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DISCONTINUOUS INITIAL DATA CONTAINING
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EULER EQUATIONS***
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Abstract

The global stability of Lipschitz continuous solutions with discontinuous initial data
for the relativistic Euler equations is established in a broad class of entropy solutions
in L containing vacuum states. As a corollary, the uniqueness of Lipschitz solutions
with discontinuous initial data is obtained in the broad class of entropy solutions in
L.
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8§1. Introduction

We are concerned with the global stability of entropy solutions in L°° containing vacuum

states for the relativistic Euler equations (cf. e.g. [10, 27-30])

’1)2 v
(o) ) ) =0

. (1.1)
0 (0 + p) 5= ) + 0:((p + pe*) 57— +p) =0,

2 — 2 2

where p, p, and v represent the proper energy density, the pressure, and the particle speed

respectively, and are in the physical region
V={U=(p,v) :0 < p < pmax, [v| <c}, (1.2)
where the constant c is the speed of light,

pmax = sup{p: p'(p) < *},
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which means that the sound speed \/m is less than the light speed c.

In this paper, we study System (1.1) and establish the stability of Lipschitz continuous
solutions with discontinuous initial data in a broad class of entropy solutions in L*° con-
taining the vacuum states for (1.1). This broad class of entropy solutions requires only that
the solutions are weak solutions and satisfy one physical entropy inequality.

For the classical (nonrelativistic) Euler equations, similar problems have been studied.
Chen in [3] first introduced an effective method to handle with such entropy solutions in L
and showed the stability of rarefaction waves. Li in [20] further developed Chen’s method and
solved the stability problem for Lipschitz continuous solutions with discontinuous initial data
in a broad class of entropy solutions in L containing the vacuum states. One of the main
motivations for the stability problem for the Euler equations is the instability of solutions of
the corresponding classical Navier-Stokes equations containing vacuum as discussed in [3].
Also see [13].

In this paper we study the relativistic Euler equations and extend the results for the
classical Euler equations to the relativistic case. As we will see below, the relativistic Euler
equations are much more complicated and have more rich phenomena, while the classical
Euler equations are just the limit system of the relativistic Euler equations as the light speed
tends to infinity. One of the main difficulties is that strict hyperbolicity of System (1.1) fails
at the vacuum, which yields additional singularity.

One of the main new ingredients in this paper is to analyze the singularity and other
behaviors of solutions in detail in the relativistic regime, that is, in the regime when the light
speed is finite. In particular, for the general case, we identify the invariant regions for the
Riemann solutions to the system. Another new ingredient is to identify a global Lyapunov
functional for the stability problem for the relativisitic Euler equations so that any solution
in the family of Lipschitz continuous solutions with discontinuous initial data is globally
stable under the Lyapunov functional norm, a weighted L2-norm, and thus is unique in the
broad class of entropy solutions in L°°. To achieve this, we require the generalized Gauss-
Green theorem for divergence-measure fields recently established in [4] since the solutions
are not in BV.

The organization of this paper is the following. In Section 2, we review and discuss
some basic properties of System (1.1) of the relativistic Euler equations, analyze the Rie-
mann problems with vacuum for subsequent development. In Section 3, the existence of
a global Lipschitz continuous solution with vacuum and discontinuous initial data to the
Cauchy problem is shown under some monotone conditions on the data which exclude the
propagation of the discontinuity. Finally, in Section 4, we prove the stability and uniqueness
of global Lipschitz continuous solutions with discontinuous initial data in a broad class of
entropy solutions in L containing vacuum states by the use of an appropriate Lyapunov
functional and the monotonicity of this functional.

About the uniqueness and stability of Riemann solutions staying away from vacuum, see
[10, 11]. For the classical non-relativistic case, see [4, 6-8, 13-15, 17]. Other related results
and discussions regarding vacuum problems can be found in [1-3, 5, 9, 13, 16, 18, 19, 21-25].
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8§ 2. The System of Relativistic Euler Equations and
the Riemann Problem with Vacuum

In this section, let us first review some basic and important properties of the system of
relativistic Euler equations (1.1). Then we analyze the Riemann problem of System (1.1)

containing vacuum states.
2.1. Relativistic Euler equations

System (1.1) fits into the following general form of conservation laws

0.U+ 0, F(U) =0, (2.1)
by setting
2 T
_ 2 v n_ v
Uﬁ((p—’—pC)CQ(CQ—’UQ)—’—p’(p—’—pC)62—1}2) (22)
and
FO) = (04 D) s 0+ D) s +1) | 23)
- p pC CQ—UQ’ p pC CQ—UQ p . *
The equation of state is
p=p(p);

where p(p) is a smooth function of p and satisfies that, for p = 0 (vacuum states),

/
p(0)=0, p'(0)=0, lim pp(f) = >0, (2.4)
and, for p > 0 (non-vacuum states),
p(p) >0, (2.5)
P (p) >0, (2.6)
p'(p) > 0. (2.7)

The condition (2.6) means the strict hyperbolicity, and the conditions (2.5)—(2.7) imply the

following genuine nonlinearity of System (1.1):

" p(p)p” (p) = 2p'(p)?

