1 (w) = pir(u). (1.12)
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8§ 2. Properties of Mixed Intersection Bodies

Definition 2.1. (see [12, 14]) Let Ky, -, K,—1 € L™, n > 2. The mized intersection
body I(Ky, - ,Kn—1) of K1,--+, K,_1 is defined by

P1(Kr e Ko 1) () = D(E Nut, o Koy Nut), (2.1)

where u € S"~1, ¥ is (n — 1)-dimensional dual mized volume.

The definition implies that I (K4, -+, K,_1) is a centered star body. Taking K1 =--- =
K, _1 = K, we notice that the diagonal form of the mixed intersection body reduces to the
intersection body, i.e., I(K,---,K) = I(K). Specially, I(B,---,B) = k,—1B. By (1.2), we
can rewrite (2.1) as the equivalent integral form, restricted to the star bodies containing the
origin in their interiors, involving the spherical Radon transform R:

1
n—1

/ pren(©) -+ pics_ (0} (2.2)
Sn-1ryL

_ R(ﬁplﬁ . .pK7L71)(u).

PI(K,, - K ) (U) =

Now, we develop some basic properties of the mixed intersection operator I : £ x---x L}
—_—
n—1
— L. Of course, most of the following results remain valid for I : L™ x---x L" — L".
—_——

n—1
Proposition 2.1. The mized intersection operator is positively homogeneous, i.e., if

Ky, ,Kn_1 €LY, and oy, ,an_1 > 0, then
I(alKlv - ,Oénflanl) = Q- 'Oénfll(Kl, - 7f(’nfl).

Proposition 2.2. The mized intersection operator is multilinear with respect to the
radial linear combinations, i.e., if K', K1, -+ ,K,_1 € L", and «,3 > 0, then

I(aK 4K Ky, -+ Kn 1) =al (K, Ko, -, Kn_1)+BI(K' Ko, , K, _1).

Proposition 2.3. The mixed intersection operator is monotone nondecreasing with
respect to set inclusion, i.e., if K', K, Ko, -+ | K,_1 € L, K C K', then

I(KvKQa"' ;anl) C I(K/,KQ,"' 7Kn71)~

These properties of the mixed intersection operator follow immediately from (2.2) and
(1.1).

The intersection bodies of linearly equivalent star bodies are linearly equivalent (see [17]),
i.e., if ¢ € GL,, then I(¢L) = |det¢|¢p~t(IL), where ¢! is the transpose of the inverse of
¢. For the special orthogonal group SO,, (with determinant one) and the mixed intersection
operator, we have

Proposition 2.4. If Ky, -+ ,K,,_1 € L, ¢ € SO, then

I(¢K17" ' a¢Kn71) = ¢_tI(K1a' v 7Kn71)~
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Proof. Let u € S™"~!. By the property of linear transformation: z - ¢y = ¢'x - y, we
know that 2 -u = 0 if and only if ¢~ - ¢'u = 0. Therefore, if w is the unit vector in the
direction of ¢tu, then wt = ¢~ tu't.

If E is a Vj,_1-measurable subset of (n — 1)-dimensional subspace u* in E", with o € E,
and ¢ is a linear transformation in E", then we have (see [6, p.274])

1 _ _
VerWB) = = [ o wdu = [0 etV (B).
n—1 Sn—1nyL
It is easy to see that, if Ly,---, L,_; are V,_j-measurable star bodies contained in u=,
with o € Ly,--- ,L,_1, then
- 1
o(YL1, - YLn-1) = pyL, (V) pyL,_, (V)dv
n—1 Sn—1ML

|\¢7tu|‘|det¢|"~’(L17 e aLn71)~

Hence
PIGKL - 6Ky (W) = T(@K1 Nut -+ @K,y Nu')

B(¢(K1Ng~ ut), - (K1 Ng~ b))

H(bituH ’D(Kl N (biluj_a T aKn—l N ¢71ul)

1 _
= o7l i (v) - i, (v)d
n Sn=1n(¢—tult)
1
= |‘¢7tu|| LpKl(v)...pKn—l(’U)d’U
n-l sm=10(y5rey)
1 _
=-——ll¢ | pri (V) prc, o (V)dv.

