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EULER EQUATIONS WITH DEGENERATE
LINEAR DAMPING***
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Abstract

The regular solutions of the isentropic Euler equations with degenerate linear damp-
ing for a perfect gas are studied in this paper. And a critical degenerate linear damping
coefficient is found, such that if the degenerate linear damping coefficient is larger than
it and the gas lies in a compact domain initially, then the regular solution will blow up
in finite time; if the degenerate linear damping coefficient is less than it, then under
some hypotheses on the initial data, the regular solution exists globally.
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§1. Introduction

In this paper we consider the following Cauchy problem of the isentropic Euler equations
with degenerate linear damping:

{(%p +div(pu) =0,

(1.1)
p(O + (u-V))u+ Vp = —a(t)pu

with initial data

p(m,O) = PO(x)a u(m,O) = UO(x)a (12)

where p, u, p represent the density, velocity and pressure of a polytropic gas respectively, the
equation of state is p = k?p?, 1 <y < 3, v is the adiabatic coefficient, k > 0. z € R", n > 1.
a(t) is the damping coefficient, so a(t) > 0, a(t) — 0 when ¢t — oo, we say that the damping
a(t)pu is a degenerate linear damping. We assume that «(¢) is Lipschitz continuous in this
paper.

Previous works in the field of Euler equations with damping are concentrated in equations
with constant damping coefficient, that is, a(t) is a constant «. When vacuum does not
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occurs, especially the density has a positive infimum, the global classical solutions exist
if the initial data is small enough in some sense (see [10, 11]). The damping apu plays an
important and positive role in the existence of global classical solutions, since the supremum
of the initial data for the global existence of a classical solution is related to &. When some
functionals related to the initial data are large enough, the classical solution does not exist
globally, or we say the classical solution blows up in finite time (see [9, 10]).

When vacuum occurs, we usually study the regular solutions of (1.1), such as [5, 7]. Take

2k
_ v (v=1)/2
7—7_1\/§p -

Then the equations (1.1) can be written as:

-1
(8t+u'V)7r—|—’y2 mdivu = 0,

(1.3)

—1
(O + (u-V))u+ I aVn= —a(t)u.
Let p =0, that is 7 = 0. Then the velocity u satisfies (0; + (u - V))u = —a(t)u. This leads
to the following definition.

Definition 1.1. We say a solution (p,u) of (1.1) is a regular solution on R™ x [0,T") if
and only if

(1) (p,u) € CYR" x [0,T)), p =0,

(ii) p (5, S)(z,1) € CL(R™ x [0,T)),

(iil) in outside of the support of p,u satisfies

(O + (u-V))u = —a(t)u. (1.4)

We first investigate the case a(t) = o > 0 in (1.1). We prove that if the gas locates
initially in a compact domain, then the regular solution of (1.1) does not exist globally
(see Theorem 2.1). But when «(t) = 0 and the initial gas locates in a compact domain,
then under some assumptions on initial velocity (see (H1), (H2)) and the initial density, the
regular solution of (1.1) exists globally (see [2, Theorem 1]). This motivates us to consider
the Euler equations with degenerate linear damping, that is, ¢t — oo, a(t) — 0. The other
forms of degenerate damping are not considered in this paper. When «(t) tends to zero
slowly, we can also prove the regular solution of (1.1) blows up in finite time (see Theorem
2.2). When «(t) tends to zero fast enough, under the same assumptions on the initial data
as that of it in [2], we prove that the regular solution of (1.1) exists globally (see Theorem
3.1). Furthermore, «(t) discussed in Theorem 2.2 and Theorem 3.1 is almost complete.

Remark 1.1. From our work we discover that the damping plays a negative role in the
existence of regular solution of Euler equations if the vacuum occurs. This is quite different
from the case of non-vacuum.

8§ 2. Non-existence of the Global Regular Solution

2.1. Linear damping case

We first consider the Euler equations with linear damping. Our result is as follows.
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Theorem 2.1. Suppose (p,u) is a reqular solution of (1.1) on R™ x [0,T) corresponding
to initial density po, supppo is compact and the total mass m = [ po(x)dz > 0, a(t) = a > 0.
Then the life span T must be finite.

