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FLAT TIME-LIKE SUBMANIFOLDS IN
ANTI-DE SITTER SPACE HZ2"71(—1)**

ZUO DArenG® CHEN Qine™ CHENG Yr**

Abstract

By using dressing actions of the Gi’il’nfl—system, the authors study geometric

transformations for flat time-like n-submanifolds with flat, non-degenerate normal bun-
dle in anti-de Sitter space H?"~'(—1), where Gi’ilm_l =0(2n—-2,2)/0(n—1,1) x
O(n—1,1).
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8§1. Introduction

Recently Ferus and Pedit [1], and Terng et al [2, 3] established a beautiful relation
between integrable systems and submanifold geometry. They found that submanifolds in
certain symmetric space whose Gauss-Codazzi-Ricci equations are given by a nonlinear first
order system, the U/ K-system, which is putting the n first flows of ZS-AKNS together. This
means to find submanifolds M in certain symmetric space whose Gauss-Codazzi-Ricci equa-
tions are equivalent to U/K-systems. The direct approach may provide ways to find Lax
pairs for submanifolds M. Terng et al [2, 3] carried out the project for the real Grassman-
nian manifolds of space-like m-dimensional linear subspaces in R™*" and in R™*™!. For
instance, they proved that solutions of the G0.%, (m > n)- and the G%!, (m > n+1)-system I
correspond to local isometric immersion of N™(¢) into N"*(¢), the G2,%, (m > n)- and the
Goln(m > n+ 1)-system II give rise to n-tuple in R™ of type O(n) and (n+ 1)-tuple in R™
of type O(n, 1) respectively. In [4-6], we obtained some space-like and time-like immersions
associated with the G%,%, -system, where G109, = O(m +n,p + q)/O(m,p) x O(n, q).

The aim of this paper is to study geometric transformations for flat time-like n-submani-

folds with flat, non-degenerate normal bundle in anti-de Sitter space H;" *(—1) by using
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the Gi’il’nfl—system. This paper is organized as follows. In Section 2, we consider the
1,1

geometry associated with the G,~; ,,_;-system. In Section 3, we construct a dressing action

with a simple pole, and show that gives rise to Bécklund transformations (BTs in brief)

for flat time-like n-submanifolds in H:"~!(—1). In Section 4, we construct another dressing

action with two simple poles, and prove that gives rise to Rabaucour transformations (RT's

in brief) for flat time-like n-submanifolds in HZ"~*(—1).

§2. The Geometry Associated with the G1* -System

n—1,n—1

. . . 1,1 .
In this section, we review some known facts about the G, ~;,_;-system and give a

relation between flat time-like n-submanifolds in H?"~!(—1) and the G}

n—1,n—1-System.

2.1. The general case of the GH?!

n—1,n—1-System

Below we give a short review of some known facts about the Gi’ilﬁnfl—system, see [2, 3,
6] for details. In this paper, we use the following notations
I, 0 ~ J 0
I, = , J= ,
0 -I, 0 J
J = Infl,l = diag(Eh T ;En);
o(2n—2,2) = {X e gl(2n) | X'J + JX = 0},
on—1,1)={X €gl(n) | X'J+JX =0},
Grlyn1=002n—2,2)/0(n—1,1) x O(n — 1,1),

gl(n). ={(fij) €gln) | fii=0, i=1,--- ,n}.

The Gib’ilm_l—system, according to the terminology of [3], is the following PDE for

F = (fi;) : R™ — gl(n). such that

b JOF'J — F§ A 1)
AT V) OF — JF'5.J '

is a family of flat connections on R™ for all A € C, i.e.,
dfy + 60\ N0y =0, (2.2)

where § = diag(dxy,- - ,dz,). Hence there exists a smooth map F : R" x C — O(2n—2,2)
such that E~1dE = 6, and E(0,\) = I. Here E is often called the frame of 6. The
ol

—1.n_1-Teality condition is
,

(2.3)
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Let g = (g Bl) € O(n —1,1) x O(n — 1,1) be a solution of g~ 1dg = #y. Take the gauge

I, 0
h<0 A).

