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BOUNDEDNESS OF MAXIMAL
SINGULAR INTEGRALS***

CHEN JIECHENG* ZHU XIANGRONG™*

Abstract

The authors study the singular integrals under the Hormander condition and the
measure not satisfying the doubling condition. At first, if the corresponding singular
integral is bounded from L? to itself, it is proved that the maximal singular integral
is bounded from L*° to RBMO except that it is infinite y-a.e. on R?. A sufficient
condition and a necessary condition such that the maximal singular integral is bounded
from L? to itself are also obtained. There is a small gap between the two conditions.
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8§1. Introduction

Given a positive Radon measure p on R? satisfying the linear growth condition
w(B(z,r)) < Cr", ze R r>0, (1.1)
where n is a fixed number with 0 < n < d. In this note we always assume that p satisfies

condition (1.1). Let k(x,y) be a locally integrable function on R? x R4\ {(z,y) : = = y} and

k(z,y) + [k(y, )| < (1.2)

|z —y|n

Given a locally integrable function f on R¢, set

L@ = [ Hen )

TZnf(z)= sup |[Tsrf(z)l
e<8,R<N

T f(x) = Ns>up;0 |Te N f(2)]-
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Here T* f(z) may be infinite. 17y converges to T™f increasingly as € — 0, N — oo.
The doubling condition on u, u(B(z,2r)) < Cu(B(z,r)) (Yz € RY, r > 0), is an essential
assumption in most of the results of classical Calderén-Zygmund theory. However, recently
it has been shown that a big part of the classical theory remains valid if the doubling
assumption on y is substituted by the size condition (1.1). For example, T1 Theorem and
Tb Theorem have been proved in [6, 8, 12-15, 17]. More literatures and related topics can
be found in [18].

In [7, 11], some Cotlar type inequality and weak type (1,1) estimate for the maximal CZO
have been proved. But to the best of our knowledge there is no result about the maximal
CZO on L even if p is Lebesgue measure. We will give the boundedness of the maximal
singular integral on L° under a weaker assumption.

In the above mentioned papers the CZKs considered always satisfy the Lipschitz type
condition. In this note we will study the singular integrals under the Hérmander condition.
If 4 is Lebesgue measure, some work has been done to relax Lipschitz condition in T(1)
Theorem, such as [2, 3, 5, 19]. But an example given in [20] has shown that T(1) Theorem
may be not valid under the Hérmander condition. Here we will develop the ideas in [13]
and [4] to get a sufficient condition and a necessary condition for the L? boundedness of
the singular integral under the Hormander condition. It is remarkable that it seems that
our necessary condition is sharper than the sufficient and necessary condition given in T1
Theorem (see [6, 10]).

Now we give the definition of RBMO. More details can be found in [13].

Given a fixed number p > 1, Q and R are two cubes such that Q C R. Suppose that

P Q) <UR) < p™UQ), [ € Lig (R, du). Set
1+ Z pJQ

_W/Qf(y)ﬂy

We say f € RBMO if for any cube () there exists a number fg such that

1
5 /Q F() - faldu(y) < C

and
Ifr — fo| < Ckq,r, Q CR,

where the smallest number C' satisfying these inequalities is called the RBMO norm of f.
If p is replaced by another p’ > 1, we will get an equivalent norm. From now on we always
set p = 6.

We will use the interpolation proved in [13] to get the L? boundedness. Though it is very
easy to prove the boundedness from H iizo to L', for the purpose of this note we will prove
the boundedness from L*° to RBMO and use the dual argument to give the boundedness
from H' > to L'. The definition of H"> can be found in [13, 16].

atb atb
The theorems below are main results in this note.
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Theorem 1.1. Besides (1.2), suppose that there hold the Hormander condition

/ k{y.2) — k(y/. ) du(x) < C. (13)
le—yl>2ly—y’|
and the following uniformly boundedness for a bounded function a with supp(a) C Q where
Q is a cube
[ 1. valdn < Clalu@. (14)
Then we have
1T nfllrBMO < Cl fllo0- (1.5)

So T* f is either infinite p-a.e. or finite p-a.e. Furthermore, if T* f is finite u-a.e., then
1T fllrBro < Cl|f]loo-

Remark 1.1. In the proof of Theorem 1.1 it is easy to check that T y f can be replaced
by T¢ n f, so we have
1Ten fllrBro < Clf |-

It is crucial in the proof of Theorem 1.2.

Theorem 1.2. For convenience, suppose that k is a real-valued function. Besides (1.2),
suppose that there hold the Héormander condition

/ o ) = o) K, 2) =K/ ) )dne) < € (1.6)

and for any N > ¢ > 0,
J[. et pldntyint) < Cu@), (L.7)
// UL x (@, y)ldu()du(y) < Cu(Q), (1.8)

where S:Q = {(z,y) € Q@ x Q : |z —y| > &},
V(o) = | Kz, 0k, y)du(2),
<|z—z|<N,e<|y—z|<N
Ut = [ k@, 2)k(y, 2)du(2).
<|z—z|<N,e<|y—z|<N
We can conclude that

1T fll2 < Cl[f]2- (1.9)
On the other hand, if (1.9) holds, then

/‘/ Ue.v (@, y)dp(z ‘dﬂ < OuQ), (1.10)
/‘/SEQ Ué,N(fcay)du(x)‘du(y) < Cp(Q). (1.11)
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Remark 1.2. Under the Lipschitz condition, if for any N > ¢ > 0,

/ [S Ve y)d()dn(s) < Cp(Q), (1.12)
J[. v pining < oue) (113)

then from [10, Theorem 4, p.306] and [6], we have |T*f||2 < C|| f||2. This fact shows that
under the Lipschitz condition (1.10) and (1.11) are equivalent to (1.12) and (1.13).

