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ASYMPTOTIC NORMALITY OF QUASI
MAXIMUM LIKELITHOOD ESTIMATE IN
GENERALIZED LINEAR MODELS***
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Abstract

For the Generalized Linear Model (GLM), under some conditions including that
the specification of the expectation is correct, it is shown that the Quasi Maximum
Likelihood Estimate (QMLE) of the parameter-vector is asymptotic normal. It is also
shown that the asymptotic covariance matrix of the QMLE reaches its minimum (in the
positive-definte sense) in case that the specification of the covariance matrix is correct.
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§1. Introduction and Main Results

Much studies have been made for the MLE and QMLE of the parameters of GLM (see
[1-6]), among others. Let Yi,---,Y; be independent observations of the ¢-dimensional
response vector Y, where Y; obeys an exponential distribution of the form

eXP(y/H = b(0))du(y)|g=g»

where § = (61,---,0,)" and

6 = b~ (h(Z] o))
o
20, 06,

is the inverse of link function g, and Z; = Z(X;) is a known p X ¢ matrix generated by the

. ro.

Here b(0) = ( ) , b1 is its inverse. h(t) = h(t1, - ,ty) = (hi(t), -, hg(t))’
i-th observation X; of independent variable X. f3j is the true value of the unknown p-vector
parametre 3. With these notations, the log-likelihood equation assumes the form

n

Y ZH(ZIB)EH(Z]B)(yi — MZiB)) =0, (1.1)

i=1
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where 2(t) = b(b~(h(t))), b(0) is the covariance matrix of the distribution exp(y'6 —
b(@)d,u(y)) and its (.]7 k)'element is W) ja k= 1) 9, H(t) = (hl (t)7 e 7hq(t))
00k
Since Equation (1.1) only involves the expectation and covariance matrix of Y, this
suggests us to construct Equation (1.1) and try to use its root to estimate 5y in case that we
do not know the distribution of Y; but know its expectation and covariance matrix. This is
the so-called QMLE. Further investigation reveals that it is even not necessary to know the

covariance matrix of Y;, we can just replace it by a suitably-chosen matrix. Thus we may
consider a more general form of the quasi-likelihood equation as follows

n
La(B) =) ZiH(ZiB)Ni(B)(y: — h(Z]B)) = 0, (1.2)
i=1
where A;(f3) is a suitably-chosen positive definite g-matrix to replace ¥=1(Z/3) in (1.1).

The first problem is to confirm that there exists a root 3, of (1.2). One method in
dealing with this problem is to construct a so-called Quasi-likelihood function U(3) such
that U(0) is just the right-hand side of (1.2). Then if 3, is a local maximum point of U,
3, must be a root of (1.2). Hence we need only to verify that there exists such a local
maximum point in the vicinity of the true parameter §y. This idea was first advanced in [9]
for the case ¢ = 1. [5] extends the method for ¢ > 1 by choosing an exponential distribution
exp(y'0 — b(0))du(y), link function g = A=* and (b(b=1(h(-))))~* for A;(B) in (1.2). This
approach has the merit in that we may borrow the method developed in case where Y; has
an exponential distribution. But in so doing we lose in some degree the freedom of choosing
A;(B) in (1.2), and this may result in loss of efficiency of the QMLE.

To avoid this difficulty, we proposed in [7] a new method in proving the existence of a
solution of (1.2), which does not resort to constructing a quasi likelihood function, and thus
maintains completely the freedom of choice of A;(8) in (1.2). The strong consistency was
studied in [7]. In this paper we shall prove the asymptotic normality of the solution. The
main results are formulated in the following two theorems.

Theorem 1.1. Suppose that the following conditions are satisfied:
(1) {Z;,i > 1} is bounded. )\, > cn® for n sufficiently large and some & € (4/5,1], ¢ > 0,
— n
A, and Ay, are the smallest and largest eigenvalues of Sy, = > Z; Z! respectively.
i=1
(2) sup E||Y;||P < 00, p=17/7. COV(Y;) > cI, i > 1 for some ¢ > 0.
i>1

(3) The partial derivatives of 2-th orders of ha, - - - , hq exist and are continuous, det(H (t))
# 0.