2 > 0, (2.8)

pp" (p) +2p(p

when p > 0 and the sound speed \/p’(p) is less than the light speed c.
For polytropic vy-law fluids with

p(p) =rp?,  y>1, k>0,

it is easy to verify that p = p(p) clearly satisfies the conditions (2.4)—(2.7).
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If we rewrite (1.1) as

Opu+ Adyu = 0, (2.9)
where
u=(p,v)", A= (dU)"YdF(U),
(U1, Us) U, Uy
dU .= ——= = P v
Y 00 (Uzp Us)
L 8(F1(U),F2(U)) _ Flp Flv
aFU) = d(p,v) o\ )

then it is not difficult to calculate the two eigenvalues of System (1.1):

)~ COVTR) 2 Vi)
2 —v\/p'(p) 2 +v\/p/(p)
Since
2¢%(v? — ¢*) /P (p)
T ()
we know that System (1.1) is strictly hyperbolic in non-vacuum states in VN {p > 0}. But,

Ay — AL =

)

from the condition (2.4), we have
lim (A2 — A1) =0,
p—0

which means that the strict hyperbolicity fails in vacuum states. We can also calculate the

two eigenvectiors corresponding to A; :

(=1 p’(p))T,

i) =50 0) (5= 3 o

j=1,2.

By choosing

2(c% + (=1 oy/p'(p) )2(p + pc) /P (p)

o )+ W) o) 2wy TR B

Oéj(p,v) =

we have V, Aj(u)-r; =1, j = 1,2, so both families of System (1.1) are genuinely nonlinear.

On the other hand, we can also rewrite System (1.1) as
oU+VFU)o,U =0, (2.11)

where

FU) = ———FF———-—-% =
VEU) AUy, Us) By,  Fw,

0 1
= | Ap—v?) 220 =) | - (2]_2)

647;0"1)2 C47p"u2

o (U), »(U)) (le F1U2> — dF(dU)!
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In this case, the eigenvalues of the system keep unchanged, but the corresponding eigenvec-

tors are changed to

?jl dU'Tj
_M< (—1)9 (c* + ' (p)v?) + 20¢?
(—

62(62 _ U2)2

P'(p) o
1) (p'(p) + )ve? + c2(c? + v?) p'(p))’ Jj=12, (2.13)

with
VN (U) -7 = VuXj(w)(dU) U - rj = V \j(u) -rj = 1.

We recall that an entropy-entropy flux pair for (1.1) is a pair of C* functions (n(U), ¢(U))
satisfying

Vn(U)VF(U) = Vq(U).

In particular, the physical entropy-entropy flux pair (n.(U), ¢.(U)) of (1.1) is
c? 2 [* ds 2 2
n*(U):_ieXp (C W)—*—C Ul, q*(U):n*(U)v—i—c Fl(U), (214)
0

2 — 2 s)+c3s

and we notice that the Newton limit of this pair is

1 P 1 oy
(—pv2+p/ ]Lg)dx, —pv3+pv/ mdr),
2 0 T 2 0 r

which is exactly the physical entropy-entropy flux pair of the following classical non-rela

-tivistic Euler equations

{W + 82 (pv) =0,
A (pv) + 0z (pv® + p(p)) = 0.

A direct calculation yields

20012 | 222 ’,2 4 122
9 _ cAp'c? +vic® +2p'v%)  —(c*+2p'c* + plv)
\% U*(U) - Oé()(p,’U) ( —(04 + 2p/C2 +p/?}2)’l} 64 + 3p"u2 ) (215)
with
c® exp
040(,071)) _ ( fl p( S)+628) (216)

ve? —v3(ct = p'v?)(p + pc?)?
Thus n,(U) is strictly convex in U in any compact domain of V N {p > 0}.
2.2. Riemann problem containing vacuum states

We consider a special Cauchy problem—Riemann problem, which is the initial value

problem with initial data
U_, T <0,
U|t=0 = Ro(x) = (217)

U+, SC>0,
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(p+,vx) €V, Up =U(psx,ve), and Uy # U_.

Given a state Uj, we consider all the possible states U that can be connected to state
U; on the right by a centered rarefaction wave in the j-families, j = 1,2. Consider the
self-similar solutions U(§), £ = ¢, of the Riemann problem (1.1) and (2.17). We have the

ordinary differential equations
{§ =X (0)(©),
(I = VEU(£)))U'(§) =0,

with boundary conditions

UA\;(th)) = Uy,

and, on the j-family centered rarefaction waves,

%;%%;%@(U(%)), j=1,2. (2.18)