Proof. The proof is similar to that in [5, 7]. Let Q(t) = suppp(z, t), Qo = supppo, Ro =

sup |z|. For every o’ € 9Q(t), there exists a curve z(t) and a point zg € 9 such that
€N

dxdit) =u(z(t),t), z(0)=mo, x(to) =21
ar ur(z(t),t) + (u(z(t),t) - V)u(x(t), ) = —au(z(t),t) = —a dt
and
1— efat
z(t) = o + Tuo(xo). (2.1)

This indicates that Q(t) always stays in a compact domain. Let R* = Ry + sup w
€00

Then from (2.1) we have

R(t) = sup |z|= sup |z| <R
€eQ(t) z€00(t)

We define

1
H@) = [ et
2 Ja

Note that plaaw) = plaaw) = 0. From the equations (1.1) we have

1 1
H'(t) = —/ pe(x,t)|z|?de = ——/ div(pu)|z|?dz = / pu - xdx,
2 Jaw) 2 Jag o)

H'(t) = / (pu)t - xdr = / —[div(puw)u + (pu - V)u + Vp + apu] - zdx
Q(t) Q(t)

— [ (w0l o )iz —a [ pu-ads
Q(t) Q(t)

So we get

@mmW+mmwM>wam@m

H'(t) + aH'(t) :/

Q(t)

By Holder inequality

m = /Q(t) pdx < (/Q(t) mdx)l/%/ﬂ(t) dx)l/w = (V(t))l/w(/g(t) pydx)l/v’

where % + % = 1. Then we get from the equation of state

n/ p(p, s)dx = nkJQ/ pldr > nk:QmV(V(t))_”/w > nkaV(wn(R*)”)_V/V' =n>0,
Q(t) Q(t)
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where w,, represents the volume of the unit ball in R™. So we get the following estimate:
H'(t)+aH'(t) > n.
Solving this inequality we obtain

1

H(t) > H(0) + —

(H’(O) - g)u oty 4 gt.

On the other hand,

— l T T 2 - E *\2
H@—2LmMJHM1S2@)-
So
< Ry = ()~ (1(0) = D) e < Zrey (1) + 1),

Then T must be finite.

Theorem 2.1 points out that no matter what the positive constant « is, the regular
solution of (1.1) must blow up in finite time. As indicated in the first section, the Euler
equations with compactly supported initial density may possess global regular solution, so
we consider the degenerate linear damping.

2.2. Degenerate linear damping case

The equality (2.1) implies that the smaller « is, the larger R* is. This is also true for
a(t). So, if a(t) tends to zero slowly enough, the regular solution will also blow up in finite
time.

Theorem 2.2. Suppose that (p,u) is a regular solution of (1.1) on R™ x [0,T), a(t) ~
ﬁ (t—o00), 0<O<1, A>0oralt) = lijrt, A > %, supppo 18 compact and
the total mass m > 0. Then the life span T must be finite.

Proof. The definitions of Q(t), Qo, Ro, 2(t) are exactly as those in the proof of Theorem

2.1. We have di;igt) = _a(t)dﬂ(”i_it) and

t
z(t) = xo + uo(xo)/ e o Mg — 10+ ug(20)G(2). (2.2)
0
If a(t) = 0 (t — o) and G(t) = fot e~ Jo (M7 45 is bounded, then supp Q(t) will stay
in a compact domain B(O, R*), and we will easily prove the blow-up of the regular solution
in a way similar to the proof of Theorem 2.1. We also define H(t) = %fﬂ(t) p(z,t)|x|*dz.
Then we can get

H'(t)+a(t)H'(t) = /

(ol Dl + nplp. ))do > [ np(p.s)da.
Q(t)

Q(t)

From the equation of state and the boundedness of G(t), we have

n/ p(p, s)dx > nkJQ(/ pdx)v(/ claz:)77 > nk*mY(V(t)™7/" >n >0,
o) o) Q)

H'(t) + a(t)H'(t) > n.
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a(s)ds

Multiplying the last inequality by elo and then integrating it on [0, ¢], we have

t
el 2 (1) H'(0) 2y [ el s,
0

By the boundedness of G(t) we have e~ Jo @(8)ds _, (t — ), so elo a$)ds _ o0 (t — o0),

15 a(rydr
- %* — Jo0. There exists Ty > 0 such that H'(t) >

. s
and we can easily prove tlirrolo NETTETR

H'(0)e~ Jo e(®)ds 4 92 > 1 when ¢ > T. Then by integrating it on [Ty, t] we obtain
H(t) > H(Ty) +t — Tp.