(4) Ai(B) > 0, the 2-th partial derivatives of each element of A;(5) exist and are contin-
uous. The element of A;(3), together with its 1-th and 2-th partial derivatives, is uniformly
bounded on any bounded set of B for arbitrarily i > 1.

Then with probability one (1.2) has a solution By for n sufficiently large, and

B Y2Qu (B — o) 4 N(0, 1), (1.3)
where

n n
B, = Z ZiH; NS N H Z!, Q. = Z Z:H;\;H!Z!

i=1 i=1
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with H; = H(Z!Bo), Ai = Ai(Bo), i = COV(y;).

From (1.3), B, — By has asymptotic covariance matrix (QnB,; Q)" 1, which depends on
the selection of A;. We hope to choose A; in such a way so that Q, B, *Q,, is maximized.
In this respect, we have the following theorem.

Theorem 1.2. When A; = E;l,i > 1, QnB,,'Q, reaches mazimum, i.e.,

n
QnB,'Qn < Z;H;%;'H]Z,. (1.4)

i=1

(1.4) indicates that if we make a correct specification of the covariance matriz of Y;, we
obtain a QMLE of the parameters with minimum asymptotic covariance matriz, which means
greater efficiency of the estimator.

§ 2. Proof of Theorem 1.1

Take unit vector A. Denote

& =NBY?Lo(B0) =Y &nir  &ui = NB,'?ZiHAie;,  1<i<n,
i=1

where e; = y; — h(Z](p). It is easy to see that E(§,;) =0, 1 <i <mn, and

Var(&,) = Y Var(n) = NB, V2> ZiH NS AH]ZIB A = VA= 1.

i=1 i=1

Hence in order to prove
&SN (0,1), (2.1)

we only need to prove

n

gn(e) = ZE[|fm|21(|§m‘| >¢)] —0, Ve>0, n — 0o.

i=1

Let
er=x"%¢, a,=NB;'?ZHAS? ~ 1<i<n.

7

Then &,; = al;ef. Let npi = &ni/||ani||. Then [€ni] < ||anil||lef||. So we have
leill = 1&nil/llanill = [nnil- (2:2)

From the boundedness of Z;, we know that {Z/0y} is bounded. By the assumption (4)
there exists ¢ > 0 such that A; > eI, ¢ > 1. Also from the boundedness of {Z/3,} and the
assumption (3), we know that there exists ¢ > 0 such that | det(H;)| > ¢ for i > 1. Moreover,
¥, = COV(y;) > cI. Combining these facts, it follows that there exits a constant ¢ > 0 such

n
that H;A;X;AH] > cl, i > 1. From this we know B,, > ¢ > Z;Z/. This, together with the
i=1
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assumption (1), gives A(B,) > cn’. Hence Amin B, — 00. By the assumptions (1), (2) and
(4), we know that max [lani]| — 0, n — oo, and

> dhan = NBY2Y " ZiH NS N H]Z]B A = 1 (2.3)
i=1 i=1
Denote
n n
9n(€) = D EllniP1(1&nil > €)] = > lans|*Ellmmns* I(|mnil > &/ l|anil]))-
=1 =1

From the assumption (2), taking o = p — 2 = 3/7, we have

9n(€) <D lanillllani||*™* Ellnal?).

i=1

This equation and (2.2), (2.3) give

gn(€) < max[|an||“e™ " sup El|ef||” — 0

i>1
for any given € > 0. Hence we proved (2.1). Since (2.1) holds for any unit vector, we have
B V2L (80) % N(0, ). (24)

Denote H,,; = H(Z{@n), A = Ai(Bn), 1<i<n. As Ln(Bn) =0, we have

Ln(ﬁO) = Ln(60) - Ln(ﬁn)

Zi(Hili — Hpilni)ei + Y ZiHpiMni(h(Z]Bn) — h(Z]B0))

i=1

I
NE

<.
Il
i

n
Zi(Hili — Hpilni)ei + Y ZiHpilniH}, Z)(Bn — Bo)

i=1

I
NE

<.
Il
i

n
Zi(Hi\i — Hyihni)ei + Y Zi(Hpihni Hy — HiNH) Z{(B, — Bo)

i=1

I
NE

<.
Il
i

+ Z ZiHNH.Z!(Bn — Bo) = Jin + Jon + Jan, (2.5)
i=1
where IAi;m = (hl(Ziﬁnl),~~ , hq(Ziﬁnq)), 1 <i<mn, Bpi, - ,0nqg lie all on the line-

segment with end-points By and 3,, and Js, = Qn(ﬁn — 0o)-
Now we proceed to show that

