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MONOTONIZATION IN GLOBAL
OPTIMIZATION™***

WU Zuryou* BAI FusHeNGg®™ ZHANG LIANSHENG***

Abstract

A general monotonization method is proposed for converting a constrained pro-
gramming problem with non-monotone objective function and monotone constraint
functions into a monotone programming problem. An equivalent monotone program-
ming problem with only inequality constraints is obtained via this monotonization
method. Then the existing convexification and concavefication methods can be used
to convert the monotone programming problem into an equivalent better-structured
optimization problem.
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8§1. Introduction

We consider a global optimization problem of the following form:

min f(z),

s.t. gi(x) =0, 1=1, ,m,
gi(x) (1.1)
gl(m)<oa i_m+1a"'7m05
r € R",

where f: R" — R, g;: R" - R,i=1,2,--- ,my.

It is well known that when both the objective function and the constraint set are con-
vex, then any local minimizer of the problem (1.1) is the global minimizer. Many efficient
algorithms can be used to obtain a local minimizer (see [1, 3]). When the objective function
or the constraint set fails to be convex, a local minimizer may not be a global one. Up to
now, the global optimization techniques for general nonconvex programming problem are not
well developed (see [9]). Fortunately, many nonconvex programming problems encountered
in real life possess some kind of convexity, and can be formulated into concave minimiza-
tion problem or reverse convex programming problem, or more general, D. C. programming
problem. Some prominent features in these nonconvex programming problems lead to the
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development of various implementable global optimal algorithms for solving these program-
ming problems (see, e.g., [2, 4-6, 8, 11]). Thus, if a programming problem can be converted
into an equivalent concave minimization problem or reverse convex programming problem
or D. C. programming problem, then its global optimal solution can be obtained by using
the existing algorithms.

Recently, some convexification and concavification transformations have been proposed
to convert a strictly monotone programming problem into an equivalent concave minimiza-
tion problem or reverse convex programming problem or canonical D. C. programming
problem (see, e.g., [7, 10, 12, 13]). Thus the global optimal solution of a strictly monotone
programming problem can be obtained by solving the converted better structured program-
ming problem via the existing algorithms. In [7], the authors established a special mono-
tonization transformation to convert a non-monotone objective function with a single linear
constraint into a strictly monotone objective function and showed that a non-monotone pro-
gramming problem with a single linear constraint can be converted into an equivalent strictly
monotone programming problem. In [13], the authors gave another special monotonization
transformation for a programming problem with multiple linear constraints, but they did not
give the proof for the equivalence between the primal problem and the converted monotone
programming problem.

In this paper, we propose a monotonization transformation to convert a non-monotone
programming problem with general monotone constraints into an equivalent monotone pro-
gramming problem. The rigorous proof for the equivalence between the primal problem and
the converted monotone programming problem is given.

The rest of this paper is organized as follows. In Section 2, we present a general mono-
tonization transformation to convert a non-monotone objective function into a monotone
one. The equivalence between the primal problem and the converted monotone program-
ming problem is established in Section 3.

8§ 2. Monotonization Transformation

To begin with, we give the following definitions.

Definition 2.1. A function h: R™ — R is called an increasing (decreasing) function in
a set D C R"™ if for any x,y € D with x; <y;, i=1,--- ,n, we have h(z) < (Z)h(y).

Definition 2.2. A function h : R"™ — R is called a strictly increasing (decreasing)
function in a set D C R™ if for any x,y € D with x; < y;,i=1,--- ,n, and x # y, we have
h(z) < (>)h(y)-

Definition 2.3. A programming problem is called a monotone programming problem
if each of the objective function and the constraint functions is monotone (increasing or
decreasing) on the feasible set. A programming problem is called a strictly monotone pro-
gramming problem if each of the objective function and the constraint functions is strictly
monotone (strictly increasing or strictly decreasing) on the feasible set.

Let
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We make the following assumptions.
Assumption 2.1. Sy is a compact set or f(x) satisfies the following coercive condition:

||1|1|m flw) = Hoo.

