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SOBOLEV INEQUALITY ON
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Abstract

Let M be an n dimensional complete Riemannian manifold satisfying the doubling
volume property and an on-diagonal heat kernel estimate. The necessary-sufficient
condition for the Sobolev inequality || f|lq < Cn,vp.a(IVfllp + Ifllp) (2 <p < g < o)
is given.
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§1. Introduction

Let M be an n dimensional complete Riemannian manifold, p be the geodesic distance
on M, and du be Riemannian measure. Denote by B(x,r) the geodesic ball of center z € M
and radius r > 0, and by V(z,r) its Riemannian volume.

One says that M satisfies the doubling volume property if there exists a constant Dy
such that

V(z,2r) < DoV (x,r), Vee M, r>0. (1.1)

We denote v = log, Dy.
Let A be the Laplace-Beltrami operator on M, H(z,y,t) be the heat kernel on M.
Using the boundedness of the potential (I + (—A)2)~! and the Riesz transform, Li [1]
obtained that for 1 < p < ¢ < 0o, the Sobolev inequality

1fllg < Crpa(IVFllp + 1 Fllp), ¥ f € HY (M) (1.2)

holds on a complete manifold with non-negative Ricci curvature if and only if
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In this note, we replace the condition Ricci M > 0 by the doubling volume property and
an upper bounds for the heat kernel. We obtain the following result:

Theorem 1.1. Let M be an n dimensional complete Riemannian manifold satisfying
the doubling volume property (1.1) and the heat kernel H(x,y,t) at M satisfies

c
H(l‘,l‘,t) S W’

for some C > 0. Then for 2 < p < q < 0o, the Sobolev inequality
Ifllg < Crwpa(IVFllp + 1fllp), ¥V f€HY(M) (1.4)

holds for some constant Cp . p.q > 0 if and only if

{ inf V(z,1) >0,

YeeM, t>0 (1.3)

zeEM
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<

3=
3=

1
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Our assumption on M, apart from the doubling volume property, is the heat kernel
estimate (1.3). From this on-diagonal estimate, the corresponding off-diagonal estimate
automatically follows (see [5, Theorem 1.1]): for any a € (0, 1),

2
Ca _al (?,y)

H(z,y,t) < e
VV VOV (Vi)

, Ve,y e M, t>0 (1.5)

for some C, > 0.
With the doubling volume property, this implies that for any a € (0, 1),
C/
H(z,y,t) < —2—e¢
) = G )
for some C’, > 0. Indeed B(y,v/t) C B(x,vt+ p(z,%)). Now an obvious consequence of the
doubling volume property is

7(102(;1,1/)

(1.6)

V(x,0r) < Do0"V (x,r), Ve > 1. (1.7)

Therefore

Vi VD) < V(e Vi+ pla) < o1+ ”(”jgy))”vu, Vi),

and the estimate follows.
In fact, we should have v > n. Since 1in(1) Yiwr) — Q, > 0, we have (see (1.7))

n
rT— T

Vix,1)rv
Dg

Example 1.1. The assumptions of Theorem 1.1 are satisfied on manifolds where a
parabolic Harnack principle holds (see [6, Chapter 5]).

It is easy to construct manifolds that satisfy the assumptions of Theorem 1.1, but where
the parabolic Harnack principle is false. A typical example is the following (see [3]) : take
two copies of R?\B(0,1), and glue them smoothly along the unit circles.

By [6, Theorem 5.6.4 and Theorem 5.6.5], we conclude that the parabolic Harnack prin-
ciple is satisfied on manifolds with non-negative Ricci curvature. Thus Theorem 1.1 is an
extension of the result in [1] when 2 < p < 4o0.

<V(z,r) < Cpr™, r< 1.
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§ 2. Proof of Theorem 1.1

We consider the potential (I + (—A)2)~!. For 1 < p < 0o and Vf € LP(M), we have

T2 I+ (-A)2)7Lf / / (z,y,t) f (y)dydt, (2.1)

where P(z,y,t) is the Poisson kernel on M, i.e.,

1
P(z,y,t) s 2H xy,— ds— e~ 4bs 2H(x Y, 8)ds.
e =

Proposition 2.1. There exists some constant C, > 0 such that

ITfllzrany < Collflleeany, Ve LP(M).

Proof. By Theorem 3.5 in [2], [,, H(z,y,t) < 1, s0 [,, P(z,y,t) < 1. Therefore T is
L? (1 < p < o0) bounded.

Next, we will show that T is also bounded from LP(M) to LY(M) for % — 1= % Let

k(z,y) \/_/ *t/ e~ 465 2H (z,y, s)dsdt, (2.2)
kl(x,y)—T/ te” / eiﬂsffH(x,y,s)dsdt, (2.3)
ko (z,y) \/_/ / e~ 465 2H (z,y, s)dsdt, (2.4)
Tuf(@) 2 (T + (=807 @) = [ ki) @)no),
Taf(@) 2 T+ (=825 1) = [ Raleas) [ )dn(),

Clearly
k?(.l?,y) = kl(x7y) + kQ(x7y)a (25)
Tf(@) = [ ka)f0)duly) = Tof (@) + Tola), (26)
M

First, we state the following two lemmas.