B Y2 e = 0,(1), k=12 (2.6)
If (2.6) can be proved, then from (2.4)—(2.6) we obtain (1.3).
For a matrix A = (a;;), denote max |a;;| by |A|. From the assumptions (3) and (4), we
¥

have
|HmAmIAi;,'n — H;\;H.| = Op(Bn — Bo) accordingly for 1 < i < n.
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Hence, in view of the result (3, — By = O,(n~=/2)), proved in [7], we have
Jan = 10y (|| B = Boll*) = Op(n®~*°). (2.7)

Further, by B,, > ¢S, and the assumption (1), we have |B;1/2| = O(n=%?). Thus from
(2.11), we get B2 Iy, = 0,(n?7%%/2). Since § > 4/5, we get

B Y205, = 0,(1). (2.8)
Now consider Jy,,. Take r € (2/(36 — 1),10/7), r sufficiently near p — 1. Let €; = e;
(|les|| < i'/™), i=1,2,---. Since r < p — 1 < p, we have
— © —
ZP & #e;) = Z (lesll > i) < sg;fE(ueiHP)er/r < 0.
i=1 = i=1

Hence from Borel-Cantelli lemma, we have é,, = e,, with probability one for n large enough.
So instead of J1,, we need only to consider

Tin(Bn) = Z Zi(HiNi — Hi(Bn)Ni(Bn))é;. (2.9)
i—1

Since ||E(&)|| = ||[E(e; — &)|| <i~ P V/"K (K = sup E||ei||’_’), we have
i>1

oo
< CZ Ki=®=D/m < o0,

H > Zi(Hihi — Hi(Bu)Ai(Bn)) Ee
i=1
Hence instead of 71n(3n), we need only to consider
Jin(Bn) = Z Zi(Hi\i — Hi(B0)Ni(Bn))éi, (2.10)

where €; = &; — Fe;. We have E(¢;) =0, supEHesz < oo, and sup |&] < 2n'/".
1<i<n
Taking @ > 3/10, we find that M = [np“] points to the sphere S = {vy : ||y — Gl <

—(0=1/2)} For any v € S, we can find j such that ||y, — || < en @, d =0 —1/2 +a.
Denote

Jinj = ZZ HiN; — Hi(y;)A Ze”. (2.11)

i=1

Consider its [-th element, denoted by j{ => eéj.
i=1

Now we make use of Bernstein inequality: Suppose that X;,---, X, are independent

random variables, EX; = 0, 1 < ¢ < n, and there exists a finite constant b such that

|X;i| <b,1<i<n. Then for any given € > 0, we have

(‘ ZXz/n‘ > 5) < 2exp(—ne?/(2be + 252) Zvar
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Since
~ 1<
P(|J},] > eon’?) = P(‘— > eﬁj‘ > 50n5/2_1>, (2.12)
n
=1

we employ Bernstein inequality to the right-hand side of (2.12). Note that here we have

b= en~(-UDHUr 52 < op=(6-1) o — g nd/2-1 pe — p=(0/2-1/DFY/r o2 o1
where ¢ > 0 is a constant which may assume different values in each of its appearance. From
the choice of variable r, we have (§—1)—(—(6/2+1/2)+1/r) > 0. Also, (6—1)—(—(26—1)) =
30 — 2 > 0. From these facts we see that for (2.12), 2(1;?75;2)
where ¢ and o do not depend on j =1,--- , M and [ =1,---,q. This gives

> cn® for some ¢ > 0, a > 0,

T 5/2
P(é“%’?u | Tinill > v/geon®’ ) < nP%exp(—cn®). (2.13)

(o] ~
Since > nP%exp(—en®) < oo, by Borel-Cantelli lemma, we conclude 1r<r1§)§/1|\J1nj|| =
n=1 RS
o(n%/?), a.s.
Now take arbitrarily v € S. Find j such that |v; — || < ecn~9. Denoting 7 = v;, we
have