On the other hand, we have

1
H(t) = —/ p(z, t)|x| dr < — (R*)
2 Jaw)
So ¢t must be ﬁnite
If a(t) = A> 1 then g(t) = e~ Jo @()ds — (1+1t)A’ fo s)ds < [;° g(t)dt <

1+t7
+oo. Or if aft) ~ (t—00),0<0<1 A>0, then it is easy to deduce that

(1+t)"

fO dt < 0 by the fact that llm % thm Otgt) =1. G(t) is bounded on
0 (14)f
both these occasions.
A n(y—1)

Then we consider the case of a(t) = < A < 1. First we suppose A < 1.

Then g(t) =

T+t° 2+n(y—1)

ﬁ, G(t) = ﬁ[(l + t)(l_A) — 1], and

R(t)= sup |z|= sup |z| < Ry+G(t) sup |ug(z)] < Ro+ BG(t) = d*(t).
zeQ(t) 2€a(t) 2€dN(t)

Repeat the deduction above we obtain

H"(t) + o(t)H'(t) = /Q(t) (p(z, )|uf® + np(p, 5))da > /Q(t) np(p, s)dz > nk*m™ (V (1)) 7/

> 0kt (wn (@ (6))7 07 = C(Ro + BG() "0,

so we have

d ¢ t
E(efo a(s)dsHl(t)) > Cefoa S)dS(Ro-l—BG( )) (v— 1)
Integrating the last inequality on [0, ¢], we have
t
H'(t) > e Jo e p(0) 4 ¢~ Jo alo)ds / Celo > (Ry + BG(s)) "0 Vds
0
= H'(0)g(t) + F(t).
Again integrating the last inequality on [0, t], we have
t
H(t) > H(0)+ H'(0)G(t) +/ F(s)ds. (2.3)
0
On the other hand, we have
m
2

1) =5 [ ot nlefan < Fa ) < (R + BOW): (24)
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We calculate the following limit

p W Fds F(t)
t—oo B(Rog + BG(t))2  t—o0 m(Ry + BG(t))g(t)

[y Cels «aT(Ry + BG(s)) "0~ Dds

= 1.
P m(Ro + BG(t))
[ a(rydr —n(y-1)
g Ce (Ro + BG(t))
t—00 mBg(t)

= lim C(+ t)QA
=0 mB(Ry + 125 (1 + )14 —1))»(r-D)

lim (14 ¢)2A~ (1= An0-1),

B %(1 —A)n(vfl)

B t—00
. . n(y—1
Soif 24 — (1 — A)n(y — 1) > 0, that is, A > %, we have
t
F(s)d
i~ Jo s (2.5)

t—oo Z(Ry + BG(t))?

From (2.3)—(2.5) we can draw the conclusion that ¢ must be finite. So we have proved that
if1>A4> % then the life span T of the regular solution must be finite.
When a(t) = 1+-t’ we have g(t) = ﬁ, G(t) = In(1+1t). The same deduction gives that

the life span T of the regular solution must be finite, we omit the proof.

From the proof of Theorem 2.2, we can also conclude that if A = % and

B

C (1 - A)n(v—l) _ nk? (m )(v—l)<1 ;}A)n(v—l) -

mB\ B

Wn
then the life span T' of the regular solution must be finite.

Remark 2.1. Suppose that (p,u) is a regular solution of (1.1) on R™ x [0,T), a(t) =
%_;_t, = %, supppo is compact. There exists a constant m* > 0 depending on n,~y
and sup |ug(z)|, such that if the total mass m > m*, the life span T of the regular solution

€N
must be finite.

8 3. Global Existence of the Regular Solution

3.1. Main results on global existence

Because the classical solution of the equations (1.3) corresponds to the regular solution
of the equations (1.1), we will prove the existence of the classical solution of (1.3) to obtain
the existence of the regular solution of (1.1). Now we study the Cauchy problem of (1.3)
with initial data

7(,0) = mo() = f—_’“lﬁ oy V@), (@, 0) = uo(a). (3.1)
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Since vacuum occurs, (0, ) is considered as an approximate solution of the Cauchy problem
(1.3), (3.1). Thus the approximate problem is as follows:

{ut + (u- V)u = —a(t)a, (52)
a(x,0) = uo(x).
Solving it, we obtain
u(X (2o,t),t) = uo(xo)g(t), (3.3)
where
X (zo,t) = zo + G(t)up(xo), (3.4)
= efo —a(s)ds = t s)ds. .
o(t) . 6= [ g (35)

We differentiate (3.3) with respect to xg and get
(I + G(t)Duo(w0)) Du(X (20,1), 1) = Duo(w0)g(t).