The resulting connection 1-form €y is

transformation of 6 by

Or — hoh=) — dhi—! — JOFtJ — F§  JSAJA (2.4)
. “ —aa A :
which is also a family of flat connections on R™ for all A € C, i.e.,
n
ei(fij)x,', + Gj(fji)gcj + Z ek frifr; =0, if ¢ # j,
k=1
(fij)ar = fik frj, if 4, j, k are distinct, (2.5)
(@ij)zy = ik frj, it j # k,
where A = (a;;), F = (fij). Note that Eh~! is the frame of Q). We call (2.5) the Gi’ilm_l_

IT system.
2.2. Flat time-like n-submanifolds in H;" *(—1)
In [13, Theorem 3.3], we have obtained

Lemma 2.1. Let f be a flat time-like n-submanifold in H?" *(—1) and satisfy (i) the
second fundamental form is orthogonally diagonalizable, and (i) there exists a point p of M
where the principal normal curvatures are different from 1. Then on an open contractible
region U of p, there exist a Chebyshev coordinate system {x1,--- ,xn} and A = (a;;) €
O(n —1,1) such that the two fundamental forms are

n

_ E 2 2
I= Elamdxi,

i=1
o (2.6)
I = Z Z €ianiandrien
i=1 1=1
where {en41, - ,ean—1} are local parallel normal frame fields.

By a direct verification, the Gauss-Codazzi-Ricci equations of M are the Gi’il’nfl—ﬂ

1,1
n—1,n—1

system (2.5), which is gauge equivalent to the G -system (2.2). Hence the immersion

f has a Lax pair

. JOFtJ — F§ A
E~'dE =0y = . (2.7)
—oA OF — JFt§J
Suppose f = eqp, € = i”"k for 1 <k <n,and g=(e1, - ,ea,). Then we have
. JOFtJ — F§ JSALJ
g g =M|,_, = s N (2.8)
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By using the fundamental theorem of pseudo-Riemannian geometry and Lemma 2.1, we

get

Corollary 2.1. Let (A, F') be a solution of the G;’L,nq‘ﬂ system (2.5). Then (2.8) is
solvable. Let g be a solution of (2.8) and f the 2n-th volume of g. If all entries of the last
row of A are non-zero, then f is a local isometric immersion of a flat time-like n-submanifold
mn Hf"il(—l) with flat, non-degenerate normal bundle such that the two fundamental forms

are as in (2.6), where A = (ai;).

8 3. Dressing Actions and BTs for Flat Time-Like
n-Submanifolds in H;™ '(—1)

In this section we shall construct a dressing action with a simple pole, and show that
1,1
n—1n—1

for flat time-like n-submanifolds in H?"~*(—1), which is constructed in [13].

Define a rational map with only a simple pole

Kop(\) = A_1Z5< 5 A ) (3.1)

the dressing action on the space of solutions of the G -system (2.2) gives rise to BTs

M, sJBtT

where s € R is a non-zero constant and S € O(n — 1,1) is a constant matrix. It is easily

verified that gs g(\) = %Ks,g satisfies the G;’ilm_l—reality condition (2.3). We call

1,1
n—1,n—1

K, g(\) a simple element of the G
8].

Let F' be a solution of the Gi’il’nfl—system (2.2) and F the corresponding frame of
F. Tt follows from the result of Terng and Uhlenbeck in [8] that K, gE can be factored as

-system (2.2) according to the terminology of [7,

EKS,B(z) for some functions E and K, 5, Write E(z, —is) = Z; Zi) with 7; € gl(n)
and set

B = (ins— Bn2) "' (iBm +ms), B =Ko pE@, K]} (V). (3:2)
Note that

Res(B, _isy= 5 (0~ (mm (BT i
’ 2 \il, JBT) \ms nma) \—il, B )

It follows from (3.2) and 8 € O(n — 1,1) that Res(E, —is) = 0. Since E(z, —is) = E(z, is),
similarly we can show that Res(E,is) = 0. Hence E(z,)) is holomorphic in A € C. Let
0y = E~'dE. Then 0, is holomorphic for A € C. By using 6, = E~'dE and (3.2), we get
K5,59~>\ = K, 30\ —dK, 5. Comparing the coefficient of M (j=0,1,2), we have the following

lemma.