Then there exists a box
X={zeR"|¢i<z;<d;, i=1,---,n}, (2.1)
such that
G(1.1) C int(X), (2.2)

where ¢;,d; € R, ¢; <d;, i =1,---,n, G(1.1) is the set of global minima of the problem
(1.1) and int(X) denotes the interior of X. Then the problem (1.1) is equivalent to the
following problem as far as the global minima are concerned:

min f(z),
st. gi(x) =0, i=1,---,m

(2.3)
gz(QT)SOa i:m+1a"'7m05
z e X,
ie., G(1.1) = G(2.3), where G(2.3) is the set of global minima of the problem (2.3).
S={zreX|gi(x)=0,i=1,---,m; gi(z) <0, i=m~+1,--- ,mp}. (2.4)
Assumption 2.2. Fach of the equality constraints g;(x), i =1,--- ,m, is monotone on
X. Furthermore, there exists a positive number dg > 0, such that
0gi(x ag]
VeeX, k=1,--- 2.5
S S e vrexksioa ey
i€l
where
I={ie{l,---,m}| gi(x) is increasing},
(2.6)

I={1,-- ,m}\I={ie{l,---,m}|gi(z) is decreasing}.

Note that here we just require that the equality constraints are monotone and satisfy
(2.5). In some cases, in order to assure that the condition (2.5) holds, we should introduce
some relaxation variables to convert some monotone inequality constraints into equality
constraints. Throughout the rest of this paper, we suppose that f(z) > 0 for all z € X.
Otherwise, we can add a very large positive number M to f(z) to make f(x)+ M be positive
on X.

Let
bq(x) =T (r1,4(91(2)),r2,4(92(x)) - -+ s Tm,q(gm (@), f (@), (2.7)
X={zeX|glz) >0, icl; g(z)<0,iel} (2.8)
0<mp< gg)l(l f(z) (2.9)

R ={x e R™ 2, >0, i=1,--- ,m; Tmy1 > mo}, (2.10)
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where T : A— R, r;4: B —» R, ACR™, B;CR,i=1,2,---,m, and ¢ is a parameter.
The following theorem shows that ¢, (x) is strictly increasing on X under some conditions.

Theorem 2.1. Suppose that

(1) f, giy 1=1,2,--- ,m, are continuously differentiable on X ;

(ii) Assumption 2.2 holds;

(iii) T is continuously differentiable and strictly increasing on ﬁTH, furthermore, there
exists an €9 > 0, such that

oT(2)
({)Z,L'

> €0 for anyzeﬁff“ and any i =1,---,m,

and an My > 0, such that

a7 (2)

< My for any z € ﬁf“,
8Zm-{-l

0<

where RTH is given in (2.10);
(iv) for any i € I, r; 4 is continuously differentiable and strictly increasing on Ry and
satisfies

r’i’lZ(O) Z Oa
(2.11)
r;,q(t) = 400 (g — +0o0) for all t € Ry

for any i € I, r; 4 is continuously differentiable and strictly decreasing on R_ and satisfies

7“1;7(1(0) Z Oa
(2.12)
Ti,q(t) = —o0 (¢ — +00) for all t € R_,

where Ry = {t |t >0, te R}, R_ ={t|t <0, te R}, “2” represents the uniform
convergence.
Then, for any given €1 > 0, there exists a qo > 0, such that for all ¢ > qo,

99q(x)

8.1%

>e, VzeX, k=1,2-,n,

where X is defined by (2.8).

Proof. Let z; =7 4(g:i(x)), i =1,--- ,m, Zms1 = f(x), 2= (21,--* , Zm+1). Thus, for
any x € X, we have z € RTH. By (2.7), for any x € X, k=1,--- ,n, we have

W) 2 TC) o)

0gi(z) | OT(z) 0f(x)

Oxp P oz, 0zZm+1 0Tk
o1(2) Dgi(x) | OT(2) dule)  OT() 0f@w)
B 2., g (x 2, gi (T z T
N ; 821 " q(gz(x)) 8$k + el 8Zi rl’q( 1(33)) 8xk + 8zm+1 a{Ek '

Let A\p < min min (=)

k=1, nzeX 9Tk
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Then 5
1@ 55> |, VzeX, k=1,---,n
8xk
For a given positive number g1 > 0, for e; = % > 0, by the condition (2.11),

there exists a ¢(, > 0, such that, when ¢ > ¢,

75 4(t) > €2, Vte Ry, Vi€,

by the condition (2.12), there exists a ¢ > 0, such that, when ¢ > ¢,

ri () < —e2, Vte R_, Viel,

where €9 and My are given in the condition (iii). Let g9 = max{q(, ¢ }- By (2.13), we have

0¢q(x) 891 891 )
— M|\
0 > 5 +z ol
iel
9gi(x 9gi(x)
= — — | o | M,
m[ axk > ] ol
Xo| M,
6050
foranyatef(, any k=1,--- ,n, and any q > qo.
Let
X={ze€R"|gx)<0 forall icl; gi(z) >0 forall icI}. (2.14)

¢p(x) can also be strictly decreasing on X if we replace the condition (iv) of Theorem 2.1
by the corresponding one.