For a rarefaction wave R(%) with right state U, it holds that

where

- , (S)pjr(js (2.19)
s(p,v) = §ln<c—v) —02/0 mds

are the Riemann invariants. So the two families of rarefaction wave curves corresponding to

the j-th characteristic families, j = 1,2, can be given respectively by

14 /
Ri(p,v) : ‘In (H—U) + (32/ pi(sds = constant, 0<p<pr,
2 c—v o D(s) +c?s (2.20)
Ry ’U)'Eln(c_H])+62/pﬂds—constant > |
SRR Ry o P(s)+cs e
Standardly, the Riemann solutions can be constructed as follows.
A.If p_ > 0 and p;+ = 0, then there exists a unique v, such that
U, ~ < n(-),
R(§> - RI(E), MU-) < Z <, (2.21)
t t z t
vacuum, n > Ve,

where Ry () is the solution of the boundary value problem:

Ri(&) =r(Ri(€), &> M(U-); Ri(M(U-))=U-. (2.22)
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B. If p_ =0 and p4 > 0, then there exists a unique 9, such that

vacuumn, % < Ve,
x x x
Z) = — U, < — <
R(T) =4 Ra(): e <7 < Xa(Uy), (2.23)
U+7 ? > )\2(U+)a

where Ry (&) is the solution of the boundary value problem:
Ry(§) = r2(Ra(€)), €< (Us);  Re(Xa(Uy)) =Us. (2.24)

C. If px > 0, there are two cases:

(C1) There exist unique v, , Ve, , Ve; < Ve, such that

U_, 7 < M (U2),
x T
d <Z<
mE). s,
R(%) = { vacuum, Ve, < % < Ve, (2.25)
x T
RQ(?)7 UC2 S ? S AQ(U+)7
x
Uy, 7 > 24,

where R;(€) and R2(&) are the solutions of the boundary value problems (2.22) and (2.24),
respectively.

(C2) There exists a unique Upnr = U(par, var), par > 0, such that

U, S <aUo),
R(3). M9 T <),
R(%) =!u., M(Un) < f < X (Un), (2.26)
Rz(%), A2 (Upr) < % < X (Uy),
Uy, % > X2 (Uy),

where R;(€) and Rz2(&) are the solutions of the boundary value problems (2.22) and (2.24),
respectively.

Lemma 2.1. The regions

> (Fo.80) = {(p,v) : 7 < Fo,8 > 5o,r — s > 0}

are invariant regions of the Riemann problem (1.1) and (2.17). That is, if the Riemann

data lies in Y (7o, So), then the corresponding solution of the Riemann problem also lies in

>-(70, 30)-

The proof of Lemma 2.1 needs the following two lemmas.



498 LI, Y. C. & WANG, L. B.

Lemma 2.2. As long as the genuine nonlinearity condition (2.8) is satisfied, on the
Uy — Us plane the 1-rarefaction wave curve Ry is concave and the 2-rarefaction wave curve
Ry is convex, where Ry and Ry are defined by (2.20).

Proof. (1) First we show the concavity of R;.
It is easy to know from (2.20) that, along R;,

— (22 P'(p)
v = )y T o (2.27)

and
dUy 90U, /0p + (0U2/0v)(0v/dp)

dU, — 89U, /dp + (0U,/0v)(dv/dp)

Noticing that

o> _ (¥'(p) + v o _ (p) +e?)?

op (-2’ dp (2 —v?) ’
and

O _ (p(p) + pc®)(c + v?) UL _ 2v(p(p) + pc?)

v (c? —v2)2 ’ v (2 —v2)2 7

we can obtain

dU> _ (v—+/p'(p))

— = . 2.28
a0~ e o) (225)
From
U, _d(Gq?) jduy
dU? dp dp’
and a detailed calculation, we arrive at
Uy O(c® —v*)%[pp" (p) +20'(p) + (p(p)P" (p) — 29'(p)?)/c?] (2.29)
Ut 27/ (0)(p(p) + pc?)(c? — /P (p) )"
whose sign is negative from (2.8), thus R; is concave on the U; — Us plane.
(2) Next we show the convexity of Rs.
Similar computation shows that, along R,
/
v, = (? —v? ﬂ, 2.30
=) 1 e (230
@ _ CQ(U + V pl(p)) (2 31)
dU 2+ o/ (p)
and then
d?Us _ (e —v*)%[pp" (p) + 20 (p) + (p(p)p" (p) — 20 (p)?) /7] (2.32)

oy 27 () (p(p) + pc2)(c — v\/P/ (p) )*

which is positive from (2.8), thus Ry is convex on the U; — Us plane.
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Lemma 2.3. The mapping (p,v) — (U1, Us) is one-to-one.

This is because the Jacobian of the mapping is nonsingular in the region V:

*+02p’ (p) 2v(p(p)+pc?)
8(U1 UQ) CQJ’_UQE) 2 2__,2)2
J = det At e det C/(C 1)2) (c 2v )2 2 (233)
A(p,v) Wy (pedtp)(e o)
_ (plp) + pc*)(c* = v*p'(p)) 40
- 02(02 _ 1)2)2 :

Then Lemma 2.1 follows immediately from Lemma 2.2 and Lemma 2.3 (cf. [13, 16]).

§ 3. The Global Existence of Lipschitz Solutions

Let us first identify a class of monotone initial data which can allow discontinuity and
may generate vacuum.