Lemma 3.1. Let F be a solution of the Gi’il’nfl-system (2.2) and FE a frame of F. Then

F = Ko 3#F = JF'J + 0. is a solution of the Gi’il’nfl—system (2.2) and E is a frame of
ﬁ, where B, is the matriz whose ij-th entry is Bij fori+#j and is 0 fori=j.
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Let s1, s2 be two unequal nonzero real constants, and (1,82 € O(n — 1,1) are two
constant matrices. If ¢ = s13; — 232 is non-singular, 3t.J3; # i—fJ and 3LJ 3 # z—;J, we

may set
a1 = (Slln — 52J6§J61)¢_1, g = (81.]65.]62 — SQIn)¢_1. (33)

It is easily verified that a; € O(n —1,1) for i = 1, 2 and K, o, © K8, = Ksy.a, © K5, ;-
Moreover if Kg, o, © Ksy,8, = Ksy.00 0 K5, .8, then 81, [ and a1, ag are related as in (3.3).

By using this observation, we have the following permutability formula.

Lemma 3.2. Let s;, (;, a; fori =1, 2 as above, F be a solution of the Gi’il’nfl—system
(2.2) and F; = K., g,#F = JF'J + 5,0, fori =1, 2 as giwen in Lemma 3.1. Then the
permutability formula is

F3 = (K31,Oé1 OKS2,52)#F = JFtJ+ $1014 + 5262*

= (Kay.ap © Ko, 3, )#F = JF'J + 5302, + 51012 (3.4)

According to Corollary 2.1, we know that Lemmas 3.1 and 3.2 give a method of con-
structing a new flat time-like n-submanifold in H 12”_1(—1) from a given one. Geometrically,
this gives the geometric transformation which is the BT and the analogue of the classical

Bianchi theorem obtained in [13].
Theorem 3.1. Let F,E,KS,Q,B,E,]3 be as in Lemma 3.1. Write
B 0 ~ B 0
B0 = (2@ o Bwoy = (P@ 0 (3.5)
0 Ax)
Let

N({E) = _EH(;[;7 ]_) = E(IE, 1) <-Igl A_(l)(q,‘)> s

- . I, 0
N(z) =g, s(1)E(x,1) (3.6)

0 (A8)~*(x)
— N cosTJBLJ —sinT(AB)"?
- sinTA cosTl, ’

1
where T = arctan—. Let e; and é; for 1 < i < 2n denote the i-th column of N(x) and
s

N(m) respectively. Then L : ean(x) — €an(x) is a BT for flat time-like n-submanifolds with
constant T in H2" 1 (=1) and the line congruence is time-like.

t ~
J%J g)E(x,O) is also a frame of
0y as in the form of (2.1) for F at A\ = 0. By using (2.4), (3.6) and Theorem 3.1, we
know that (A, F) and (A, F) are solutions of the Gi{h,nq‘ﬂ system (2.5) and N, N are

the corresponding frames at A = 1 respectively. By using Corollary 2.1, es,, €2, are flat

Proof. It follows from 6 € O(n — 1,1) that (
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time-like n-submanifolds with flat, non-degenerate normal bundle in HZ"~!(—1), where

{en+t1, " ,ean—1} and {€,41, -+ ,€2,—1} are parallel normal frames for ey, and és,, respec-

(@At o - (A0
v (97 0) mes (S0

N N(COSTJBtJ —sinT(AB)_1> (A_l 0)
4=

tively. Let

Then we have

sinTA cosTl, 0 I,

_ Ny (cos7’[n —sinTIn> . (3.7)

sintl, cosTIl,

The last n column vectors of N and Ny, N and N 4 are the same and they are normal
frames. Geometrically, (3.7) is the BT for flat time-like n-submanifolds in H;"'(—1).
By using Lemma 3.2 and Theorem 3.1, we get the following analogue of the classical

Bianchi theorem.