Lemma 2.1. Let M be a complete Riemannian manifold satisfymg the same assumptions
of Theorem 1.1. Let in{/[V(x,l) =§6>0, 1 <p<qg<oo, é = 5 — 2. Then Ty is of type
x€
(p,q), i.e. Ty is bounded from LP(M) to LY1(M).

Lemma 2.2. Let M be a complete Riemannian manifold satisfying the same assumptions
of Theorem 1.1. Let inf V(z,1)=6 >0, 1<p<g<oo, =11 Then T, is of type
ceM g p n
(P, q)-

Next, once we established Lemmas 2.1-2.2, with the (p, p) boundedness of T' (see Propo-
sition 2.1) and Marcinkiewicz interpolation theorem (see [4] for example), we obtain
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Theorem 2.1. Let M be a complete Riemannian manifold satisfying the same assump-
1

tions of Theorem 1.1. Let 1 < p,q < oo, and inf V(x,1) >0, 1 —L <Ll <Ll Then T s
zeM p n q P
of type (p, q).
Furthermore, we can get

Theorem 2.2. Let M be a complete Riemannian manifold satisfying the same assump-
tions of Theorem 1.1. Then for 2 < p < oo, there exists a constant Cy, , > 0, such that

1(=2)2 fllp < CrplVIllp, Ve C5(M).
Proof. Let % + % = 1. Then for all g € C§°(M),
((=A)2f.9) = (f,(=A)29) = (f, (=A)(=A)"2g) = (Vf,V(=A)"2g).
Since the Riesz transform V(—A)~2 is L” bounded for 1 < r < 2 (see [3, Theorem 1.1]),
[(=2)2 1,9 < IVFlplIV(=2)"2gllp < CrplIVfllnllgllp-
Thus [[(=2)% fll < CoplIVSl-
Now we prove Lemmas 2.1-2.2. To this end, we give the following two lemmas which are

needed in the proof of Lemma 2.1.

Lemma 2.3. For any a > 0, let g,(0) = Then there exists a constant

0, 0<0<1,
0%, 0>1.

Ch,a > 0, such that

h e 2h+1 _% 7
> cFaehsa. [ ety (27)
0

t
k=—o00
t
Proof. One can easily see that A(t) = e~ % g,(2%) is a continuous and piecewise
monotone function. Its maximum is obtained at
2
{0, a < 5
m= 5 2
logy3a, a>:.

For h > m — 1, we have

h ; htl o,
_2k E _2t t _2m m
> e Faehs [ e Fuehase Foeh)
k=—o0 —o°
htl 2t t C! 0 2t nt
g/ e*?ga(Qé)dHﬁ/ e~ 52z2dt
—o0 fiooe_TQ?dt —o0
h+1 ohtl ¢
t t o(VT
< Cn,a/ €% ga(22)dt < Cn,a/ £ 9V7) Sgt(‘[)dt. (2.8)
—00 0
While for h < m — 1,
h h+1 ohtl
k ; t t a t
3 e ga(2%) g/ e*%ga(zé)dtg/ Lt(\/)dt. (2.9)
—00 0



SOBOLEV INEQUALITY 655

Combining (2.8) and (2.9), we get the conclusion.
For simplicity, we denote g(6) = g, (0).

Lemma 2.4. Let M be a complete Riemannian manifold satisfying condition (1.1).
Then for anyx € M, 0 < s <1, and k>0,

2
V2K e*%g(i)
_p (L y) s
[ et <L) [,
plz,y)<k 0 P

Proof. Since

lim Vie,t) _ (z,8)

t—0 tm

=Q, >0, (2.10)

there exists an rqg > 0, such that C; < V(zs)

r € (0,ro] and 6 € (0,1),

< (O for s € (0,79). Therefore for any

V(x,0r)

ML N 3 2.11
V(z,r) — Cn ( )

On the other hand, for any r € (rg, 1], 6 € (0,1),

V(z,0r) V(z,0r) V(z,ro) V(z, Hro)
= . . <D 0" < Cp 0", 2.12
V(z,r) V(z,0rg) V(x,r) V(x,rg) — 0<r0) c (2.12)
For 6 € (0,00), we denote x(f) =  sup V((Ex?:)) Then it follows from (1.7), (2.11) and

zeM,0<r<1
(2.12) that x(8) < Cy,.9(0).
Let h be selected such that 2"/s < k < 2"*1,/s. Thus

P Ly p2(z,y
/ e Z / e duly)
p(z,y)<r 2% i<p(ey)<2 S 5
h
k
< Y e F V(@2 V) - V(z,285))
k=—o00
<GV (z Z e~ g(2%), (2.13)
k=—o0
By Lemma 2.3,
V2K So(L
BSICRD) e g( g)
[ g ey [0 g
p(z,y)<k 0 P

And the lemma is proved.