Theorem 2.2. Suppose that the conditions (i), (i) and (iil) of Theorem 2.1 hold. More-
over, suppose that (iv) for any i € I, r; 4 is continuously differentiable and strictly decreasing
on R_ and satisfies

ria(I(O) >0,
75 4(t) = —00 (g — 400) for all te€ R_;

for any i € I, r; 4 is continuously differentiable and strictly increasing on Ry and satisfies
Ti;‘](o) Z 07
rio(t) = 400 (¢ — +00)  forall t€ Ry,

where Ry ={t|t>0,t € R}, R_={t|t<0,t € R}.
Then, for any given €1 > 0, there exists a qo > 0, such that for all ¢ > qo,

Oq()

<-g, VreX k=12
8xk

)n7

where X is defined by (2.14).
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Proof. The proof can be readily obtained from the proof of Theorem 2.1.

Note that f(z) > mg for any x € X, where my is given in (2.9). Let
Eerl ={z¢€ RMH1 |z; € R forall i=1,---,m; zmy1 > mo}. (2.15)

If we use stronger conditions than those in Theorem 2.1 or Theorem 2.2, then ¢4 (z) can
be strictly monotone on X as the following corollary shows.

Corollary 2.1. Suppose that the conditions (i) and (ii) of Theorem 2.1 hold, and

(iii)’ the condition (iii) of Theorem 2.1 holds on Ry,y1 (i.e., ﬁf“ is replaced by Ry 41).
Furthermore, if

(iv)(a) the condition (iv) of Theorem 2.1 holds on R (i.e., Ry and R_ are replaced by
R), then for any given €1 > 0, there exists a positive number qo > 0, such that when q > qo,

9¢4(z)

8l‘k

> e, Vee X, k=1,2,--- n.

Otherwise, if
(iv)'(b) the condition (iv) of Theorem 2.2 holds on R (i.e., Ry and R_ are replaced by
R), then for any given €1 > 0, there exists a positive number qo > 0, such that when ¢ > qo,

Oy ()
8xk

<—e, VreX, k=12, ,n.

Proof. The proof can be readily obtained from the proof of Theorem 2.1.

For any z € Eerl, let

m—+1 m
Ti(z) = Z 24 Ts(z) :ZZi+ln(1+Zm+1).
i=1 i=1
Then T (z) and Ty(z) satisfy the condition (iii)" of Corollary 2.1. Let
qt for any i € I,
Til,q(t) = . -
—qt for any i € I.

Then 7} ,(t) satisfies the condition (iv)'(a) of Corollary 2.1. On the other hand, let

—qt for any 7€ 1,
qt for any i€ I.

Then 77 () satisfies the condition (iv)'(b) of Corollary 2.1.
For any z € Eerl, let

m m m
T5(z) = exp (Zzz) + zZmy1, Tu(z) = z:(zz + 22 4 zmy1, Ts(z) = Z exp(z;) + Zm41-
i=1

i=1 i=1

Then T;(z),i = 3,4, 5, satisfy the condition (iii) of Theorem 2.1, but they do not satisfy the
condition (iii)" of Corollary 2.1.
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Let

5 ) t2 4+ gt for any 7€ 1,
ry () =

. t2 — gt for any i€ I,

. exp(qt) for any 7 €1, 3 exp(qt) for any i € I,
r?,,q(t) = . — ri,q(t) = . —

exp(—qt) for any 1 € I, exp(—qt) for any ¢ € I,

5 ) In(1+exp(qt)) forany i€, : o In(1 + exp(—qt)) for any i€ I,
T = T =

v In(1 + exp(—qt)) for any i€ I. v In(1 +exp(qt))  for any i€ I.