Sh=In((lgtullo=t) ~tut

From the property (1.10) of spherical Radon transform, we have

_ _ 1
prcors oty (@) = 07wl Joul- 07 (=5 [ o 0)- (1))
= ¢ Py, Kny) (1))
The proof is completed.

Proposition 2.5. Let M = (K1, -+ ,K,—i—1), 1 <i <n-—1, and write I;(M,K) for
IM,K, - K). If K,L,Ky,-- ,Kn_i—1 € LY, then
—_——

)

L(M,KNL)+I;(M,KUL) = I,(M, K)+I;(M, L).

Proof. Since pryur(v) =max{px(u), pr(uw)}, prxnr(uw)=min{px(u),pr(u)}, and to-
gether with (1.1), we get

PI,-(M,KmL)J?I,-(M,KUL)(U) = P],-(M,K)J?I,-(M,L)(U)a ue S
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Thus, it is easy to obtain Proposition 2.5.

Take K1 = e = anifl = K, ani = . = Kn,1 = L in I(Kl, ,anl), and
I(K,--- ,K,L,---,L) will be written as I;(K,L). If L = B, then I;(K, B) is called the ith
—_——— ——

n—i—1 i

intersection body of K and is usually written as I; K. Specially, IK=I) K.

Proposition 2.6. If K is a centered star body, and L € L}, 0 < i <n —1, then
I;(K,V,;L) = I(K, L).

Proof. Let u € S"~!. From (1.11) and (1.12), it follows that

P, (1) = (p““)i +2PL(—u)i>%.

Since K is centered, px (—u)! = px(u)’. Thus

1 n—i— i
Pli(K,%L)(“) I /ﬂ_1m . pi(v) 1P§iL(U) dv

1 n—i—1 7 n—i—1 PRV
2(n—1) (L,,_lmw prc(v) pr(v)'dv + /Sn_lm“ pi(v) pr(—v) dv)

1 n—i—1 i _\n—i—1 AV
s (oo oo [ o o)

1

n—i—1 7
P— d
_ / prc ()" pp ()i v

= pr(k,1)(w)-
The proof is completed .

Proposition 2.7. If Ky, -+, Kn_1, K},-- K €L, I(Ky, -+ Kn_1) =I(K]|,--,
K/

n—1

), and M is a centered star body, then

‘7(K1a to 7Kn717M) = V(Kiv T 7K':171aM)'
Proof. Since M is a centered star body, py € C°(S™~1). Thus, there is f € C.(S"71),
such that ppr = Rf (see [14, 23]).
Since for each w € S™~1, PI(Ky - K1) (W) = PI(KI, K

n—

(u), we have

R(pK1 "'pKn—l) :R(PK{PK’ )

n—1

Then, by (1.2), (1.9) and the above equalities, it follows that

~ 1
V(e Koot = = [ i) (s ()

— l /Sn—1 PK, (’LL) N pK!L—l(u)Rf(u)du

/s Rlpr, -+ prc, ) (u) f (u)du
/s Rlpry - pry, ) (u) fu)du
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1
— = [ i) (@ (w)d
n Sn—1

= V(K- K/ |, M).

n

§ 3. Dual Minkowski Inequality for Mixed Intersection Bodies

In this section, the following dual Minkowski inequalities for mixed intersection bodies
will be established.

Theorem 3.1. If K, K' € L7, and 0 < i <n—1, then
V(L(K,K)" ' <VIK)""'V{IK'), (3.1)
and the equality holds if and only if K and K' are dilatates.

Proof. Suppose u € S" 1.
Let L1, Ly be star bodies contained in (n — 1)-dimensional subspace u™, o € Ly, Lo, and
write ¥;(L1, La) for 9(Ly,n —i — 1; La,4). From (1.7), we have

1~),L~(L1’L2)”71 < anl(Ll)niiilvnfl(Lg)i.