In order to solve for Da, the matrix I + G(t)Dug(xo) must be invertible for all . And
Theorem 2.2 implies that G(t) — +oo (t — o0) is necessary for the existence of regular
solution of (1.1), so we need the spectrum of Dug to be bounded away from real negative
numbers. Thus we assume that ug satisfies

(H1) Dug € L=(R"), D?ug € H™ 1(R™),
(H2) There exists 6 > 0, such that for all z € R™, dist(SpDug(z), R_) >4,

where dist represents the distance and Sp the spectrum. From the assumptions (H1), (H2),
we obtain the existence of the global classical solution of (3.2). But the hypothesis (H2)
implies that u is not in the Sobolev space H™(R™). Also by (H1), we have ug € H;":"(R")
and

u € C([0,00), H™TH(R™)) N C*([0, 00), H[™.(R™)).

loc
We denote X = {f : R" x Rt — R" | Duy € L>®(R"), D?>ug € H™ 1(R")}, its norm is
denoted by || - || x. We also denote by |- |, the norm of L4(R"), by || -||o the norm of L*(R"),
and by || - ||;» the norm of H™(R"™). Now we state the main results in this section as follows:

Theorem 3.1. Let a(t) = 1%—157 0<A<1-—12orat) = O(ﬁ) (t — ), 6 >1,
where a = min{2, 1+ WT_ln} Suppose that m > 1+ %, ug satisfies the hypotheses (H1), (H2),
p(()vfl)/2 € H™(R"™) and is sufficiently small, supppg is compact. Then the Cauchy problem

(1.1), (1.2) has a global regular solution (p,u) satisfying
(P2 u— )" € O([0,00), H™(R™)) N C*([0,00), H™ " (R™)).

Indeed we prove the existence of the classical solution of the Cauchy problem (1.3), (3.1).
To prove Theorem 3.1, we adapt the proof of [2] with some improvements to our case. And
the solution (7, u) we obtained here has the following estimate.

Theorem 3.2. Under the same assumptions in Theorem 3.1, the solution in Theorem
3.1 satisfies
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(i) for all1 <k <m,t>0, |DFU(t )Ho < C(1+G(t)~ k),
(ii) for allt >0, |U]oe < C(1+ G(t)'~
(iii) for allt >0, |DU|x < C(1+ G(t))"
where U = (m,u—a)", r =min{l, 5 n} -2 =a—1-2, C depends on 4, ||u0||X, l7o | m

and/ (1+G@)~%dt. If a(t) = O(ﬁ), 0 > 1, then G(t) ~ t; and if a(t) = 1+t’ 0<
A<1—21 then G(t) ~ t'=4.
Remark 3.1. If n(y—1) < 2, then a = min{2, 1+ 5 n} = 14+ 254 nl—E:%,

it seems hardly possible to find other «(t) than those dlscussed in Theorem 2.2 and Theorem
3.1. For almost all the polytropic gases, n(y — 1) < 2, so our conclusions show that a(t) =
% is the critical degenerate damping coefficient.
3.2. Local existence

We now prove the local existence of the Cauchy problem (1.3), (3.1). It is convenient to
write the equations (1.3) as

AV 4+ A V)0,V = —a(t)V,

i=1

where V = (m,ul, -, u)T V= (0,ul,-- ,u™)T, AY(V) are (n + 1) x (n + 1) matrices:

u’ 0o --- ”7717T 0

0 u® 0 0
A(V) = y— i
Tﬂ' 0 u

. 0

0 0 0 ul

Note that every element in A*(V) is linear in V, which will simplify the calculation.

Since ug€ H™(R™), we cannot apply directly the theory of symmetric hyperbolic system,
as in [3, 6]. Let R > 0 be such that supppy = suppmg C B(O, R). We set ¢ € C§°(R™)
satisfying ¢ = 1 on B(O, R + 27), where 7 is a positive number. Then we consider the
Cauchy problem (1.3) with the initial data (78, ud)? = (70, uop)? € H™(R™). There exists
a solution (7%, u?)T € C([0,T..), H™(R"™)) N C([0, Ter), H™ 1(R™)), that is, (7?2, u?)T is
a classical solution of (1.3) on [0, T.,). Note that (0,u)7 is also a classical solution of (1.3)
with initial data (0,u0)7.