Then r{,q(t), j = 3,4,5, satisfy the condition (iv) of Theorem 2.1, but they do not satisfy

the condition (iv)’(a) of Corollary 2.1, and rzq(t), j = 4,5, satisfy the condition (iv) of
Theorem 2.2, but they do not satisfy the condition (iv)’(b) of Corollary 2.1.

§ 3. Equivalence

In this section, the equivalence between the problem (1.1) and its transformed monotone
programming problems is established in Theorem 3.3 (Theorem 3.4). It is shown that under
some conditions, the primal problem (1.1) can be transformed into an equivalent monotone
programming problem with only inequality constraints.

Let
mo
pq(w) = T(r14(b1(2)), 72,4 (b2(2)), -+ s Pmg (b (2)), f(@)) +q Y bi(x), (3.1)
i=m-+1
where
|g7/(x)|7 xS Iv
bz(x) = _|gi(x)|7 i€ jv (32)
max{0, g;(z)}, ie{m+1,--- mp}.
Note the definitions of T',7; 4,7 = 1,--- ,m, and we can regard ¢q(x) as a modified penalty
function.

Throughout the paper, the pair (z*,\*) is said to satisfy the second order sufficiency
condition (see [1, p.169]) if

V. L(z*,\*) =0,
gi(z") =0, i=1,---,m,
gi(x™) <0, Z,:m—i—l, , M, (33)
Af >0, i=m+1,---,my,
Afgi(x™) =0, t=m-+1,---,myg,
y V2 L(z*, A" )y > 0, vy € V(z"),
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where L(z, \) = f(z) + zo: Aigi(x) and
i=1

VTgi(x*)y:Oa Z:]-a ,m
V(z*)=L{ye R"| Vlg(z*)y=0, i€ Ax*) ,
VTgi(a)y <0, i€ B(a*)

Ay ={ie{m+1,--- ,mo} | g:(z*) =0, A} >0},
B(z*) ={ie{m+1,--- ,;mo} | gi(2*) =0, \] =0}.

It is well known that the second order sufficiency condition implies strictly local exact
penalization of the [; penalty function. The following theorem shows that under some
conditions, the second order sufficiency condition also implies strictly local exact penalization
of the function ¢4 ().

Theorem 3.1. Suppose that

(i) f(z) and gi(x), i = 1,--- ,mo, are twice continuously differentiable on X, T(z)
satisfies the condition (iil) of Theorem 2.1 and r;q4, i =1,--- ,m, satisfy the condition (iv)
of Theorem 2.1;

(i) the pair (x*,\*) with x* € int(X) satisfies the second order sufficiency condition
(3.3).

Then, there exists a positive number qg, such that when q > qo, ** is a strict local
minimizer of gq(x).

Proof. Since r;4(t), i =1,---,m, satisfy the condition (iv) of Theorem 2.1, for

My
a=— 1g§§0(| i+,

there exists a ¢o > My max (JA]| + 1) > 0, such that
1<i<mo

r§7q(t)>(j for any t € Ry, i €1, (3.4)
riq(t) < —a forany te R_, i€, '

for all ¢ > qo, where gy and My are given in the condition (iii) of Theorem 2.1. Then, we

*

conclude that when ¢ > go, =* is a strict local minimizer of ¢4 (x) on R™.
In fact, by contradiction, suppose that there exists a g > qg, such that z* is not a strict
local minimizer of ¢,(z) on R™. Then there exists a sequence {z,} converging to z*, such

that x, # z* for any n =1,2,---, and

Pq(Tn) < pq(x").

Since for any i € I, n = 1,2,---, we have b;(x,) > 0; for any i € [, n = 1,2,---, we have
bi(rn) < 0 and since 15 4, @ = 1,--- ,m, satisfy the condition (iv) of Theorem 2.1, for any
n=1,2,--- we have

Ti,q(bi(xn)) 2 O, 7 = ]_’ cee M.
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Since 7 4(bsi(z*)) = 0, ¢ = 1,---,m, for any n = 1,2,--- we have r; 4(b;(zy)) >
ri,q(bi(x*)), i =1,--- ,m. Since T is strictly increasing, and for any i € {m +1,--- ,mo},
bi(xn) > 0=>;(z*); for any n =1,2,-- -, pq(zn) < pq(z*), we have

flan) < (7).

Since {ﬁ} is a bounded sequence, there exists a subsequence {ny} of {n}, such

that {%} converges to a vector s with unit norm, i.e., ||s|| = 1.