Now using the polar coordinate formula for volume (1.4), the above inequality and Holder
integral inequality, we have

1 1
V(L(K,K') = —/ pr, .5y (w) " du = —/ 3 (K Nut, K' nut)"du
n Jgn—1 n Jgn-1
1 . .
< E / 1 anl(K N uL)(n7171)~n/(n71) . anl(K/ N uJ_)z-n/(nfl)du
Sn—

1 (n—i—1)/(n—1) i/(n-1)
< - (/ Vo 1 (K N ui)"du> (/ Vo1 (K' N ui)"du>
n Sn—1 Sn—1

1 N/ 1 N/
-+ /S  prk(w)"du) (- /S i) du)
_ V(IK)(n—z—l)/(n—l)V(IK/)z/(n—l)

From the equality conditions of the inequality (1.7) and Hoélder integral inequality, this
implies that K Nu* and K'Nu' must be dilatates. It is well known that if K Nu* and K’'Nu*
are dilatates for all w € S"~!, then K and K’ are dilatates (see [20]). Hence, we get that
Theorem 3.1 holds with equality if and only if K and K’ are dilatates.

Corollary 3.1. If K is a convex body whose centroid is at the origin, K* is the polar

body of K, and 0<i<n-—1, then

)

V(LK™ K)) - V(E)" 77 < wy g -y~

and the equality holds if and only if K is a centered ellipsoid.
Proof. Taking K = K*, K’ = K in Theorem 3.1, we have

V(L(K*, K)" P < V(I(K*)" " 'W(IK)".
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Notice the following two well-known inequalities: Busemann intersection inequality (see
[6, p.333]) states that if K € £, then

V(IK) < (kp /s )V (K"

and the equality holds if and only if K is a centered ellipsoid; the Extended Blaschke-Santal6
inequality (see [18]) states that if K is a convex body whose centroid is at the origin, then

V(K*)V(K) < sy,

and the equality holds if and only if K is a centered ellipsoid.

Hence, we get

V(Ii(K*’K))nfl < (Hn(IL—1)/H(nfl)(an))V(K*)(nfl)(nfifl)V(K)(nfl)i
S( n(n 1)/R(n 1)(n— 2)) ( i(n—l)(n—i—l)/V(K)(n—l)(n—i—l))V(K)(n_l)i
52(11171) . ,@%nfl)(n*%) . V(K)(nfl)(QifnJrl).

It is easy to obtain the equality condition of Corollary 3.1.

8§ 4. Dual Aleksandrov-Fenchel Inequalities
for Mixed Intersection Bodies

The dual Aleksandrov-Fenchel inequality, for mixed intersection bodies, which will be
proven is: If Ky,--- ,K,,_1 € L}, 1<4¢<n—1, then

V(I(Ky,-, K, 1)) < f[ V(I(Kj,i; K1, Kn-1)), (4.1)

and the equality holds if and only if K, --- , K; are dilatates.
This is the special case i = 0 of Theorem 4.1.

Theorem 4.1. If Ky, --- ,K,,_1 € L}, 0<i<n,0<m<n-—1, then
o~ m o~
Wi(I(Ky, -+ Kpa))™ < [ WilZ (K, ms Kpnga, -+ K1),
i=1

and the equality holds if and only if K1,--- , Ky, are dilatates.

Proof. By (1.3) and (2.2), we have

Wi(I(Ky,-++, Kn 1))

PI(K e Koy (w)"

\

gn—1
n—i

[ G ) em@) s @) d
gn—1 ’I’L—l Sn—1nyL

Sie 3= =
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An extension of Hélder inequality states that (see [9, p.140])

Aﬁfi(u)du < ﬁ (/in(u)mdu)l/ma

and the equality holds if and only if f; are proportional.
Applying the extension of Holder inequality, we have

WiI(Ky, - Kn1))™

<TG L oo o)) )"

1l
M (n—i)jm  \m
H PI(Kjm;Kmy1, anl)(u)) dU) .