For every € > 0, we set M =  sup (A’Tfl|7r‘P|oo + [u¥)), T = min{T,, — &, ﬁ —el.
0<t<Ter—e¢
Let
Q={(z,t) |0<t<T,zeB(O,R+n+ Mt)},
we define

()T {(W*D ,uf)’ in €,
’ (0,)T in Q° = (R™ x [0, T])\Q.

Then we will prove that (7, u)T is a solution of Cauchy problem (1.3), (3.1) on [0, T] with
initial data (mo,u0)”. In fact, (m,u)? is a solution of (1.3) in Q and Q°. We need only to



THE REGULAR SOLUTIONS OF THE ISENTROPIC EULER EQUATIONS 591

T

prove that (m,u)" is continuous across the lateral boundary M of Q. Set

D ={(z,t)|0<t<T,z € B(zg,n — Mt),z0 € S(O,R+n)}.

We will prove that (7%, u¥)T and (0, %) are equal on domain D, and it is easily deduced that
M lies in the interior of D. Since (7%,u%)T and (0,%)? belong to H™ on every horizontal
section of D, so if they are equal on D, then (7, u)? is a solution of Cauchy problem of (1.3),
(3.1) on [0, T]. We will utilize the local uniqueness of the equations (1.3) to prove this. See
Proposition 1 in [2] and the proof after it, we omit the detail, since the term —a(t)u does
not influence this property. And the solution (m,u)? satisfies

(m,u—a)t e C(0,T), H™"(R™)) n C*([0,T), H™ 1 (R™)).

3.3. Estimates for the approximate solution

Under the assumptions (H1), (H2), we have obtained the global classical solution of the
approximate equations. Furthermore, the solution has the following property.

Proposition 3.1. Suppose that ug satisfies (H1), (H2). Then the global solution u saits-
fies
. _ K(z,
(1) Da(z,t) = (Hé(t) + (1+g(tt)))2) g(t), for allz € R™t >0,
(i) [D%uloee < C(1+G()2g(t),
(iii) | D'allo < Crg()(L+ G171, 2<I<m+1,

where K (x,t) is a function matriz of n x n and |K(z,1)]|c < 6’, constants C, Cl,é only
depend on n,m, 6, ||ug|| x -

Before the proof of this proposition, we give the following lemma.

Lemma 3.1. Suppose that ug satisfies (H1), (H2). Then
(i) there exists a constant K = K (8, ||Dugl|so), such that |(Dug) ™ |e < K;
(i) also there exists a constant L = L(6,||Duolleo), such that |(I + G(t)Dug) e <

_L
TG "

We omit the proof of this lemma, see Remark 1 of [2]. The difference is that G(¢) replaces

t.
Proof of Proposition 3.1. We differentiate (3.3) with respect to g to obtain
(I + G(t)Dug(x0)) Du(X (z9,t),t) = Duo(z0)g(t),
50
Da(X (z0,1),1) = (I + G(t) Duo (o))~ Duto(0)g (). (3.6)
Let

~ B I K(xo,t)
Da(X (o, 1), t) = <1+G(t) + (1+C§(t))2)g(t)’

where K (zo,t) = (1 + G(t))?(I + G(t)Duo(w0)) "t Dug(xo) — (1 + G(¢))I. Since Dug € L™,
by Lemma 3.1(ii), K (zo,t) is bounded when G(t) is bounded. And if G(t) is large enough,
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we have |(G(t)) ™! (Duo(z0)) oo < 1, sO

(1+G()?

Ly oay
(1+GO? (,  (Duplan)! ;

=T G (r- 0 +O((G(t)>2))—(1+G(t))I

SOV —gg)(t))Q(Duo(ato))_l +0(%).

That is, if G(t) is large enough, then K (x¢,t) is bounded. So K (zo,t) is also bounded for
all g, t and K (z,t) is bounded for all z,¢. So we have proved (i).

Differentiate the equality (3.6) with respect to xp. In a way similar to the proof of
Proposition 2(iii) in [2], replacing I 4+ tDu with I + G(t)Da, we can obtain

K(xo,t) = (I + (G(#) ™ (Duo(w0)) ™) ™" = (1 + G()]

|D%i]oe < C(1+G(t)g(t),

where g(t) comes from ¢(t) in the right-hand side of (3.6). Differentiating (3.6) with respect
to DY _, also by the the same induction as the proof of Proposition 2(ii) in [2], we can prove

(iif). (1 + G(t))™? in the conclusions is brought about by the Jacobi determinant of the
transformation x — X (xo,t). We omit the proof.