The letter C' in this note denotes a positive constant which only depends on n,d and
may be variant in different cases.

§2. Some Lemmas

In this section we always suppose that k(x,y) satisfies conditions (1.2) and (1.3).

We say a ball B = B(z,7) is (6,6%*!)-ball if u(6B) < 6411(B). For any ball B, let k
be the smallest positive integer such that B(x,6%r) is a (6,697 1)-ball. The existence of k is
obviously.

Lemma 2.1. The notations are as above. Then

/ dnly)_ ¢ (2.1)
B(x,6r)\B(z,r) [T — y["

The proof is easy. For convenience, we give the proof here.

Proof. From (1.1) and the definition of k, we have

k

/ du(y) _ Z/ du(y)
B(z,65r)\B(z,r) [T — Y™ iD1 JB(,67r)\B(x,6-17) |z —y|™
w(B(z, 637'
< Z 6] 1

(G—F)(d+1) k
< Z 6 w(B(z,65r))
(69r)n

k
<0y gritnion HB@.6"1)

= (65r)

<C.
Lemma 2.2. Let

T! () = / M)

and n be a Borel measure which is supported in a ball B = B(yo,r) and n(B) = 0. Then

/ (T2 wnldia < Cln. (2.2)
(6B)c
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Proof. Set
A={z :max{6r,e —r} < |z —yo| <e+r or max{6r,N —r} <|z—y, <N+r}.
If x € A€,
B(yo,r) C{y:e<|y—z| <N} or B(yo,7) C{y:|ly—z|<eor N <|y—xl|},
SO
172 nta) = | [ k(y. 2)dn(y)
e<|z—y|<N
“|[ e ko aanty)
e<|z—y|<N
</ by, 2) — k(go, 2)ldin)].
e<|lz—y|<N
Now it can be derived from the Hormander condition that
| Tldu < Clal 2.3
AcN(6B)c

If z € A,

d
|Te/,N77(x)| <C |k(y, z)|dIn(y)| < C |77(y)|n
B(yo,r) Bl(yo,r) |{E — y|

It is obvious that for any y € B(yo,7),

/ du(z) _
alz—yl™—

/A (T2 yn(@)du < O]l (2.4)

So it can be shown that

From (2.3) and (2.4), we get the desired inequality.
Lemma 2.3. (A Variant Inequality of [1])
T2 nep() < C(M(Te ne) () + [[#lloo), (2.5)

where M is the centered H-L operator and ¢ € L.

Proof. Let k be the smallest positive integer such that B(z, R) = B(z, 6%r) is a (6,64+1)-
ball. Since

Ty sp(@)] < |Trne(@)] + [T ne(x)|  forany e <r<s<N,
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it is sufficient to estimate |1, no(x)].

bty
T, no(z) — Tor,ne(2)] S/ el )|n du(y)
B(z,6R)\B(z,r) |z —yl

< ||sa||oo/B _duly)_

(2,6 R)\B(z,r) 1T — Y[
< Cllelloo- (2.6)

The last inequality can be obtained by Lemma 2.1. Set

1
Ugr(z) = W/B(zﬂ) Te np(y)du(y),

which is clearly controlled by M (T n¢)(z).

Tor,np(z) = Ur(z)|

XB(z,R) ‘
T. . _ — | —————==T. d
e, NPX{y:6R<|z y\}(x) / ,LL(B(:L‘,R)) e, NPap

XB(z,R)

= | [Tt exisanca-p dnte) — [ T (BB @ee)dute)

S/ TEI,N((S:c - %)(Z)SOX{ZZGR<‘17Z‘}(Z)’d/’[/(z)

1

+ m/xB(x,m(y)lTe,N(@X{y;x_y<6R})|du(y),

where 77y denotes the dual of 7. n. The first term does not exceed C'|¢||c by Lemma 2.2,
while the second can be controlled by

1 3
m”XB(z,R)HLZ(u)(/R|T€7N(<pXB(z,6R))|2dM)

< c(%)ﬂwm < Cll¢lloos

so the proof of the lemma is completed.