-G/

Applying the extension of Holder inequality again, we obtain
— m ‘
Wil (Koo Kno1))™ < H (H / 1 PI(K;miKp 1, ,K7L71)(U)nildu)
Sn—
m o~
= H Wz(I(KJ, m; Km,-i-l; . aKn—l))-

From the equality condition of the first Hélder inequality, this implies that px;(v)™
PK sy (V) pr,_ (V) (7 =1,---,m) must be proportional. Since I;€L] (i =1,--- ,n—1),
Ky, -, K, are dilatates. It follows that there exist a; > 0 (i = 2,---,m) such that
Kqi = a;K;. Then

pI(Klvm’;Km,-f—lf" 7Kn—1)(u) = 6(K1 N uJ—vm; K’m+1 N uJ—v e aanl N UJ_)
(ai(K; Nub),m; Ky Nut, - Ko Nut)

I
<

am (K Nut),m; Ky Nut, - Ky Nut)
= 07" PI(Kimi Ko1K ) (W)-

That Ky = a;K; (i = 2,---,m) implies that pr(x; m;k,i1, Ko_y) (J = 1,7+, m) are
proportional, which is also the equality condition of the second Holder inequality. So the
equality of Theorem 4.1 holds if and only if Ky, --- , K,, are dilatates.

Taking ¢ =n — 1 in (4.1), we have
Corollary 4.1. If Ky,--- ,K,_1 € L], then

V(I(Ky,-- K1) < VI(KY)) - VI(Kno1)),

and the equality holds if and only if Ki,---,K,_1 are dilatates.

Taking K1 = =0p_25= K, Kn—l—j = L, Kn—j = =Np_1 = B in (41), where
1 <75 <n-—2, we obtain
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Corollary 4.2. If K,L € L}, 1 <j <n—2, then
VI(K, - ,K,L,B,---,B)" " < V(I;K)" >V (I;L),
N—— ——
n—2—j j
and the equality holds if and only if K and L are dilatates.

Remark 4.1. Take K1 ==K, ; 1=K, K, ;= =K, 1=K, i=n-11in
(4.1), and Theorem 3.1 follows immediately.

8§ 5. Dual Brunn-Minkowski Inequalities
for Mixed Intersection Bodies

First, in this section, we will consider the dual Brunn-Minkowski inequality for the mixed
intersection bodies and the radial Blaschke linear combination.

Let K and K’ be star bodies in E” with 0 € K, K/, «31, as > 0, and define the radial
Blaschke linear combination ay - K fas - K’ by

pa1~K$a2~K'(u)n_1 = a1pr(u)" " + agpre(u)" 1 (5.1)
Theorem 5.1. If K, K', L€ L?, a1, as >0, then
V(L(o - KFas - K/, L)Y < aq V(L(K,L)Y" + aoV(L(K', L))",
and the equality holds if and only if I (K, L), [, (K', L) are dilatates.

Proof. Let u € S"~!. Since K Nu*, K'Nu™ are star bodies containing the origin in u*
by (5.1), we have

)

pay(Kr‘mL)-T-ozg(K’ﬁui) (,U)n72 = 01 PKNuL (U)n72 + 02pK ALt (U)n72.

Then, from (2.2) and the above equality, we get

Pri(oer-KFas K’ L) (u)
1

_ = -2
S n—-1 /sn_ms Play KFaz K')nut (0)" " praus (v)dv

1

2
T no 1/577/—105 Plon-(Knut)Faz-(K'nut)) (V)" PLaus (v)dv

aq

- / prcrs ()" 2 pp s (v)dv +
TL—]. Sn—1n¢8

Q2

/ Pt (0" s ()
n — ]. Sn—1ng

/S o) pu ()
n—lny

aq

_ (6%
= [3 k(@) pr(v)dv + —2
n=iNu

n—1 n—1
= a1pr, (k1) (W) + a2pr, (k1) ().
Using (1.4), the above result and Minkowski integral inequalities, we have

V(I(oq - K¥ay - K', L))

1
= E/ (a1pr, (k,0)(u) + c2pr, (k7. 0y(w)"du
S’Il—l
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<(G /. ot prey(w)'du) "+ (2 | ooy (uydu) )"

= (CY1V(I1(K, L))l/n +062V(11(K/,L))1/n)n.