3.4. Energy estimates

Now we estimate (7w, u —@) € H™(R™) in order to obtain the global existence of classical
solution. Let w = u — @. By (1.3) and (3.2) we know that (7, w) satisfies

Oy +u-V)m+ T rdivw = —a - Vi — mdiva,
-1 (3.7)
(O + (w-V))w + 5 aVr =—(u-V)w— (w-V)u — a(t)w.
Let U = (m,w)T,U = (0,4)T,U = (0,w)”. Then we write (3.7) into
OU + > A1), U = —B(DU,U) = _u'0,,U — a(t)U, (3.8)
i=1 i=1
where
— A ndiva
B(DU,U) = . (3.9)
(w-V)u
Define
1/2 m
Vi = ( D*U - Dkde) o Z(t) =Y (1+ Q)Y (3.10)
R k=0

where we introduce the powers (1+G(t))* in Z(t) to balance the different decay rates of Yy,
which are suggested by u. Since U(t), Z(t) € H™(R"),m > 1+2%, we have D'U € L*°, [ < 1.
Before we give the energy estimates, we cite some known results on Gagliardo-Nirenberg type
inequalities (see Theorem on page 125 in [8]) and write them as the following Lemmas 3.2
and 3.3.
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Lemma 3.2. (Gagliardo-Nirenberg Inequality) Suppose that z € H*(R™) N L*(R"),
and integers i, satisfy 0 < j <i. Then 87z € L*/7(R™) and there exists a constant C' only
depending on n,i,j such that

109 20255 < C2|L597| D213/ (3.11)

Lemma 3.3. Suppose that z € H'(R™) and i > %. Let § = 2. Then
|2ls0 < Cllzllo | D"2]l5. (3.12)

From Lemma 3.3, we can deduce easily the following lemma.

Lemma 3.4. Since U(t) € H™(R"), m > 1+ %, there exists a constant C' > 0 depending
on n,m only, such that

|ID'U(t)|eo < C(1+G(t)"22(1), 1=0,1.

We now estimate Y. Differentiate (3.8) with respect to D* and make inner product with
DFU, then integrate it on R™ to obtain

1
Ld D*U - D*U (z,t)dx + a(t) DFw - D*w(z, t)dx
2dt Jan i
= [ Ry(U)(x,t)dx+ [ Sp(U,U)(x,t)da. (3.13)
R?L R?L

Here we have utilized the symmetry of A’ to integrate by parts, and

Ri(U) = % zn: D*U - 9,, AY(U)D*U
=1

- DFU - f:(D’f(Ai(U)amU) — AYU)d,, D*U), (3.14)

i=1
S,(U,U) = —D*U - D*B(DU,U) + % iamiakaU -D*U
=1

- DU - Zn:(Dk(aiain) —a@'0,, DFU). (3.15)

=1

We now devote ourselves to estimating some integrals of Ry, (U) and Si(U,U). The conclu-
sions are given as a series of lemmas.

Lemma 3.5. There exist constants Cy,C > 0 depending on n,m only, such that

‘ Re(U)(x, t)dz| < C1|DU|Y2 < C(1+ G(t)) " ~"/2Z(t)V2.
R
The proof of Lemma 3.5 is the same as the proof of estimate of Ry in [2] by using
Gagliardo-Nirenberg inequality (3.11) and Holder inequality. We omit the proof.
We estimate the integral of Sy,(U,U) similar to [2], we divide Si(U,U) into two parts:
Si (U,U) containing the terms in the derivatives of @ of first order, and the remaining part
SZ(U,U). We first estimate the integral of S}(U, U).
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Lemma 3.6. There exists a constant C' > 0 depending on n,m,~,d, |u||x only, such
that

SUT, Uz, t)dz + — 7

- , mg(t)}’,f < C'YVRZ(1+G(1) " 2g(t).

