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THE DISTANCE BETWEEN DIFFERENT
COMPONENTS OF THE UNIVERSAL
TEICHMULLER SPACE**
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Abstract

The model of the universal Teichmuller space by the derivatives of logarithm is the
union of infinite disconnected components. In this paper, it is proved that the distance
between different components is 0, and the distance from the center of a component to
every other component is 2.
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8§1. Introduction

Let B; denote the Banach spaces of functions ¢ which are analytic in the unit disk A
with the norms

I¢ll: = sup{(1 = [z]*)"|6(2)[} <00 (i=1,2).
z€EA

For f holomorphic in A, let

_
=%

which is called the derivative of logarithm of f, and
nyrooq N
o= (5 3y
I 2\ f

which is called the Schwarzian derivative of f.

Let T = {Sy | f is conformal in the unit disk A with quasiconformal extension to the
Riemann sphere C'}. It is well known that 7" is the Bers universal Teichmuller space.

Let Thv = {[f] | Sy € T, f(0) =0, f/(0) = 1}. T is an alternative model of the universal
Teichmuller space introduced in [1, 2, 3]. Astala and Gehring [6] gave a complete description

of the closure of T}, and Zhuravlev obtained an interesting result that 77 is disconnected in

the topology induced by the norm || - ||;. He proved that T3 = LU (9 [82 )Lg), where L and
€10,2m
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Ly are connected components of T with f bounded in A and limg f(2) = oo respectively,
z—e"
and LN (Lg) = ¢ and Lg, N Lg, = ¢ when 61 # 6. Let

z

Hy= ——F.
T 1y

Then [Hyg| € Ly. [Hp] plays an important role in the description of T; (see [1]), and is used
as the center of the component Ly. Let id = z, [id] € L is used as the center of L. Chen and
Wei [2] and Wei [3] obtained some interesting results on the components L and Lg, such as
the distance between the centers of different components is 4, the distance from [Hy] to L
is 2 and the distance between different components is smaller than 1.

In this paper, we prove 4 theorems in Section 2 and Section 3. Theorems 2.1 and 2.2
imply that the distance between different components of 77 is 0. And Theorems 3.1 and 3.2
imply that the distance from the center of one component to every other component is 2.

§2. The Distance Between Components

First we prove
Theorem 2.1. dist(Lg, L) = 0.
In order to prove Theorem 2.1, we need the following lemmas.

Lemma 2.1. (see [4]) f is conformal in the unit disk A with f(0) =0, f/(0)=1. If f
satisfies Ref’ > 0. Then [f] € cl(Ty).

Lemma 2.2. (see [5]) f is a univalent holomorphic function with f(0) =0, f'(0) = 1.
Let [|[f]llx = 2a.

If a < 1, then f € H™.

If a > 1, then f € H? for any 0 < p < ail'

If a =1, then f € BMOA.

Proof of Theorem 2.1. Without loss of generality, we may assume 6 = 0. Let

1/142\5 1
= — - — <2). 2.1
fo=u(i=3) -5 ©<us?) (2.1)
Then f,(0) =0, f,(0) =1 and
W+ 2z
fl=1T—07= (2.2)
It is easy to see that f, is analytic in A and 11imeAfu(z) = 0.
From ’
s, = (L) - () < (k) Lyt 2o (23
" Il 2\f), 1—22 2\1—22 (1—22)2
we have

1
155, ll2 = sup{(1 = |2|*)*|Sy, [} = 2 - §u2 <2.
zZEA
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Hence, f, is conformal in the unit disk A with quasiconformal extension to the Riemann

sphere C. So we obtain [f,] € Lo.

Let
! 1 1
1., L O<v<l).
Then
2vz 1l 2vz
W= W=%=7—7=
(1-22) o 1-=z
It is easy to know that
1 (1 -z
! = —_— _—
Refl,fRe(l_ZQ)y Re|1_22|2y.

Let 22 = r(cosa +isina) (r > 0). Then
Re(1 — 2%)” = Re(1 — r(cos a + i sin a))”

= Re((S) + (T)(—r)(cosa—i—isinoz) + ot (V

n)(—f)”(cosnoz+isinna) +)
= (g) + (II)(_T)COS&—’—”'—’— (Z)(_r)”cosna+ el

From 0 < v < 1 we have (},)(—r)" < 0. Then
(g) + (11/) (=r)cosa+---+ (V) (=r)" cosna+---

)+ Qs (e
=(1-rY>0.

So Re(1 — z2)” > 0, and hence Ref,, > 0.
Applying Lemma 2.1, we see that [f,] € cl(T1),

2vz 9
111l = sup{ |§=55 ]~ 1P f = 2w < 2.

Lemma 2.2 implies that f € H*, then [f,] € cI(L). Hence

dist(L, Lg) = dist(L, Lo) < m Odist([f,,], [fu]) = lim O(u +2-2v)=0,

. o
which completes the proof of Theorem 2.1.