From the equality condition of Minkowski integral inequality, it shows that pr, (x ry(u) =
apr, (k’,r)(u), where a > 0. Thus, Theorem 5.1 holds with equality if and only if I (K, L),
I,(K', L) are dilatates.

Second, the dual Brunn-Minkowski inequalities for the radial linear combination and
intersection bodies, which will be established is: If K, L € L7, then

V(I(KFL)Y=1) < y(1K)V/ (n=0) 4y ()t (nln=1)

and the equality holds if and only if K and L are dilatates.
This is the special case j = 0,7 = 0 of Theorem 5.2.
Theorem 5.2. I[f0<i<n0<j<n-1, K, L, My,---,M;, Mj,--- ,M]’» e Lr,
C= (M, ,M;), and D= (Mj,---,M;), then
V(L (KFL, D), C)Y (= (n=i=1)
< ‘Z(Ij(K’ D), C)Y/((n=d(n—j-1)) f/i(jj(LD)vc)l/((nfi)(nfjfl)),
and the equality holds if and only if K, L are dilatates.

In order to prove Theorem 5.2, we need the following two lemmas.

Lemma 5.1. If Ky,--- ,Ky—1,L1,--+ ,Lp—1 € LY, then

V(Kl7"' ;Kn—l,I(Ll,"' 7Ln—1)) - V(L17 7Ln—1;I(Kla"' aKn—l))-

Proof. Let u € S»~1. Then

V(Klv" ! aanlaI(Lla' o 7Ln71))

1
o | o) (0 e, ()
1 1
= — PK; (u) U PKnoa (u) PLy (’U) *PLn_1 (v)dvdu
n n—1 gn—1 Sn—1nyL
Let f = PK1 " PKn_1>9 = PL1 " PLp_q- Then
~ 1 1
V(Kl7"' 7Kn—1;I(Lla"' aLn—l)): - / f(U)Rg(’U,)dU
n n—1J g
In the same way,
~ 1 1
V(Ll7"' 7Ln—1;I(Kla"' aKn—l)): - / g(’U,)Rf(’U,)dU
n n—1/ gn

From the property (1.9) of the spherical Radon transformation, we obtain Lemma 5.1.
Lemma 5.2. If0<i<n-1, K,L,K;,--- ,K; € L, and C = (K1, -+, K;), then

Vi(K¥L,C)V =) < VK, )Y =D 4 Vi(L,C)/ (=), (5.2)
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and the equality holds if and only if K and L are dilatates.

Proof. Let pc = pk, - pK,;-
By (1.3), (1.1) and Minkowski integral inequality, we obtain

C)l/(n %)

/ Pr7r(u )" pe(u)du
foto

, X X 1/(n—1)
o ()"0 4 pp (w)po(w) /D))

)1/("—1)

IN

V=) /1 o 1/(n—i)
/S - petwin) 4 (= /S ppw) polu)dn)
)1/(nfz) + V;(L, C)l/(nfz)

(%
G
(%

Vi(K

From the equality condition of Minkowski integral inequality, we get that (5.2) holds
with equality if and only if px (u)pc(u)'/ =9 = apr(u)pc(u)'/ =9, where a > 0. This
implies that px(u) = par(u), i.e., K = aL. The proof is completed.

Proof of Theorem 5.2. If j =n — 2, then from Proposition 2.2, it follows that

I, »(K+L,D) =1, o(K,D)¥I, o(L,D).

Hence, for j = n — 2, the inequality of Theorem 5.2 reduces to the one of Lemma 5.2.