Without loss of generality, we suppose that the subsequence {ny} is just {n}, i.e.,

. Ty, —T*
s= lim —.
n—+oo ||, — z*||

Let
y:z = Ti,q(bi(.lﬁn)), 1= 17 s, M, ZH_l = f(xn);
Zn = (yrlu e 7er/7er/+1)a AR (rl,q(o)v T arm,q(o)a f(x*))

Then, there exist 0 <6 <1, 0<6; <1, ¢ =1,---,m, such that
‘Pq(xn) _<Pq(x*)

=T(Z,) —T(Z*) +q zo: bi(xn)

i=m+41
" OT(0Z, + (1 —0)Z*
=2 ( 815 ) )Ti,q(‘gibz‘(%n))bi(ﬂﬁn)
=1 g
oT0zZ, +(1—-6)z* . mo
+ ( p) ( ) )(f(wn)_f(x ) +a Z bi(xy)
Ym+1 il
OT(0Z, + (1 —6)2* . . ) (3.5)
= ( 3(, ) )Té,q(f?ibi(:vn))IVTgi(x )(xn — &) + o |0 — 2*[])]
iel Yi
or0z,+(1—-6)z* . . )
-2 ( ay(A ) )Té,q(%bi(wn))IVTgi(x N@n — %) + of[|zn — ™))
iel v
orz,+(1-6)z* . . .
+ 9 Sl )(VTf(:c )(@n — %) + o(||lzn — 2*|))
Ym+1
+q Y max{0,gi(x") + V7 gi(a*) (@ — 2*) + o||xs — 27}
1=m-+1
Since for any n= 1,2, , pq(xn) < @4(z*), we have that for any n =1,2,--- |
orez,+01-e)z* . . .
> ( (, ) )Té,q(fhbi(wn))IVTgi(x )(xn — &) + o |0 — 2*||)]
iel Ay
or0z,+(1—-6)z* i . .
B Z ( 835 ) )T;,q(eibi(q"n)”ngi(x )(xn - )+ O(Hxn - H)|
iel v

AT (0Z, + (1 — 0)Z)

- (V2 f (@) (@n — 2%) + o[l — 27|))
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+4q Z max{0, V' g;(z*)(xn — 2*) + o(||z,, — z*||)} < 0.

i=m-+1

Therefore

5 OT(0Z, + (1 — 0)Z%)

g 01 () [Py ) =) ol — 27D

7 lon =2 T Jlon =]
8T(92n+(1_9)Z*) / T * (a:n—a:*) O(Hxn_x*”)
2 LG L e R P
el
OT(0Z, + (1—0)Z%) (. o (20 —a%) | ol|an —2*])
+ v +
e N (G ) e Ty e )

mo * _ *
e Y maX{O,VTgi(x*) (wn —27) | ollzn —x ”)}go.

e Jon —l " llzn— o

By taking limit on the both sides, we have

|ngz

(0)[VTgi(z")s]
i€l

AT
8ym-i-l

iel
Y mo (3.6)
—= VT f(a*)s +q Z max{0, VT g;(z*)s} < 0.
i=m-+1
Thus, it implies that V7 f(z*

)s < 0. By (3.4) and the condition (iii) of Theorem 2.1 and
since q¢ > qp, we have

oT(Z* . T (Z* .
S 0 aa)sl - 3 T 09 )
iel ¢ iel '

or(2”)

_|_
OYm+1

— VT f(a*)s + ¢ 20: max{0, V7 g;(x*)s}

1=m-+1

> Mo{ [ max (Xi]+ )] D2 V7 gi(a)sl
- i=1

[ max N1+ D)] Y max{0, V")s) + V7))

1=m-+1
Thus, we have

[ max (N +D] Y2 (V7

1<i<m

mo
* T, . * T *
+ [12%0(% |+ 1)} E max{0, V" g;(z*)s} + V' f(z™)s < 0.

i=m-+1

By the condition (3.3), we have

v s+ZA*ngz( “)s =0.

i=1
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Therefore, we have

S |[ max (A7 + 1) max{0, Vg (@")s} = A V7 gi(a")s]
i=m+1 -

+ Z ([ max (A71+ D) I97 gi(w)s] = A VT gi(a)s] <o0.

