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Abstract This paper deals with the blow-up phenomenon, particularly, the geometric
blow-up mechanism, of classical solutions to the Cauchy problem for quasilinear hyperbolic
systems in the critical case. We prove that it is still the envelope of the same family of
characteristics which yields the blowup of classical solutions to the Cauchy problem in the
critical case.
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1 Introduction and Main Results

Consider the following Cauchy problem for the first order quasilinear hyperbolic system

Ou ou

— + Au)— = 1.1

5 TAWZ =0 (1.1)
with the initial data

t=0: u=9¢(z), (1.2)
where u = (u1,- -+ ,u,)7 is the unknown vector function of (,2), A(u) is an n x n matrix with
suitably smooth elements a;;(u) (i,j = 1,--+ ,n) and ¢(z) = (¢1(z), -+, dn(x))T is a C* vector

function of x.
We assume that in a neighbourhood of u = 0, system (1.1) is strictly hyperbolic: A(u) has
n distinct real eigenvalues
A(u) < Aa(u) < -+ < Ap(u). (1.3)

)
Fori=1,---,n, let [;(u) = (Li1(u), - ,lin(u)) (vesp. ri(u) = (ri1(u), -+, rin(u))T) be a left
(resp. right) eigenvector corresponding to A;(u), namely,
() A(w) = N(w)li(u)  (resp. AQw)ri() = Ai(w)ri(uw)). (1.4)

Without loss of generality, we assume that on the domain under consideration,

Li(u)rj(u) =6 (1,j=1,---,n), (1.5)
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where d;; stands for the Kronecker’s symbol.

By means of the concept of weak linear degeneracy, in [4, 8, 11, 12], Li et al. studied the
global existence and the blow-up phenomenon of C'* solution to the Cauchy problem (1.1)-(1.2)
under the assumption that the initial data (1.2) satisfy

0= sup{(1 + jz)  (g(@)] + 1¢' (2)])} < 1 (1.6)

for some constant p > 0 (some related results can be also found in [13]-[15]).
For i € {1,---,n}, the i-th characteristic A;(u) is called to be weakly linearly degenerate,
if, along the i-th characteristic trajectory u = u(?)(s) passing through u = 0, defined by

du

Fr (1.7)
s=0:u=0,
we have
VAi(w)ri(u) =0, V]|u| small, (1.8)
namely
Ai(u(s)) = Xi(0),  V|s| small. (1.9)

If all characteristics are weakly linearly degenerate, system (1.1) is said to be weakly linearly
degenerate (see [5, 11, 12]).

On the other hand, if system (1.1) is not weakly linearly degenerate, then there exists a
nonempty set J C {1,--- ,n} such that \;(u) is not weakly linearly degenerate if and only if
1 € J. For each i € J, either there exists an integer «; > 0 such that

d* i (u(s))
dsF

4o ()
dsitl

=0(k=1,---,q;) but #£0 (1.10)

or

dF X (u(s))

IoF =0 (k=1,2,---) but X\(u?(s)) # \(0), denoted by «; = +oo, (1.11)

s=0

where u = u(¥(s) is defined by (1.7). Moreover, let
a=min{w; | i € J}. (1.12)

By [6] and [7], if system (1.1) is not weakly linearly degenerate, for any given 6y > 0 suitably
small, we can always find some initial data (1.2) with 6 € (0, 6], where 6 is defined by (1.6),
such that the C! solution u = u(t,z) to the Cauchy problem (1.1)-(1.2) blows up in a finite
time. Thus, to find the blow-up mechanism is an interesting problem. The previous results
mainly focus on the noncritical case that o < 400, however, for the critical case o = +o0,
only a few results are known (see [2, 12]). In this paper, we study the blow-up phenomenon,
particularly, the geometric blow-up mechanism in the critical case.

Our main results are the following theorems which show that, although it is impossible to
get a sharp estimate on the life-span in the critical case, the blow-up mechanism in the critical
case is almost the same as in the noncritical case. However, we point out that the method used
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in previous papers can not be directly applied to the critical case and then some significant
changes or improvements should be made in the proof.

Theorem 1.1 Suppose that in a neighbourhood of v = 0, A(u) € C* and system (1.1) is
strictly hyperbolic. Suppose furthermore that system (1.1) is not weakly linearly degenerate and

a = +o0. (1.13)

Suppose finally that the initial data (1.2) satisfy (1.6). Then, for any given integer N > 1, there
exists 0y = 0o(N) > 0 so small that for any fized 6 € (0,60p], the life-span T(0) of C* solution
u = u(t,z) to the Cauchy problem (1.1)-(1.2) satisfies

T(0) >0V, (1.14)

Moreover, when v = u(t,z) blows up in a finite time, u = wu(t,z) itself is bounded on the
domain [0,%(0)) x R, while the first order partial derivatives of u = u(t,x) tend to the infinity
as t 2 T(6).

Theorem 1.2 Under the assumptions of Theorem 1.1, for any given integer N > 1, there
exists Oy = 0o(N) > 0 so small that for any fized 6 € (0, 0], the C' solution u = u(t,x) to
the Cauchy problem (1.1)-(1.2) blows up in a finite time if and only if at least one family of
characteristics forms an envelope in the finite time.

Theorem 1.3 For each i€ J, the family of the i-th characteristics never forms any envelope
on the domain [0,T(0)] x R.

Theorem 1.4 Under the assumptions of Theorem 1.1, on the line t = f(@), the set of
blow-up points can not possess a positive measure.

This paper is organized as follows: In Section 2 and Section 3 we give some preliminaries
and some uniform a priori estimates respectively, then, the main results are proved in Section 4.