Theorem 3.2. Let £ : M — M; be BTs for flat time-like n-submanifolds in Hf"71
corresponding to the solution of K, g, for i = 1,2 as in Theorem 3.1. If 51, sp are two
unequal nonzero real constants, B, 02 € O(n — 1,1) are constant matrices and s151 — $252
is non-singular, B%JBs # z—?J and B5JB1 # z—:J, then there exists a unique flat time-

like n-submanifold Ms in Hf"i1 and BTs L' : My — Ms, L2 My — Mjs such that
Llof?=/[20Lt,

8§4. Dressing Actions and RTs for Flat Time-Like
n-Submanifolds in H;™ '(—1)

In [6], we have obtained an explicit construction of the dressing action of a rational map
with two simple poles of solutions of the general G4, -system. Hence we only state our
results here.

Let C?" be equipped with the bi-linear form

n—1 2n—1
(u,v)1 = — E U;V; + UpVp — E U;V; + U2pV2n .
i=1 i=n+1

Let W and Z be two unit space-like constant vectors in RV™~! respectively, and m the
orthogonal projection onto the space of C(g) with respect to (, )1. Let 0 # s € R, and
define

gs,w:<7T+)\_is(I—ﬂ))O—T—i—ii—Z(I—ﬁ)). (4.1)
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Lemma 4.1. Let F : R™ — gl (n) be a solution of the G;’ilynfl—system (2.2), and
E(z,\) a frame of F such that E(x,\) is holomorphic for A € C and E(0,\) = I. Let gs

be as in (4.1) and
w (W
<12> (:L’) = E({E, —ZS) (ZZ) ) (42)

and 7 be the orthogonal projection onto the space of C(WZ) with respect to (, )1. Then
i

F= gsoiF = F + 25(/V[72t.])* is a new solution of (2.2), and E= Eg:}r is a frame for F,

~ = Z
where W = v and Z = ——.
(IW | g1n—1 1 Z]| gr.n—1
Note that both E and E satisfy the G;’ilm_l—reality condition (2.3) which implies that

E(z,0) and E(x,0) are in O(n —1,1) x O(n — 1,1). Write

E(z,0) = (Béa:) A?x)) , E(z,0) = (Béx) Z?x))

for some A, B, A and B. Hence we have
A=A +2Z2')),
B =B(I+2WW"J).

Note that (A, F) and (A, F) are solutions of the G1

n—1n_1-11 system (2.5), the corresponding
frames are E'(x, \) and E™(x, \), where

I, O ~ ~ L, O
EH(%)\) = FE(z,\) < 0 A—1> , EH(x,)\) = E(z,\) ( 0 /Tl> .

It follows from Lemma 4.1 that
~ 2 s,V[v/ —~ ~
EMz,\) = BNz, \) ([ - —— | (W', =AZ'AT) | . 4.3
@) =B ) (1= | )5 ) 67 ) (4.3)
In the following, we use the notation
(A} ﬁv EH) = gs,ﬂ'u(Av Fv EH)-
Analogous to the discussion of Lemma 3.2 (or see [3, 8]), we may also obtain the following
permutability formula.
Lemma 4.2. Let F be a solution of the Gi’il’nfl—system (2.2), and E the frame of F
Wy )
12
and i the orthogonal projection onto vy with respect to {, )1 for k = 1,2. Let s1,82 € R

such that E(0,\) = I. Let Wy, and Zy, be two unit space-like vectors in R¥" 1, vy = (

be constants such that s> #+ s92 and s182 # 0. Let uy denote the unit space-like direction
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of gs;.s.(—isk)(vx) for j # k, and 7y, the orthogonal projection onto uy with respect to (, )1
for k =1,2. Then

Fs = (95277'2981771'1)]15 = (951,7'1952,7@)]15
is a new solution of the Gi’ilm_l-system (2.2).