Since for any i = m 4+ 1,--- ,mo,  max (A7 + 1) max{0, VT g;(x*)s} — \iVTg;(x*)s > 0;

and for any i =1, -+ ,m,  Dax (X 4+ DIVT gi(a*)s| — A\iVTg;(z*)s > 0, we have
121'13){ (lAr| + 1) maX{()? ngz(J?*)S} - )\:ng’L(m*)S = 07 i=m+ 17 ©, Mo,
1Mo

121, N1+ 1)V gi(@™)s| = X VT gi(a)s =0,  i=1,---,m.

Thus we have

—0, i=1,-,m,
V%gi(x*)s{ =0, i€ A(x*),
<0, i € B(z*),

ie., s € V(z*). By (3.3), we have
sTV2 L(z*, \*)s > 0.

Therefore, when n is large enough, we have

F@n) + Y Ngilwn) > f(z").

i=1

By (3.4), (3.5) and the condition (iii) of Theorem 2.1, since ¢ > go, we have

Pq(xn) = pq(z")

> My 32 [ mas (A D)biea) = D0 [ max (3|4 1)]bi(a)

ier ST i€l tsismo
+i:m;: [ (W14 D]ten) + ) — 560)]
= 0[S [, (N1 1)l
¢ 30 [ 01+ 0] max(0.00) 4 o) - 07
" i llaten) + 3 ¥ max{0.0e) + Son) — 112

.
Il
-
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Thus, when n is large enough, we have
mo
Galn) = pal@”) = Mo( Y- Nigi(wn) + flan) = f(2%)) >0,
i=1

which contradicts ¢g(zy) < p4(z*) for all n =1,2,---. We complete the proof.

Consider the following simply constrained programming problem:

mi g (). (3.7)

The set of global minima of the problem (3.7) is denoted by G(3.7).
In order to obtain the relationship for global minima between the original problem (1.1)
and the simply constrained problem (3.7), we need the following assumptions.

Assumption 3.1. The set of global minima of the problem (1.1) is a finite set.

Assumption 3.2. For any x* € G(1.1), there exists a vector \* such that the pair
(x*, \*) satisfies the second order sufficiency condition (3.3), where G(1.1) is the set of
global minima of the problem (1.1).

The following theorem shows the global exact penalization of ¢q(x).

Theorem 3.2. Suppose that

(i) f(z) and gi(z), i = 1,--- ,mg, are twice continuously differentiable functions, T
satisfies the condition (iii) of Theorem 2.1 and r; 4, @ =1,---,m, satisfy the condition (iv)
of Theorem 2.1;

(ii) Assumption 2.1, Assumption 3.1 and Assumption 3.2 hold.

Then there exists a ¢* > 0, such that when q > ¢*, G(3.7) = G(1.1).

Proof. By Assumption 3.1, we know that G(1.1) is a finite set. Let

By Theorem 3.1, for any ¢ = 1,--- , ko, there exists a positive number ¢; g, such that when

q > ¢io, xf is a strict local minimizer of function 4(z). Let ¢ =  Iax g Thus,
1S KRo

when ¢ > qo, for any i = 1,---, ko, there exists a positive number d,+, such that for any

€ N(xf,0.+)\ {2}, i=1,--- ko, we have

pq() > pq(27),

where N (x},0,:) = {x € R" | [[x—x}| < d.+}. Forany z € S\G(1.1), we have f(z) > f(z}),
where S is defined in (2.4). Thus, for any z € S\ G(1.1), there exists a positive number
0z, such that for any y € N(x,d,) and for any ¢ = 1,--- , ko, we have f(y) > f(z}). Thus,

for any y € U N(z,0), for any i = 1,--- , ko, we have f(y) > f(x}). Thus, for any
2eS\G(1.1)
y € U N(z,0z), i=1,---, ko, since r; 4(b;(y)) > 0, we have
2€S\G(1.1)

o) = T(rigr1 (), Tonsg G F@) +0 S bily)

i=m-+1
> T(Oa aovf(y)) > T(Ov aovf(x:)) = @q(%*)
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Therefore, for any y € ( U N(x,éx))\G(l.l), i=1,--- ko, we have
€S

©q(y) > pq(7).