The given initial data is

Uli=o = Vo(z) = (U(po(), v0(x)), Ua(po(w), vo())) ", (3.1)

where (po(z),vo(z)) € V, such that

70, z <0,

7(po(x),vo(x)) = {ro(x), o0, (3.2)
so(x), z <0,

s(po(x),vo(z)) = { ol@) 0 (3.3)
S50, x s

where 7(p,v) and s(p,v) are the Riemann invariants, ro(z) and so(x) are the nondecreasing

piecewise continuous functions of x, rg and sy are constants, and it holds that

To < TO(QE) < Tsup; Sinf < 50(1}) < S0, (34)

ro(0) £ 7o, s0(0) # so. (3.5)

In this section, we first construct the approximate solutions, and then obtain the existence

of Lipschitz solutions via the uniform boundedness estimates of the approximate solutions.
3.1. The construction of approximate solutions
In order to obtain the approximate solution sequences of (1.1) and (3.1), we consider the

Cauchy problems with initial data

Ulo = Vo ((3 - %)h) Ly, (j-Dh<e<jh (3.6)

Then the self-similar solutions of (1.1) and (3.6) can be described as follows.
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A. (Fig. 1) There exists unique v, and v,,, such that

Viz,t) =

Rl

VO

—i+s

t

S )
+3

Ry (%)

vacuum,

(52),

—jh M (VO )t <@ < —jh+ M (VO )t

1
2

j:172a"'a

J

_]h+)\1(VB+%)t§£B < —(]—1)h+>\1(VBJ+%)ta

j: 172a' T
M (VO )t <o <t
2

Ve, b ST < Vgt

Vet < < )\Q(V%O)t,

(G —Dh+ X (V2 ,
J—3

j: 1725"' )

Fht M (VP L)t <@ < jh+ 22 (VY )t

1
2

j=1,2,---.

B. (Fig. 2) There exists unique v., and v.,, such that

Vi (x,t) =

Rl

—it3

t

Ry (%),

vacuum,

2

(=52),

(=52),

—jh+/\1(ij_%)t <a < —jh+M(

j:1527"'7

—jh+ M (VO )t <a < —(j = Dh+ A (VO

j = 1a27"' )

Al(VBl)t <z <gt,
2

Vet < < Joh + veyt,

Joh +veyt <@ < joh+ X (VY1 )1,

VO

J

Jt<w <jh+A2(Vj{%)t,

+%)t

j+%)

FhA A (VO )t <@ < (G4 Dh+ Ao (V)8

j:j07j0+17"'5

G+ Dh+ X (VA )t <2 < (G + Dh+ Ao (V)1

j:j07j0+17""

C. (Fig. 3) There exists unique v., and v.,, such that

Vi (x,t) =

Rl

Vo,

1

—i=3

—j—

—jo+%
vacuum,

t

1,
2

(IJrjoh

(52,

t

):

—(HDAHM(VE, g )t<e <=+ Dh+M (V0,1 )t

3
2

j:jO;j0+1;"'7

J—z

—G DR+ M (VO )t < e < —jh+ M (VO )t

j:jO;j0+1;"'7

—joh + Al(VBjO_ )t <@ < —joh + v, t,

1
2

—Joh + v, t < < wg,t,
Veyt < @ < A (VD)1

2
(7= Dh+ (V2
j = 172a' )
Fht X (VP4 )t <& <+ Ao

j=1,2,---.

1
2

J

0
v,

)t

)t <z <jh+ X (VjO%Q)ta
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D. (Fig. 4) There exists unique v, and v,,, such that
1 +ih ‘ 0 ; 0
RfjJr%(x tj ), _jh+>\1(V7j7%)t§x<—jh+>\1(V7j+%)t,
j=1,2,--,
0 ; 0 ; 0
VO —jh+ M (VO )t <o <= = Dh+ M (V2 )t
j = 17 2) T
Ry (%), A (VB%)t <z < v t,
V}L(x,t) - p > 0) 'Uclt S x < UCQt) (310)
R(Q)(%), Vet <& < Ag (Vs)t,
0 ; 0 ; 0
VYL, (= DhtXa(V) )t <z <jh+ (V)L

j: 1725"' 5
Jht (VP )t <o < jh+ (V) )t

_1
2

j=1,2,---.

Fig. 1
t
2
Ry R,
Ve, )\2 Jo+3
vacuum
ve . /7
Jo—3
0 -+ Jjoh (jo + 1)k
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Veq vacuum

—(jo+ 1R —joh z
Fig. 3
t
R? R3
Vey )\2
p»0
Vi
0 h T
Fig. 4

3.2. Uniform bounds for the approximate solutions and the existence of
global Lipschitz solutions

In order to obtain the global Lipschitz solution, we need to estimate the uniform bounds
of the approximate solution sequences and its derivatives. Let us first give the uniform

bounds of the approximate solution sequence V" (z,t) itself.