RTs for surfaces in R3 have been studied by [11, 12] and references therein. Natural
generalizations of RTs for holonomic submanifolds with arbitrary dimension and codimen-
sion, that is, Riemannian submanifolds with flat normal bundle admitting a global system
of principal coordinates, in (pseudo-) Riemannian space forms N;"(c) (p > 0) are given in
[10]. In [6] we generalize it to time-like submanifolds in pseudo-Riemannian space forms
Nm+P(¢). In the following we shall give the geometric interpretation of the dressing action

of g » on the solution of the Gi’il’nil-system (2.2).

Theorem 4.1. Let E' be a frame of the solution (A, F) of the GiﬁiLn—rH system (2.5),
gs,x gwen by (4.1) and (j,ﬁ,EH) = gs.<H(A, F, EM). Write
E%,1) = (e1, - ,eon-1,X),  EN,1) = (€1, ,Eon-1,X). (4.4)

Then

(i) X and X are local isometric immersions of flat time-like n-dimensional sub-manifolds
in anti-de Sitter space H?"*(—1) with flat, non-degenerate normal bundle, {1, --- ,x,}
line of curvature coordinates, {en+x}r—1 and {€nix}y_1 are parallel normal frames for X
and X respectively.

(ii) The bundle morphism P : 9(X) — 9(X) defined by P(enir(x)) = ényr(R(x)) for
1<k<n-—11san RT covering the map R : X (x) — )?(a:)

Proof. (i) follows from Corollary 2.1 and Lemma 4.1.
(i) We first show that if (4, F) is a solution of the G1"

n—1n—1
. 1,1
a solution of the G/~ ,,_;

-IT system (2.5), then F is
-system (2.2). Take a gauge transformation on 2y by

then the resulting 1-form is

. . [(JSFtT—FCt S
hl*Q)\:hlg)\hl —dhlhl =

—0A ATtdA,
Since (2.5), we have

ArA,, — (CIF — JF'CiJ) =YC; 1<i<n, (4.5)
where Y : R" :— gl(n). By using (4.5) and A € O(n — 1,1), we get

YC;,J+ (YCZ‘J)t =0
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for all 1 <4 < n which implies that Y = 0. Hence F' is a solution of the Gi’il’nfl—system
(2.2).
By using Lemma 2.1, we know that (A, F) and (A, F) are solutions of the G;’ilm_l

system (2.5) corresponding to X and X. Let W, Z be given as in Lemma 4.1. Let

-1I

Y= (71, s Yan—1,72n) = (cos TW?, sinTZt AY),

S

Ve and sinT = \/liﬁ Substituting A = 1 into (4.3), we get

where cos T =

EM(2,1) = B2, 1)(I - 27" (‘é 3) . (4.6)

Substituting (4.4) into (4.6), we have

2n

ék:@k—Z'fk'YkZ'Yjeja k=1,---,2n,
=1

where € = €4 for 1 <k < n. Since X = eg, and X = €9n, We obtain

Ek’ka + Yoner = Ek’ykj(: + Y2n €k, k= 1,---,2n—1. (47)
Let
arctan m, k=n,
I "
arctanhm, k #mn,
Tk

where 1 < k <2n — 1. Then (4.7) becomes

coshI'y X + sinh I'pex = cosh Fk)z' + sinh '€y, k # n, (18)
4.8
cosI', X —sinl', e, = cosT'y, X —sinT',é,.

Geometrically, (4.8) means that the geodesic of H?" *(—1) at X () in the direction ey ()
intersects the geodesic of H2"~'(—1) at X (z) in the direction é(z) at a point equidistant
to X(z) and X (z). Hence the bundle morphism P : 9(X) — 9(X) is an RT.

As a consequence of Lemma 4.2 and Theorem 4.1, we get the following permutability

theorem.

Theorem 4.2. Let P; : ¥(X) — 9(X;) be RTs for flat time-like n-submanifolds in anti-
de Sitter space Hf"il(—l) corresponding to the action gs, », for i = 1,2. If 512 # s9? and
s189 # 0, then there exist a unique flat time-like n-submanifold X3 in Hf"il(—l) and RTs
Py 9(X5) — 9(X3), Py : 9(Xy) — 9(X3) such that Py o Py = Pyo Py,

Acknowledgement. The first author thanks Professor Zhang Youjin for helpful com-
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