Since S is a compact set, there exists a positive number Jp, such that (S + JoN(0,1)) C

U N(zx,0y), thus, for any x € (S + 6oN(0,1)) \ G(1.1), i = 1,--- , ko, we have p4(x) >
z€S
wq(zF). Since X \ (S + JoN(0,1)) is a compact set, and for any x € X \ (S + JoN(0,1)),

mg
> bi(@) = > bi(z) + >0 bi(z) > 0, there exists a positive number 6, such that for any

el icl i=m-+1
x € X\ (S+dN(0,1)) we have

sz(m) — sz(l‘) + zo: bz(l‘) > 90 > 0.

el iel i=m+1
Mo(F— - . . .
Let @, = Mol7=]) By the condition (iv) of Theorem 2.1, there exists a positive number
0 o 6090
M, —
qh > 0(00 D, such that when g > ¢f, we have

riq(t) > @ forany t€ Ry, i €1,
ri () <—q, forany teR_, i€l

where f > max flx), < mi)r(l f(z), ep and My are given in the condition (iii) of Theorem
TE - e
2.1. Let

yi:Ti,q(bi(l‘)); Z:17 ,m, ym+1 :f(m)a
Z = (ylv T ’ym’merl)’ Zz* = (qu(O)v T 77Am7q(0)7f(x?))'
Then, for any z € X \ (S +JoN(0,1)), i =1,--- , ko, ¢ > g, we have

) 4 Z oT(0:Z 4+ (1 —0:)Z]) ,

Pq(x) = ¢q(; 2 o Th,q (1 bk (2)) bk (2)
«— oT(0;Z + (1 — 6,)Z7) .
+qi:%:+1bz(x) + - (f(z) = f(z7))
Mo(f — &
> el + 2D (S @) - Tonw + 3 b)) + Mof - £GD)
0 icl el i=mt1
2 Soq(x:)a
whereO<9i<1,z':1,~-~,/<:0;0<04i1k<1,k:1,~-,m,z':1,~-~,/<:0.

Let ¢* = max{qo,qy}. When ¢ > ¢*, for any z € X \ G(1.1), 4,5 = 1,--- , ko, we have
Pq(T) > pq(x7) = ¢q(x}). Thus, we have G(3.7) = G(1.1).

Note that ¢4 (z) is not necessarily monotone. Moreover, it is not differentiable. Consider
the following programming problem

min ¢q(z) = T(r1,4(91(2)), "+ s Tm,q(gm (), f(2)),
st gi(x) >0, 1€l
gi(z) <0, iel,

IN IV
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gi(z) <0, ie{m+1,--- ,mo},
xz € X. (3.9)

Denote the set of global minima of the problem (3.9) by G(3.9). The objective function ¢4(x)
is continuously differentiable under the conditions of Theorem 3.2. The following theorem
shows that under some conditions the primal problem (1.1) is equivalent to the problem
(3.9) and the problem (3.9) is a monotone programming problem with strictly increasing
objective function.

Theorem 3.3. If the conditions of Theorem 3.2 hold, furthermore, if Assumption 2.2
holds, and for anyi = m+1,--- ,mg, g;(x) is monotone, then there exists a q¢1 > 0, such that
when q > q1, G(3.9) = G(1.1), and the problem (3.9) is a monotone programming problem
with strictly increasing objective function.

Proof. Let
gi(x) >0, iel,
So=<SxeX| gilx) <0, iel,
gi(x) <0, i€{m+1,- mo)
For any x € S3, we have
|lgi(z)| = gi(), iel,
bi(z) = § —lgi(x)| = gi(x), i€l
max{0, g;(z)} =0, ie{m+1,--- ,mo}.

Thus, for any x € S, we have

pq(x) =T (r1,4(b1(2)), s 7m,q(bm (), f(2)) + ¢ Z bi(z)

i=m-+1

=T(ri,q(91(2)), -+ s 7m,a(gm (@), f(2)) = ¢(2).

By G(1.1) C Sy and Theorem 3.2, when ¢ > ¢*, for any z* € G(1.1) and = € S \ G(1.1),
we have ¢q(z) = pq(x) > pq(z*) = ¢pg(x™), where ¢* is given in Theorem 3.2. Thus, when
q > ¢*, we have G(1.1) = G(3.9). Furthermore, by Theorem 2.1, we know that there exists
a positive number qg, such that when ¢ > qo, function ¢4(x) is strictly increasing on X ,
where X is defined in (2.8). Let ¢; = max{q*, qo}. Thus, when ¢ > g1, G(1.1) = G(3.9) and
the problem (3.9) is a monotone problem.