Lemma 3.1. Given initial data (po(z),vo(x)) satisfying (3.1)—(3.5), there exists a con-
stant C > 0, such that
V(1) < C. (3.11)

Proof. Noticing that re,p > 7 > s > sin¢ (Where 7, s are the Riemann invatiants), from

Lemma 2.1 we have
c+v

cC—v

< Tsups

c
Sinf S 5 In

thus

2 c+v 2
—5ins < In < —Tsup-
C cC—v C
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Then we can solve

2 2
ecsSinf _ ] ecsup — ]
—c<c=c————<v<c—5———=¢<g, (3.12)
e ¢ Sinf + 1 e'cTsup + 1
that is, v is strictly away from the light speed c. Therefore there exists a constant C; > 0,

such that

53 <Cn (3.13)

From the construction of V" (z,t), we obtain the uniform boundedness of V"(x,t) immedi-

ately.

Lemma 3.2. Given initial data (po(x),vo(x)) satisfying (3.1)—(3.5), there exists a con-
stant C > 0, such that

|V V(2 t)] <

%. (3.14)

h h
Proof. We need to prove that ‘WTgf’t)| < % and ‘SVT&I’” < %

From (2.18), we first show the uniform boundedness of 7;. Noticing the expression (2.13)
of 7;(V"(x,t)), we see that the boundedness of

02(62 o ,02)2’

(=17 (¢ +9'(p)0?) + 206 /D' (p)
and
(=17 (@' (p) + *)ve® + *( +v*) /P (p)
is obvious from (3.13) and the fact 1/p/(p) < ¢ and |v| < ¢, even near p = 0 (vacuum states).

From the formula (2.11) of a;(p, v), we have
2(c + (=17 o/ (p) )*(p(p) + pc*) /7' (p)
(p(p) + pc2)p" (p) + 20 (p) (2 = P'(p)?)

Then it is easy to obtain its uniform boundedness for p > 0. But near p = 0, because

aj(pvv) =

2¢'/p'(p)
aj Y v S 7N
J (p ) p// (p)
from (2.4) we know that
4
c

lim o (p,v) < —.
p—0

Ve
Therefore we can have the uniform boundedness of 7;. Then W‘ < % From (1.1)
and (3.12), it follows that ‘%| < %

From Lemma 3.1 and Lemma 3.2, we have the following theorem immediately.

Theorem 3.1. Consider the problem (1.1) and (3.1). For any given initial data (po(z),
vo(x)) satisfying (3.1)=(3.5), there exists a global Lipschitz continuous solution V(x,t) =
Up(z,t),v(z,t)) of (1.1) and (3.1) satisfying

V. <C  [vVin|<C
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8§4. Global Stability of Lipschitz Solution with Discontinuous
Initial Data Containing Vacuum

In this section, we show the global stability of Lipschitz continuous solutions with dis-

continuous initial data in a broad class of entropy solutions in L°° containing vacuum states.

4.1. Gauss-Green formula and normal traces for divergence-measure
fields in L*°

Since the solutions are not in BV space, we require the generalized Gauss-Green theorem
for divergence-measure fields recently established in [4]. For completeness, let us first review
divergence-measure fields in L°°, and the corresponding generalized Gauss-Green formula

and normal traces.

Definition 4.1. Let Q@ C RN be open. For F € L= (;RY), set
[div F|() = sup{ (F, Vi) : 9 € Gg(Q), lp(x)] <1, z € Q}.
We say that F is an L™ divergence-measure field over Q, i.e., F' € DM>(Q), if
[ Fllpatee () = [|Fl| e (ira) + [div F|(2) < oo, (4.1)

which means that div F' is a Radon measure over Q.
If F € DM>(Q) for any open set Q with Q@ € D C RN, then we say F € DM (D).

loc

Here, for open sets A,B C RY, the relation A € B means that the closure of A, A, is a

compact subset of B.

Definition 4.2. Let Q C RY be an open bounded subset. We say that O is a deformable
Lipschitz boundary, provided that
(i) Va € 99, 3r > 0 and a Lipschitz map v : RN=1 — R such that, after rotating and

relabelling coordinates if necessary,

QﬂQ(£7T) :{yERN'Y(yla 7yN—1) <yN}ﬂQ(a:,r),
where Q(z,7) ={y € RN 1 |z; —ys| <ryi=1,--- ,N};

(ii) IV : 90 x [0,1] — Q such that ¥ is a homeomorphism bi-Lipschitz over its image and
U(w,0) = w for all w € 0Q. The map ¥ is called a Lipschitz deformation of the boundary
090.

Denote 995 = U(9Q x {s}), s € [0,1], and denote s the open subset of © whose
boundary is 02,. We call ¥ a Lipschitz deformation of 0.

Definition 4.3. We say that the Lipschitz deformation is regular if
lim DV, o 5 = D7, in Li.(B), (4.2)
S—

where 5 is a map as in Condition (1) of Definition 4.2, and ¥, denotes the map of I into
Q, given by Ys(z) = U(x,s). Here B denotes the greatest open set such that ¥(B) C 0NQ.



STABILITY OF CONTINUOUS SOLUTIONS FOR RELATIVISTIC EULER EQUATIONS 505

Then we have the following results on generalized Gauss-Green formula and normal
traces.