Lemma 2.4. Q and R are two cubes and Q C R. There holds

/Q /R T2y (@) — T2 x £ () dp(y)dpn(z) < oy rl Flloo(1(@)u(6R) + u(6Q)u(R)).  (2.7)

Proof. Set fi1 = fx6r, f2 = fX(6r)c- From

Tonf (@) = TN f )| < T2 N fa(x) = T2 N F2 ()| + T2 N fr(2) + T2 N f1(y)
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/ / T2 0 £ (@) — T x £ ()] da(y)dis()
QJR

< /Q /R (T 5 o) — T Fo ) dia(y)ds()

we have

Q) /R T? v () duy) + u(R) /Q T? o f1 (@) du(z). (2.8)

By Lemma 2.3 and (1.4), we have

Q) /R Ty i (y)du(y) < Cu(Q) / (T n )W) + 11l oo) i)

R

< Cu@ (RN ( [ (Ton i) + n(RI 1)
< Cu(Q)(p(R))? (H(6R))? || flloo + Cr(@Q)u(R)| flloc
< Cpu(@Q)u6R)|| f|loo- (2.9)
Take m such that 6™~ (Q) < I(R) < 6™1(Q). It is easy to check that
R cC6™MQ, 6R C 6™T2Q.
For any z € Q,

TA@ S [ W)l s+ T o) 0

m—+1

J+1
Z f}JQQ 1Flloe + T2 n (frxse) (@)

< Olkq.allFlle + T2 (f1x00) @), (210)
So by Lemma 2.3 and (1.4)
() [ T P @nte) < Opl) (@bl e + | Tee(frxoc)dn)
< Cu(R) (@ k.l flloe + 1(6Q)] fl1)

< Cu(R)(6Q)kq.rlf] . (2.11)

Now there is nothing left to deal with except the first term in (2.8).
It is obvious that we can take £(z), N(z) such that

Te(o) N (@) f2(2)] = T2 n fo (). (2.12)

Obviously
T2 n fa(@) = T2 n f2 ()

SN2y, N@) 2(7) = Te(ay, N@) fo (W) + [ Te(y), N f2(2) — Tegyy, N f2(9)]- (2.13)
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For convenience we may denote r = e(x), s = N(z). Because of symmetry, it is sufficient to
compute one term. Set

Ay ={z€ (6R) :r < |z —z| < s}, Ay ={z€ (6R) :r <|y—z| < s}.
we have

rafole) = Trahol) = | [ k@) faddn(e) = [ (o 2)a)dul2)

Yy

< / (k. 2) — Ky, 2)) fol2)|dia(2)
AgNA,

A4, [T =2 A, [y — ="

Noticing that x,y € R, z € (6R)¢, from (1.3) we have
| k(o) = K 2D £l dn(a) < (215)
2NAy

Besides, it is easy to check that when z,y € R,

1 1
/ du(z) < C, / ——du(z) < C.
A4, [T — 2" ANAL 1Y — 2["

Now we can conclude that

|T5s f2(x) — T s f2(y)| < Ol oo,

/Q /R T2 3 Fo(@) — T2 fo ()l i) dp(y) < C(Qu(R) | floo- (2.16)

Let everything together, this lemma has been proved.

8§ 3. Proof of Theorem 1.1

Let @ = R in Lemma 2.4. We can get

@ /Q T2 0 () — QT fldu(y)

1 ) - x
< g | ) - T st

b0 | oot (@)u(6Q)
S O QN6Q)

= Clflleo- (3.1)

On the other hand, it can be derived that

ImaTe | — moT y f| < m /Q /R T2 3 (@) — T £ ()| dia(y)dis(z)

u(6Q)  u(6R)
W@ T u®) )

< Cl|f ook (
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Using the result of [13, Lemma 2.10, p.101], we have

1T N fllrBMO < C flloo-

§4. Proof of Theorem 1.2

At first we show that it is sufficient to prove (1.4) for T, v and T/ . In the proof of
Theorem 1.1 it can be derived that ||Te v fllrBro < C||f|loo- Also we have 1T, xfllrBMO <
C’HfHoo, 50 | Tenfllh < C’||f||H1 o0 by the dual argument. Using the interpolation proved

n [13], we have [|[Te nf]2 < C’Hng n [9] we have proved that under the Hérmander
condition if |T.f|l2 < C||f|l2 for any € > 0, then |[T*f|l, < C|f|lp for any 1 < p < oo and

IT* fll1,00 < ClIf]1-
Because of symmetry it is enough for us to check that (1.4) holds for T¢ . Let a be a
bounded function with supp(a) C @ where @ is a cube. As

L] Wesidant)
Q J]z—yl<e

L) T

+C‘/ ‘/|9C yl<e ~/5<|x 2|<2e 52n dp(z)dp(x)du(y)
< Cu(@Q), .

we have

a 2 = zZ, T z a\r)a X zZ
T, vall3 / /{ o /{ o K DA
- / / Ue (2, y)alw)a(y)du(@)du(y) + O(lal2n(Q))
S:Q
< Cllal21(Q). (4.2)

Also we can get ||T6”Na||§ < CllallZp1(Q).

Now, we show that (1.9) is necessary. For two bounded functions a and b supported on

/Q T yaT, wb = / / U, y)a(@)b(y)dp()du(y).

a=xq, by = sign(/Q U(fc,y)du(x))m(y)-

a cube @, we have

Set

It is easy to see that (1.9) is necessary for the L? boundedness of T*, also for (1.10).
The proof is completed.
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