For i =n — 1, using Lemma 5.1 and Lemma 5.2, we obtain
Vo (I;(K¥L, D),C)Y (n=i=1)

:V(K_T_[U aK_T_L7D7"' aDaI(Ca"' ,C))l/(n—j—l)
—_—— —— —

n—j—1 7
< \7([(7 .. ,K,D,---,D,I(C,---,C))Y/(n=3-1)
—_——— ————
n—j—1 7

+V(L,--,L,D,--- ,D,I(C,--- ,C))"/ (=i~
n—j—1 Fi

= Vo 1 (I;(K,D),C)"/ ==Y 1V, (I;(L, D),C)"/("=i=1),

Thus, only the cases where j <n — 2, and + <n — 1 need to be treated.
Suppose @ € L7. Using Lemma 5.1 and Lemma 5.2, we get

= V(K—T—L,n -7 = 1;D;Ii(Q,C))1/("_j_1> (5.3)
<V(K,n—j—1;D;L(Q,0))Y(n=i-D

+V(L,n—j—1;D; L(Q,C)Y(n=3~1), (5.4)
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Using Lemma 5.1 again and the dual Aleksandrov-Fenchel inequality, we have
V(K,n—j—1;D;L(Q,C))"/"==D
=V(Q,n—i—1;C; I;(K, D))"/ (n=i=1
=V(Q,n—i—1;I;(K,D);C)"/(n=i=1)
< ‘Z‘(@ C)(n—l—i)/((n—j—l)(n—i))f/i(jj (K, D), C)l/((n—j—l)(n—i))_ (5.5)
In exactly the same way, it can be seen that
V(L,n —j—1;D; ;(Q,C)Y/(n=i—D
< ‘Z‘(Q, C)(n—l—i)/((n—j—l)(n—i))f/i(jj (L, D), C)Y/((n=i=1)(n=1) (5.6)
Combining (5.3)—(5.6), we obtain
V(Q,n—i—1;C; I;(K¥L, D)V =i=Dy(Q, 0)~ (=10 ((n=j=1)(n—1))

< ‘71.(]],(}(’ D), )Y/ ((n=i=Dn=1) 4 ‘72.(]],([/7D)vc)l/((nfjfl)(nfi)).

Take Q=1I;(K FL,D), and the inequality of Theorem 5.2 is obtained.

Consider the equality condition of Theorem 5.2. From the equality condition of (5.4), it
follows that K and L are dilatates. There exists a > 0, such that K = aL.

Let pp(u) = pary(u) -+ - pary(u). When K =alL,

1 i
PrxTL.o) (W) = n—1 /S _— pr7 ()" pp(v)dy
SR

1 n—j—1
- n—1 /Sn—lﬁuL paL'T_L(U) " pp(v)dv
1

n—1 /S,,L,lmuL Pla+1)L (V) pp(v)dv
1

n—j—1 d
— /S e o)

= (a + 1)”_j_1p1j(L,D)(u).

In the same way, when K = aL, ij(K;rL’D)(u) =(1+ %)n_j_lﬂjj(K,D)(u)'

Since (5.5) holds with equality if and only if I;(K+L, D) and I;(K, D) are dilatates, and
(5.6) holds with equality if and only if I; (K¥L, D) and I;(L, D) are dilatates, this shows
that Theorem 5.2 holds.

_ (a 4 1)n7j71

Corollary 5.1. If K,L,M,M{,--- M} _, € L D= (M, --- ,M]_,), then
V(M,n—1;1(D,KTL)) < V(M) D/"(V(I(D, K))"/" + V(I(D, L))*/™),
and the equality holds if and only of M,I1(D,L),I(D,L) are dilatates.
Proof. Takingi=n—-1, j=n—2, My =--- = M; = M in Theorem 5.2, we get
V(M,n—1;I(D,K¥L)) <V(M,n—1;I(D,K)) + V(M,n—1;I(D, L)).

According to (1.7), Corollary 5.1 follows immediately.
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