Theorem 4.1. (see [4]) Let F € DM>(Q). Let @ C RN be a bounded open set with
Lipschitz deformable boundary. Then there exists a function F - v]|pq € L*°(0) such that,
for any ¢ € Lip(RY),

/ Fvlpq¢dHN ! = (div F, ¢>Q+/V¢-Fda:. (4.3)
o0 Q

Moreover, let v : U(0Q x [0,1]) — RY be such that v(x) is the unit outer normal to 9, at
x € 09, defined for a.e. x € V(0N x [0,1]). Let h : RNV — R be the level set function of
09, that is,

0 for v e RN —Q,
hiz) =41 for x € Q— (002 x [0,1]),
s for x € 00:,0<s<1.
Then, for any ¢ € Lip(0%2),
1
(F - v|pq,¥) = — lim — E()Vh - Fdx, (4.4)

=0 8 Jw(60x(0,s))
where E(1) is any Lipschitz extension of ¢ to all RYN. Furthermore, the normal trace
F-vl|aq is a function in L>(0N) satisfying || F - v|| L~ @00y < C||F| L~(), for some constant
C independent of F'; if 02 admits a regular Lipschitz deformation, then C = 1. Furthermore,
for any field F € DM (Q),

(F - vloq, ) = ess lim YoV P F-vdHN™t  for any ¢ € LY(Q). (4.5)
SV J o0,

4.2. The main stability theorem and the proof
We consider the Cauchy problem which is an initial L> () L*(R) perturbation of (3.1):
Uo(z) = Vo(z) + Po(x), Py(x) € L™ N L' (R). (4.6)

Definition 4.4. A bounded measurable function U(x,t) is an entropy solution of (1.1)
and (4.6) in Rﬁ_, if U(t,z) € V and satisfies the following:

(i) The equations (1.1) and initial data (4.6) are satisfied in the weak sense in R%, i.e.,
for all ¢ € C}(R?),

with U and F(U) defined by (2.2) and (2.3).
(ii) One physical entropy inequality holds in the sense of distributions in Ri, i.e., for
any nonnegative function ¢ € C§(R2),

o0

/0°° /:X’ (0« (U)0p + q:(U) 0y ¢) da dt +/ 7+ (Uo) (z)p(z,0)dx > 0, (4.8)

— 00
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where (N, qx) is the mechanical energy-energy flux pair defined by (2.14).
Then we have the following stability theorem.

Theorem 4.2. Let V(x,t) be the Lipschitz continuous solution of (1.1) and (3.1) con-
taining vacuum states, as constructed in Section 3. Let U(x,t) be any entropy solution of
(1.1) and (4.6) in the sense of Definition 4.4. Then, for any L >0,

|z|<L+Kt

/ » a(U, V)(z,t)dx < / a(Uy, Vo)(z) dz, (4.9)
where K > 0 is z'ndepen:ient of t, and
a(U,R) = (U — V)T(/O1 V2. (R +7(U — R)) dT) (U —-V)>o0,
if U £V and both are away from the vacuum.

In particular, if Up(x) = Vo(x) a.e., then U(z,t) = V(x,t) a.e.

Proof. The proof is based on the normal traces and Gauss-Green formula in Subsection
4.1 for divergence-measure vector fields in L>°. Without loss of generality, we suppose that

the approximate solution V" (z,t) has the form of Case A.

Step 1. First we renormalize the mechanical energy-energy flux pair (7, g« ) through the

following relative entropy pair:

a(U,V) = n.(U) = n(V) = V. (V)(U = V),
BU,V) = ¢(U) = ¢.(V) = Vi (V)(F(U) = F(V)),

and consider

p=0wa(U (2, 1), V"(2,1)) + 0:8(U (2, 1), V" (2,1)),
v=0m(U(z,t)) + 03¢ (U(z,1t)).

Since U(x,t) is an entropy solution, v < 0, and g < 0 in any region in which V"(xz,t) is
constant, in the sense of distributions. Then by using the Schwartz lemma (see [26]) and the
product rule for divergence-measure fields in [4], we see that y and v are Radon measures,
and (B(U(x,t), V(z,t)),a(U(z,t), V(x,t))) and (q.(U(z,t)),n«(U(z,t))) are divergence-
measure vector fields on R%.

For any L > 0, let

H%’t:{(x,s):|x|<L+K(t—s),O<(5<s<t},

where
K>K,= Sup 1B, V") [a(U, V)| Lo g2 ).