Proof. From (3.15) we know that S} (U,U) has the following form

_ _ 1< .
SYU,U) = —D*U - B(DU, D*U) + 3 > 0,4 DU - DU

=1
k n
k —iak—1
Z aﬁlﬁz'“ﬁkU'ZZaﬁJ za By 1By41 5ka U, (3.16)
B1B2...Bk j=11i=1

where 03, means the differentiation with respect to one component of z. By Proposition
3.1(i) we can estimate the integrals as follows

—DkU-B(DU,DkU)da::—/ (Dk 72 DF¥rdiva + Z D*w'd, uJDkuﬂ)da:

4,7=1

_ v—1 ng(t) 9(t)
f—/n( 5 |Dk7r|21—|—G(t) + e )|Dkw|2+I1)dx

1 ik k _/ ng(t) krri2
/ 2Zamup U-DUde = | (72(1+G(t))|p Ul +Ig)dx,

kg(t
/n Zaﬁlﬁz mUZZaﬁJ—zak 1[3; Byiree O "'dev__/n<#ézt)|DkU|2+I?’)dx

B1B2-- j=11:=1

R™

where the integrals of Iy, Is, I3 have the same estimate

‘/ dex‘ < C%Yﬁ

Combining the estimates above we have

g(t) k n glt) (v =1 o k, 2
D ——(——n|D D d
| (S @00+ T o P P (-3) + e (D el + DMl sl
<c’¢y2<c’ YR Z(1+ G(t)*2
=T A+ G2k 9(O)YrZ(1+ G(1)) .
Let r = mm{—n — 5,1 —%}. From the last inequality we can deduce easily the estimate
needed.

Lemma 3.7. There exists a constant C" > 0 depending on n,m,~,d, |ul|x only such
that

| [ ST U@, t)da| < €Yz (1+ G(1) g (0).

R?L

Proof. From (3.15) we know that S?(U, U) is the sum of the following terms (neglecting
77_1) of the form O*UQ'UG*1~U, | <k — 1. We estimate it in two cases.
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(1) 1 =0,1. By Lemma 3.4 and Proposition 3.1 we have

| [ 0" 000 T (w, t)da| < 1000 ol0" 4T
]Rn
< OYi(L+G) ™22 (1 + G(0)™2~ 2 Dy (1)
< OYiZg(t)(1+ G(t))”*+2).

2) 2 <1 <k—1. We use Gagliardo-Nirenberg inequality on U and 924 to obtain
(2) g g inequality

1—4=L _ =1
|0'Uly5-2 < CIDU o "2 | DF 71U |52,

o 1_k=t—1 _ k—l-1
Ty we < CIDAT) <7 DT
=

T—

Since % + ﬁ + % = 1, by Proposition 3.1, Lemma 3.4 and Hoélder inequality, we

have

‘ PUIUIH T (w, 1)da| < 05U |0V ooz [0 71T ], sca
Rn —1 -

=45\ k=177 775 | H2T7) 1~ S || kT e
< CYy|DU|oe "2 [|D" U|lg *[D7Ulos 1D*U o

k

< CY(1+ G(0) TR 2) TR (14 G) T 2)

=1 k—=1—-1

(L +G)Pg) =2 (L +G@)™* g (1) ==
< C"i(H)Z(t)g(t)(1+ G(1) ™"

Now we return to (3.13). Combining Lemmas 3.5-3.7 we have the following estimate

%%(Yk (t)?) + a(t) . D*w - DFw(z, t)dx + %g(t)}/,f
<CA+GH) T 2ZOYE + C'YRZ(1 + G(t) " 2g(t), (3.17)

where we combine the constants C’,C" into a new constant C’. Neglecting a(t) [, D*w -
DFwdz, we get

dYy(t) k+r
it 1+ G

9(OYe < C(L+G() " PZ([)Yi + C'Z(1+ G(1) ™ 2g(0).

Multiplying the above inequality by (1 + G(t))*, we have

d((1+ G(1)*Yi(t)) r
dt 1+G()

<CA+GW) 1 2ZH) 1+ G) Y +C'Z(1 + G(t) " 2g(t).

g(t)(1 + G(t)"Ys

We sum the above inequalities from & = 0 to k = m to have

dZ(t) r

Tt T ZN < OO+ G T ZM + O 201+ GO) o), (318)

where the constant C’ contains the multiplier m + 1.
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Now we will prove that Z(t) exists globally if Z(0) is small enough. We first give the
following lemma.