1T (Bl < max 1T +Z||Z IISUPIIH( JA(7) = Hi(7) A () I]]€:]]

i=1

= K + K. (214)

Earlier we proved K; = o0,(n%/?). Also, Ko < cn™¢ Z lé:]] < en'=4+Y/7. In view of the

=1

choice of a, we have 1 —d < §/2. So Ky = 0,(n’/?). Combining these two results, we
conclude J1,,(3,) = 0,(n®/?). As noticed earlier, this deduces Jy,, = 0,(n°/?). Hence

B Y21, = 0,(1). (2.15)

Combining (2.8) and (2.15), we prove (2.6). As stated earlier, this completes the proof of
Theorem 1.1.

8§ 3. Proof of Theorem 1.2

Denote W; = H!Z!. Then (1.4) can be written as
(ﬁ: WIAW:) (znj WIS ) - ( zn: WIAW;) < i: WIS We. o (3.)
i = = =
Let D; = %/2A,5}/%. Then (3.1) reduces to
(iw;z;mpizgm )(ZW’ “12p2y -2y )(ZW’ “2py- 1/2W>
=

<> win;'wi (3-2)

i=1
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. —1/2 n 1 —-1/2
Letting U; = %, Wi( > WS, Vh) , we have
i=1

Y UlUi=1. (3.3)
i=1
Then (3.2) reduces to

(f: U{DiUi)Q < i U/ D2U;. (3.4)
i=1 =1

n
In fact, denote Ty, = > W/S;'W;. Then (3.2) can be written as
i=1

(2

TV/?N U/DUT,? (Tg/2 3 U{DfUiT;/Q) T N UDUTY? < T,
=1 =1 i=1
Obviously, this is equivalent to (3.4).

In order to prove (3.4), we take unit vector A, denote a; = U;\, and proceed to show
that

n n 2
S alDla; > H S aDU| . (3.5)
i=1 =1
Denote p; = Dja;, 1 <i<n. Then (3.5) can be written as
- / - / 2
> whpi > H > U (3.6)
i=1 i=1

Denote p' = (i, -+ ,ub), V' = (Ui, -+ ,U},). Then the right-hand side of (3.6) equals

|/ V]2, Since V'V = I, the rows of V are mutually orthogonal unit vectors. Hence
n

V2 < ||lpll? = 3 php;. This gives (3.6), hence (3.4). As noted ealier, it ends the
i=1

proof of Theorem 1.2.

Remark 3.1. To make (1.4) an equality, one choice is, as we just show,
A =37 (3.7)

The problem is whether or not (3.7) is the only choice. We may easily give an example, in
which the answer is in the negative. For example, in the case of ¢ > p and Z; = Z5, we can
take A1 = 251, Ao = Zfl, A = E;l, 1 > 3. Is it possible to construct an example other
than such trivial cases? We cannot yet give a definite answer for this problem. However, we
can deduce formally a necessary and sufficient condition ensuring the equality in (1.4).

Obviously, to make (1.4), or (3.6), an equality, it is necessary and sufficient that u €
M(V), where M(V) is the linear subspace spanned by the columns of V. That is to say,
for any given unit g-vector, there must exist a g-vector b such that
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Denote T = . Z;H;%;'H/Z!. Then (3.8) can be written as
=1

DXYPHIZIT VPN =Up,  1<i<n. (3.9)

Since T' > 0, from (3.9) we see that for any g-vector \*(= T~1/2)), there exists a g-vector
b, such that

D VPHIZIN = U,  1<i<n. (3.10)
From (3.10), it follows that there exists a ¢ X p matrix A such that
DS YPHIZI=U A, 1<i<n. (3.11)

From (3.3) and (3.11), we have

A=NUD;sPHZ = TN ZiHNHZ, =T V2T, T* = Z;H\H|Z.

=1 =1 i=1

Hence
SVANHIZ =7 P H ZIT V2T = ST PHIZITIT, 1<i<n. (3.12)

This is the necessary and sufficient condition that {A;} must satisfy in order to make (1.4)
an equality. But the involved form of this condition makes it difficult in applying it to
specific cases.
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