Next we prove

Theorem 2.2. dist(Ly,, Lg,) = 0 for 61 # 6s.

In order to prove Theorem 2.2, we need the following lemmas.
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Lemma 2.3. (see [2])

it
jgg{“ ~1eP) = i*iez)(l ) }=2

Denote

[f)\] _ i _ /\(1 — e—ié) + (1 + e—ia) 90—t
& (- (-2

It is easy to know that

(-1<A<0,0<A<1). (2.6)

fa] = % = [Ho) when A =1,

B 2671‘0 _ B
[fa] = 1o, [Hp) when A = —1.

Lemma 2.4. f)\(z) is analytic in A.

Proof. If A > %, then

(1-XN(1—e)
(1—e2)(1 - 2)

1A = [Holll = sup{ (1 = | f=20-n<1 @D
ZEA
Hence [fa] € Lo and fy is analytic in A.
If A < —1, then |[[fa] — [Ho]|l1 < 1. Hence [fA] € Lg and fy is analytic in A.
Let g4 () = (1 — 2)?f{(2). Then

(A=1)(1 —e™)
(1—e®2)(1—2)

[gA] =

bnz™, by = 1. By comparing coefficient of 2”2, we obtain

118

Let gx(z) =

n=1

n(n—1)b, = (A= 1)[b1(1 — e D) L 2hy(1 — e~ =2 .. .(n — 1)b,_1(1 — e )]

If [A| < 1, then

3
i~ Dbl < 220061+ 2bal + -+ + (0~ Db
It follows from by = 1 that |b,| < n. So g, is analytic in A and hence fy is analytic in A.
This completes the proof of Lemma 2.4.

Proof of Theorem 2.2. Without loss of generality, we may assume 61 = 0, 63 =0 (0 <
0 < 2m).

N " ZOA2)(1 — 10,2
Sy, = (f_?\) - %(f_z)Q = %8 — 22‘51)2(1 — 232- (2.8)

Then

1
ISgulle = sup{(L = [zS5 1} = 51 = ¥) 20 <2 (-1€A<0.0<A< D)
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Hence, f is conformal in the unit disk A with quasiconformal extension to the Riemann
sphere C. And we obtain that if 0 < A <1 then [fi] € Lo and if —1 < X < 0 then [f)] € Ly.
From

Lim[|{A\] = [f-a]lln = limdA =0,
we have dist(Lg, Lg) = 0.
This completes the proof of Theorem 2.2.

8§ 3. The Distance Between a Component and the Center
of Every Other Component
Theorem 3.1. dist([id], Lg) = 2.

Proof. Without loss of generality, we may assume 6 = 0. From the proof of Theorem
2.1 we have [f,] € Lo and
w42z
1—22

11 = Bl = sup{ (1~ o) =3 |} =2+ (3.1)

Then
tim (7] ~ il = 2

Hence dist([id], Lo) < 2.
Wei [3] obtained dist([id], Lo) > 2. Then we get dist([id], Lo) = 2.
This completes the proof of Theorem 3.1.

Theorem 3.2. dist([Hy, |, Lg,) = 2 for 61 # 0s.

Proof. Without loss of generality, we may assume 61 =0, 62 =60 (0 < 0 < 27). First,
we prove that dist([Ho], Lg) < 2 (8 # 0).
From the proof of Theorem 2.2, we have [f\] € Lg, —1 < A < 0.

dist([Hol, Lo) < lim [[[fz] — [Ho] |l

i (sup {1 - o) Q=D 1y

A=0\eA (1 —e2)(1 - 2)

= lim2\ — 1| = 2.
A—0

Hence dist([Ho]|, Lg) < 2.
Next, we proceed to prove that dist([Hop], Lg) > 2 (6 # 0).
Let dist([Ho], Lo) = k'. If k' < 2, then we can find [f] € Ly such that

2+ K
2

dist([f]), [Hol) = L] - [Holl < k = <2

Let ¢'(z) = (1 — 2)>f'(2). Then ||[g][lx = |I[f] — [Ho]||» < k. Hence

k
— [z

1
g (2)‘ <
g -1

(2)
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By integration, we have

, 142\ 2 : o (L+12[\2
< — <
els(ioh) > @2 (10)
Then
: 1+16\5 1
/ i0 < .
e < (1) T (3.3)
and

()] = ‘/09 f’(z)dz‘ - ‘/01 f/(tew)dt‘ </01|f’(tei9)ldt
1

1 k

14+t\z2
< , dt < .
= |1—1tez9|2/0 (1—1&) oo

This contradicts [f] € Ly.
Hence dist(Lg, [Hp]) = k' > 2. Then we obtain dist([Hy], Lg) = 2.
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