Lemma 3.8. Let a(t) = 1+t, 0<A<1-Lora(t) = O(ﬁ) (t — 00), 0 > 1, where

a = min{2,1 + A’Tfln} There exists a constant M > 0 depending on n,m,~,d, |ul|x and

(o]

/ (14 G(t))~“dt only such that if 0 < y(0) < 37, the solution of the following differential
0

equation

Y T (B = O+ ()22 + C'y(1+ Glt) (1),

y(0) = Z(0)
exists on [0, +00).
Proof. We solve the differential equation to obtain
(1+G) " 5
fo (1+G(s))~@ e%g ds.

y(t) =
z(o)

c’a(t)

, 0o c’'G(s) .
Since 1 < e™e® < e the convergence of the integral [;~ (1 4+ G(s))~® et ds is
necessary for the global ex1stence of y(t), so [y~ (1 + G(s))~?ds must converge. If [7°(1+
G(s)) *ds converges, then

/ C1+G(s)™ " elc+g<b>ds < Ce® / (1+G(s)) *ds = M.
0

When aft) = 1+t’ 0<A<l-2Lora(t)= O(ﬁ), 0 > 1, by (3.5) it is easy to prove
that fooo(l + G(s))~“ds converges. So if 0 < y(0) = Z(0) < 47, then y(t) exists globally and
there exists a constant C' > 0 depending on n, m, v, 6, |lullx, [;°(1+ G(t))~*dt and Z(0)
only, such that

0<y(t) <CA+GE), 0<t< 0.

When Z(0) = ||mo||m < 77, from (3.18) and Lemma 3.8 we have
Z(t)<ylt) <CA+G@H)™, 0<t<oo. (3.19)

So Z(t) exists globally, and so does U = (m,u — u)? € H™(R"). Moreover we have the
following estimate from the definition of Z(¢):

|DEU(t)]lo = Ye(t) < CA+G{#)* ",  0<k<m. (3.20)
Thus, we have proved (i) of Theorem 3.2. Combining Lemma 3.4 and (3.19) we get
ID'U#)|oe < CA+G) "2 =Cc1+G@1) -0 =01 (3.21)
These are (ii), (iii) of Theorem 3.2. From the proof we also have the following corollary.

Corollary 3.1. Let «(t) > 0 such that

+oo
/ (1+ G(1))~*dt < o,
0
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where a = min{2, 1 + 7T_ln} > 1. If the assumptions on pg,ug are the same as Theorem 3.1,
then the conclusions in Theorem 3.1 and Theorem 3.2 are valid.

3.5. Further conclusions

We first give a property of G(t), and then a uniqueness result of local in space and global
in time. Finally we give an improvement of Theorem 3.1.

Lemma 3.9. Let at) = %t, 0<A<1-2ora(t)=0(

There exists 0 < & < a— 1, such that tlim g(t)(1+G(t))F = 0.

Proof. The proof is to check that when a(t) = O(ﬁ), 0 >1,0< limg(t) <
t—oo

1, G(t) ~ g(o0)t (t — 00), then any € € (0,a — 1) will do; when «a(t) = %_;_t, 0<A<1-1,
g(t) = OTlt)A" G(t) = 25 ((1+)4 —1) , then ;2 <a—1,s0any ¢ € (24,0 — 1) will

do.

With this lemma, we can prove similarly the following proposition as that in [2], we omit
the proof.

i+t

Suppose that ug satisfies (H1), (H2), p(()vfl)/2 € H™(R"™) and is sufficiently small, supppg is
compact. Let U = (m,u)T be the global solution of Cauchy problem (1.3), (3.1) in Theorem
3.1, @ is the solution of approzimate problem (3.2). Suppose that V = (7,v)T is another
solution of the equations (1.3) and DV € L®(R™ x R}). For anyv € (2—a+¢,1) and
Ry > 0, there exists To > 0, such that if U(-,Ty) = V(-,To) on Br, = B(O, Ro(1+G(Tp))"),
then U =V in the domain {(x,t) | |z — x(t)| < R(t),t > To}. Here x(t) satisfies z'(t) =
uw(z(t),t),x(To) = O, R(t) = Ro(1 + G(t))".

Proposition 3.2. Let a(t) = 25, 0< A<1—L ora(t) = O(ﬁ) (t — 00), 0> 1.

We can remove the assumption that supppg is compact to obtain the same conclusions
in Theorem 3.1 and Theorem 3.2.

Theorem 3.3. Let a(t) = %t, 0<A<l-21ora(t)= O(ﬁ) (t — o00), 6 >1.

Suppose that ug satisfies (H1), (H2), p(()vfl)/2 € H™(R™) and is sufficiently small. Then
Cauchy problem (1.3), (3.1) has a global regular solution, and

(pO~Y/2 w —w)T € C([0,00), H™(R™)) N C*([0, 00), H™H(R™)).

(pO=V/2 w — @) has the same estimates as in Theorem 3.2.

The proof is similar to that of Corollary 1 in [2], we omit the details.
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