First, from the entropy inequality (4.8), the normal traces and Gauss-Green formula

for divergence-measure vector fields, and the convexity of 7,(U) in U, we notice that any
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entropy solution defined in Definition 4.4 assumes its initial data Up(z) strongly in L11OC
(cf. [12]):

lim |U(z,t) — Up(z)|dx =0 for any L > 0. (4.10)
=0 <L

Furthermore, we use Theorem 4.1 again to conclude that

W= [ e t), Vi, b)) de — / a(U(2,8), V"(x,6)) du

2| <L 2| <L+K(t—6)

—|—/ (8, @) - vdo,
SHf)L

where 8Hf7L ={(z,s): |z =L+ K(t—5),0<d<s <t}, vis the unit outward normal
field, and o is the boundary measure. By choosing K > K such that

/ (B,a) -vdo >0,
BnyL

we have
W) > [ el v o)de - [ (U, 6),V"(z,8)) dz.  (4.11)
lz|<L |o| <L+K (t—06)
Step 2. Set

Q= {(,t)]| —jh+ MV’ )t<x<—jh+>\1(VBj+%)t, t >0},

Q= { (@) | M(V2)) <@ <vgt, t >0},

Q= { (2,1) |[veat <z < X (V])E, t> 0},

Q= {(@, )| jh+ (V. )t <z <jh+ XV )L t>00  (j=1,2,--)
the rarefaction wave regions of V" (x,t), and

Qo := {({E,t) PV < % < Vg, t > 0} (412)

the vacuum region.

Then we have

,u{Hf’L} = p{constant states regions} + p{rarefaction wave regions} + p{vacuum region}.

(4.13)
Let
Qb sty =hnmg,, Q@)= n{(z.s)|0<s<t}, k=12,
Qos(t) = Qo NI, ,.
Then we have
u{rarefaction wave regions} = u{ U Qf,(; (t)}, (4.14)

Jik

p{vacuum region} = u{Q s(¢)}. (4.15)



508 LI Y.C. & WANG, L. B.

Over the rarefaction wave regions,
p=0y(U, V") + 0,8U, V") = v — (0, V") V2. (VMQF (U, V"), (4.16)

where QF (U, V") = F(U) - F(V?) -~ VF(V")(U — V"), and we used the fact that V21, VF
is symmetric. Recall that, for (z,t) € Q?,j =0,1,---,k=1,2,

oVh(x,t)

1.
il (Vi 1), k=12 (4.17)

Then, for any Borel set E C Q?, j=0,1,---  k=1,2, we have

wE) =v(E) - /E %?k(vh)TVQn*(Vh)QF(U, V™ (x,t) dedt. (4.18)
Hence we have
w{ Uks0)}
gk
= y{ LJkQ;“ Z /Qk P B T,V IV2n.(VMQF(U, V") (x, s) dxds. (4.19)
Js
Over the vacuum region €, p"(z,t) = 0 := p(x,t), we may choose the velocity
o (z,t) = ri o(x,t), Ve, < % < Vg, .

Then a careful calculation as before yields

p <= (€~ = Ppl) + A= 0P+ ),

.. p
as = 2 liminf ———"2 >
p—0" pp”(p) +2p'(p)

This implies that, for any Borel set £ C €,

1 Q
w(E) <v(E)-— /E n (@ — v2)2(§3 — 12)3/2
(=) (= H)p(p) + (v —0)%(p + *p))dxdt < 0. (4.20)

Since V" (z,t) is constant in each component of IT¢ ; — { U Qé?é(t) U Qoy(g(t)} and v <0,
: A

we have

I} < - Z/ﬂk t);rj VYTV (VIQF(U, V) (@, s)dads  (4.21)

from (4.18) and (4.20).

Step 3. Now we are going to show that

{1 1} < 0. (4.22)
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In fact, a careful direct calculation from (2.13) and (2.15) yields

~ (T o2 Wy oy VP D) o
(V)P (7) = ol Dl o)V G I (W) 0vF) 423)

and
QF(U,V") = (g) : (4.24)
where
C2
S Sy (@ =) (@ =) p-p—D(p—p) + (v—0)( = P)(p+pc?)).

Here we denote p = p, v = v", and p = p(p"). Therefore, we have
hy(s,2) i= 5 (V?) T2, (VIYQE(U, V7 (5,2) > 0. (4.25)
Then (4.22) follows immediately.

Step 4. Combining (4.11) and (4.22), we arrive at

/ (U (2,1), V(z,)) da < / (U (x,6), V'(z,0)) da. (4.26)
[z|<L || <L+ K(t—6)

Letting 6 — 0, we see that (4.10) and (4.26) imply

/ a(U(x,t), V(x,t)) dae < / a(Uo(z), V" (x,0)) d. (4.27)
|z|<L |z|<L+Kt

Let h — 0 in (4.27). Using the strong convergence of V" (z,t) to V(x,t) as h — 0, we
have

/ (U (1), V(. 1)) de < / a(Us (), Vo (x)) dz. (4.28)
ol <L

|z|<L+Kt

This completes the proof.

References

[1] Chang, T. & Hsiao, L., The Riemann Problem and Interaction of Waves in Gas Dynamics, Longman
Scientific & Technical, Harlow; and John Wiley & Sons, Inc., New York, 1989.

[2] Chen, G. Q., Convergence of the Lax-Friedrichs scheme for isentropic gas dynamics (III), Acta Math.
Sci., 6(1986), 75-120 (in English); and 8(1988), 243-276 (in Chinese).

[3] Chen, G. Q., Vacuum states and global stability of rarefaction waves for compressible flow, Methods
Appl. Anal., 7(2000), 337-361.