Proof of Lemma 2.1. Let

kl(xay)v P(x,y) é K,
ki1(z,y) =
0, p(z,y) > K,
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where k is to be determined.
Let

As long as we can show that T} is of weak type (p,q), it is also of (p,q) by Marcinkiewicz
interpolation. To this aim, we need to prove

1

plw € M : |Tif ()] > 20} < Copagurge

(2.14)

where || f|l, = 1.
Clearly

p{lr e M |Tif(x)|>2A} <p{z e M : [Ty f(x)|>A}+p{r € M : |Th o f(z)|>A}. (2.15)
By interpolation,
Taaf @y < sup [ kuatep)du). (2.16)
xeM J M

By Lemma 2.4 and (1.6),

o] 1 2 3 e~
ki,1(z,y)du(y §/ te™! eiﬂsfi/ ————dpu(y)dsdt
[ maadutn < [Cret | e VG /5) )
+o0o 1 2 V2k e s g L
< Cn,l// te_t/ e t—s_%/ (‘/g)dpdsdt
0 0 4s 0
V2k 00 1 . 2
< Cn,l// 1/ te*t/ e*Tis*%e’ﬁ (L)dsdtdp
0 P Jo 0 Vs
\/EH oo (oo}
1 s s 2
< Cn,v/ —/ e_t/ 6_18_%6_5529(i)d8d81‘,dp
0 PJo t2
V2K oo Vs 5p2
< Cn,y/ l/ e’is’%/ e*te_mg<u)dtdsdp
0 P Jo 0 t
V2K o) o)
1 S S 2
< Cn,l/ _/ e 1 / e \CP 6_%g(l)£2dld8dp
0 P Jo 0 l
Since g(I) ~ 1" for I — 0", and g(I) ~ [¥ for | — +o0,
/ ki, y)du(y) < Cn k. (2.17)
M

By (2.16) and (2.17),

p
ple € M,|Tiaf(z)] > AN} < Co

55 (2.18)

On the other hand,

i
7

Tt @] < sup ([ Hadnt) ™ (219)

zeM
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where =1-=
By (2 10), there exists an 79 > 0, such that for any s € (0,70), V(z,v/s) > ¢,s2. By
(1.7) and v > n, for s € (ro, 1],

v < Po(G) ()=o) () < s
Therefore
V(z,\/5) > Cp,omin(6,1)s3,  V0<s<1. 220,

It follows from (2.20) and [3, Lemma 2.1] that

L +oo
/klooxydu ? <C/ /e ST / (z,y,s s)du(y )) dsdt
p(z,y)=

< C te*t/ e by / ~ el du(y) )" dsdt
\/_ ( oz, y)>f~”~ )
3

==

In a way Similar to the estimate of (2.17), we have

o 1 1_n
< _— P,
([ W) < Cpru e
By (2.19),

1 -
< _— P, .
1100 @)] < Cpinpzrsos (2:21)

Let k > 0 be selected such that

]. 11—z ]- 3
A= nY .+ (c 47 P = N+ (s 147 a
Cpon, mln{é,l}ﬁ Cr, mln{é,l}ﬂ

Then
ko= ChpysA 7 (2.22)

and (2.14) is obtained from (2.15), (2.18), (2.21) and (2.22). The lemma is proved.

Proof of Lemma 2.2. Write % =1+ % = ”T_l By Holder’s inequality,

ITof ()] < /M ko, )| (9) dy

<{ [ mealsoral’{ [ wepa) 7 [ rwra)
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Thus
Zasly < sup { [ Koy} 171 (2:23)
zeM M

By Mincowski’s inequality, we have

/kaydy <\/_/

Since V(z,+/s) > V(z,1) > 6 for s > 1,

H”
&

% / H" (z,y,s )dy>?dsdt

(/M Hr(xvyaS)du(y))% < Cs.

/ kS (z, y)dp(y < C(;/ te” / Iiis_%clsdt < Cs.

Combining the above with (2.23)7 we get the lemma.

Therefore

Proof of Theorem 1.1. By Theorem 2.1 and Theorem 2.2, we get the sufficient part
of Theorem 1.1. Now let f(y) = max{t — p(x,y),0}. Then

10> (5)V (25)" Wl <tVE0b 1971, < Vi o).

Hence
11 t
DFF > O g —— t>0. 9.24
V(z,t) *C’p’ql—l—t Vt>0 (2.24)
Thus it follows from (2.10) and (2.24) that
4
"G > Cppg——, Vi< L
= C 1p:q1 + t’ <

This means that 1—1) — % <
Choosing t = 1 in (2.24), we get V(z,1) > Cppq, Vo € M. Therefore inlf\;l V(z,1) > 0.
T€E

And we get the necessary part of Theorem 1.1.

SIM
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