Consider another programming problem

s.t. gi(x) <0, 1el,
gt(x) S07 Ze{m+1a 7m0}a
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Similarly, we can obtain that under some conditions the original problem (1.1) is equiv-
alent to the problem (3.10) and the problem (3.10) is a monotone programming problem
with strictly decreasing objective function.

Theorem 3.4. Suppose that

(1) f(x) and gi(x), i =1,--- ,mq are twice continuously differentiable functions, T and
Tigq, @ =1,---,m satisfy the conditions (iil) and (iv) of Theorem 2.2 respectively;

(ii) Assumptions 2.1, 2.2, 3.1 and 3.2 hold;

(iii) for anyi=m+1,---,mg, g;(x) is monotone.

Then there exists a positive number gz, such that when q > g2, G(3.10) = G(1.1) and
the problem (3.10) is a monotone programming problem with strictly decreasing objective
function.

Proof. The proof can be readily obtained from Theorem 2.2 and Theorems 3.1-3.3.

We know that if the conditions of Theorem 2.1 hold, then ¢4(x) is an increasing function
when ¢ is sufficiently large; if the conditions of Theorem 2.2 hold, then ¢4(x) is a decreasing
function when ¢ is sufficiently large. In addition, in order to assure the equivalence of
the original problem and the converted monotone problem, we need Assumption 3.1 and
Assumption 3.2. The following theorem shows that when m = mg = 1, we can assure the
equivalence without Assumption 3.1 and Assumption 3.2.

Theorem 3.5. Suppose that

(i)ym=mo=1;

(ii) the conditions of Theorem 2.1 (Theorem 2.2) hold;
(iii) the problem (2.4) has at least one feasible solution.

Then there exists a positive number qo, such that when g > qo, the problem (3.9) (problem
(3.10)) is a monotone programming problem and G(1.1) = G(3.9) (G(1.1) = G(3.10)).

Proof. Assume that g;() is strictly increasing on X. Let X = {z € X | g1(x) > 0},
S ={z € X | gi(x) = 0}. By Theorem 2.1, there exists a positive number qq, such that
when ¢ > qo, ¢4(z) is a strictly increasing function on X. Thus, the problem (3.9) is a
monotone programming problem on X.

By the condition (iii), S is not empty. We firstly prove that when ¢ > qo, G(3.9) C S.

By contradiction, suppose that there exist a ¢ > qo and a z}; € G(3.9), such that x} ¢ S.
Then we have

g1(zg) > 0. (3.11)

By the continuity of g;(z), there exists a positive number € > 0, such that for any z € X

with |z; — 2} ;[ <€, i =1,2,---,n, it holds that gi(z) > 0, where z = (z1, - ,7,), T} =
(@15 Tgn)-
If for any ¢, xy ; = ¢;, then we have z ; <7, 1=1,---,n, where 2° = (9,---,25) € S.

Since g1 () is strictly increasing on X, we have g (z}) < g1(2°) = 0. This contradicts (3.11).
Thus, there exists an ig (1 < ip < n), such that Ty

o * * * * * * * *
= (T 1Ty Ty o1y Ty iy — €05 Ty 0415 5Ty y)- Then, u* € X and gi(u*) > 0.

*

> ciy. Let g9 = min{e, x} ;. — ¢y},
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Thus, u* € X and

Dq(u*) = dq(g). (3.12)

On the other hand, since ¢, () is strictly increasing on X and u* < z;, we have ¢, (u*) <
¢q(x}), which contradicts (3.12). Thus, we must have G(3.9) C S.
Thus, for any 2* € G(3.9) and y* € G(1.1), we have

Gq(y") 2 dg(x7) = T(r1,4(0), f(27)) = T(r1,4(0), f(y7) = ¢q(y")-

Thus, we have ¢4(y*) = ¢q(z*) and f(z*) = f(y*) = ¢q(y*), which imply z* € G(1.1) and
y* € G(3.9). Therefore, it holds that G(3.9) = G(1.1).
Similarly, we can prove the corresponding result in other cases.

A research topic that needs further pursuing in the future is to identify the lower bound
of ¢ which guarantees the success of the monotonization and the equivalence.
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