[4] Chen, G. Q., & Frid, H., Divergence-measure fields and conservation laws, Arch. Rational Mech. Anal.,
147(1999), 89-118; Extended divergence-measure fields and the Euler equations for gas dynamics,
Comm. Math. Phys., 236(2003), 251-280.

[5] Courant, R., & Friedrichs, K. O., Supersonic Flow and Shock Waves, Interscience, New York, 1948.

[6] Chen, G. Q. & Frid, H., Uniqueness and asymptotic stability of Riemann solutions for the compressible
Euler equations, Trans. Amer. Math. Soc., 353(2001), 1103-1117.

[7] Chen, G. Q. & Frid, H., Large-time behavior of entropy solutions of conservation laws, J. Diff. Egs.,
152(1999), 308-357.



LI, Y. C. & WANG, L. B.

[11]
[12]

[13]

[14]

[15]

[16]

[20]

[25]
[26]
[27]

28]
[29]
1301

Chen, G. Q., Frid, H. & Li, Y. C., Uniqueness and stability of Riemann solutions with large oscillation
in gas dynamics, Commun. Math. Phys., 228(2002), 201-217.

Chen, G. Q. & LeFloch, P., Compressible Euler equation with general pressure law, Arch. Rational
Mech. Anal., 153(2000), 221-259.

Chen, G. Q. & Li, Y. C., Stability of Riemann solutions with large oscillation for the relativistic Euler
equations, J. Differential Equations, 202(2004), 332-353.

Chen, G. Q. & Li, Y. C., Relativistic Euler equations for isentropic fluids: Stability of Riemann
solutions with large oscillation, Z. Angew. Math. Phys., 55(2004), 903-926.

Chen, G. Q. & Rascle, M., Initial layers and uniqueness of weak entropy solutions to hyperbolic
conservation laws, Arch. Rational Mech. Anal., 153(2000), 205-220.

Chen, G. Q. & Wang, D., The Cauchy Problem for the Euler Equations for Compressible Fluids, Hand-
book of Mathematical Fluid Dynamics, Vol. 1, Elsevier Science B. V, Amsterdam, The Netherlands,
2002, 421-543.

Dafermos, C. M., Entropy and the stability of classical solutions of hyperbolic systems of conservation
laws, In: Recent Mathematical Methods in Nonlinear Wave Propagation (Montecatini Terme, 1994),
Lecture Notes in Math., 1640, Springer, Berlin, 1996, 48-69.

Dafermos, C. M., Hyperbolic Systems of Conservation Laws from Continuum Physics, Springer-Verlag,
New York, 1999.

Ding, X., Chen, G. Q. & Luo, P., Convergence of the Lax-Friedrichs scheme for the isentropic gas
dynamics (I)—(II), Acta Math. Sci., 5(1985), 483-500, 501-540 (in English); 7(1987), 467480, 8(1989),
61-94 (in Chinese).

DiPerna, R., Uniqueness of solutions to hyperbolic conservation laws, Indiana U. Math. J., 28(1979),
137-188.

DiPerna, R., Convergence of the viscosity method for isentropic gas dynamics, Commun. Math. Phys.,
91(1983), 1-30.

Hoff, D. & Serre, D., The failure of continuous dependence on initial data for the Navier-Stokes
equations of compressible flow, STAM J. Appl. Math., 51(1991), 887-898.

Li, Y. C., Global stability of solutions with discontinuous initial data containing vacuum states for the
isentropic Euler equations, Z. Angew. Math. Phys., 55(2004), 48—62.

Lin, L. W., On the vacuum state for the equations of isentropic gas dynamics, J. Math. Anal. Appl.,
121(1987), 406-425.

Lions, P. L., Mathematical Topics in Fluid Mechanics, Vols. 1-2, Oxford University Press, New York,
1996, 1998.

Lions, P. L., Perthame, B. & Tadmor, E., Kinetic formulation for the isentropic gas dynamics and
p-system, Commun. Math. Phys., 163(1994), 415-431.

Lions, P. L., Perthame, B. & Souganidis, P. E., Existence and stability of entropy solutions for the
hyperbolic systems of isentropic gas dynamics in Eulerian and Lagrangian coordinates, Comm. Pure
Appl. Math., 49(1996), 599-638.

Liu, T. P. & Smoller, J. A.,; On the vacuum state for the isentropic gas dynamics equations, Adv.
Appl. Math., 1(1980), 345-359.

Schwartz, L., Théorie des Distributions, Actualites Scientifiques et Industrielles 1091, 1122, Herman,
Paris, 1950, 1951.

Taub, A. H., Approximate solutions of the Einstein equations for isentropic motions of plane symmetric
distributions of perfect fluids, Phys. Rev., 107(1957), 884-900.

Thompson, K., The special relativistic shock tube, J. Fluid Mech., 171(1986), 365-375.
Thorne, K. S., Relativistic shocks: The Taub adiabatic, Astrophys. J., 179(1973), 897-907.

Weinberg, S., Gravitation and Cosmology: Principles and Applications of the General Theory of
Relativity, Wiley, New York, 1972.