2 Preliminaries

By Lemma 2.5 in [11], when system (1.1) is strictly hyperbolic, there exists a suitably smooth
invertible transformation « = u(@) (u(0) = 0) such that in the @-space, for each i = 1,--- | n,
the i-th characteristic trajectory passing through u = 0 coincides with the u;-axis at least for
|@;| small, namely

ri(ue;)//ei, V|| small (i=1,---,n), (2.1)

where 7; (@) denotes the i-th right eigenvector corresponding to r;(u) and

e; =(0,-+-,0,1,0,---,0)7. (2.2)
This transformation is called a normalized transformation, and the unknown variables @ =
(@, ,7y,)7 are called normalized variables or normalized coordinates.
Let
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By (1.5), it is easy to see that

Uy = Z wirg(u). (2.4)
k=1
Let i 9 9

denote the directional derivative with respect to ¢ along the ¢-th characteristic. We have

K2

% =3 (Ni(u) = Me(w)wgr(u) (i=1,---,n). (2.6)
k=1

Then, in normalized coordinates, it is easy to see that (see [9])

dui - .
7 = Z pijk(Wujw,  (1=1,---,n), (2.7)
! Jk=1
where
piji(u) =0, Vi, j (2.8)
and
Or; .
pijk(u) = (Ai(w) — Ag(u)) 50, (TUL, + y TUR—1, Uk, TUR4+1, ", TU)dT, Yj#k (2.9)
0 J
Obviously
piji(u) = O7 VZ,] (2.10)

Moreover, noting (2.4) and (2.7), we have

n

dui
dlu;(dx — N (uw)dt)] = [@ + ; V)\i(u)rk(u)uiwk} dt A dx
= Z Fji(w)ujwidt A de, (2.11)
k=1
where
F”k(u) = pijk(u) + V)\j(u)rk(u)éij. (2.12)
Noting (2.8) and (2.10), it is easy to see that
On the other hand, we have (see [1, 3, 5])
dwi - .
At Z Yigr(wWwjwy,  (i=1,---,n), (2.16)

J,k=1

where

Yigh(u) = %{(Aj(U) = A (u)li(w) Vrg (u)r (u) — VA (u)r; (u)dir + (1K)} (2.17)
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in which (j]k) stands for all terms obtained by changing j and k in the previous terms. Hence

vm(u) = —VAi(U)Ti(UL V1. (219)

Noting (2.4), by (2.16) we have (see [1])

n

dw;(dz — X\;(u)dt)] = Z Lijr(uw)wjwdt A dz, (2.20)
Grk=1
where .
Piji(u) = 5 (A (u) = Ae(u)li(@)[Vr(u)r; (w) = Vi (w)re(w)]- (2.21)
Hence
Fijj (U) = O, VZ,] (222)

3 Some Uniform a priori Estimates

Noting (1.3), we have
A1(0) < A2(0) < -+ < A, (0). (3.1)

Without loss of generality, we may assume that

Then, by continuity, there exist positive constant dp(< A1(0)) and § so small that

Aiv1(w) = Xi(u') > 260, V|ul,Ju'| <0 (i=1,---,n—1), (3.3)
[Ni(u) — Xi(u)] < 6—20, Viul, W/ | <6 (i=1,---,n). (3.4)

For any given T' > 0, let

{(t,z) |0<t <T, x < (A(0) + do)t} (i=1),
DI = {(t,x) |0 <t < T, (\(0) — o)t <z < (N(0)+ )t} (i=2,---,n—1), (3.5)
{(t,2) |0 <t < T, x> (A, (0) — dp)t} (i =n).
Obviously
ODiTCD(T):{(t,xHOgtST, —00 < ¥ < o0} (3.6)

On any given existence domain D(T) of C*! solution u = u(t, ) to the Cauchy problem (1.1)-
(1.2), let

WS (T) = max sup  {(1+ [z — X(0)t)) T H i (t, ) [}, (3.7)
i=Len ¢ ye D(T)\DF

Wl(T) = max maxsup/ |w; (¢, x)|dt, (3.8)

i=1,--,n jF#i
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where ¢; denotes any given j-th characteristic on D(T),

Wi(T) = max sup / |w;(t, z)|dz, (3.9)
=1, 0<t<T J 0o

Uso(T) = [Ju(t, )| Lo (D(T))- (3.10)
For the time being, we assume that on any given existence domain D(T),
|u(t, )| < 0. (3.11)
At the end of the proof of Lemma 3.2, we will explain that this hypothesis is reasonable.

Lemma 3.1 (See [9]) For eachi = 1,--- ,n and any given point (t,x) € DT, let ¢; : & =

& (1) (0 < 7 < t) be the i-th characteristic passing through (t,xz) and intersecting the x-axis

t (0,xi0). Then c; never enters in DI and there exist positive constants dj, (k = 1,2,3)
independent of (t,xz) and i, such that

| — X (0)t] > dot, (3.12)
d1|.13| S|l‘ - )\I(O)t| S d2|$1‘0|, (313)
and, if (T, fi(T))éD;fF for some j, then

&(1) = X;(0)7| > ds|zio|, YO<T <L (3.14)

Lemma 3.2 Suppose that in a neighbourhood of u = 0, A(u) € C? and system (1.1) is
strictly hyperbolic, i.e., (1.3) holds. Suppose furthermore that the initial data (1.2) satisfy (1.6).
Then there exists 6y > 0 so small that for any fized 6 € [0,00], on any given existence domain
D(T) of C! solution u = u(t,z) to the Cauchy problem (1.1)-(1.2), we have the following
uniform a priori estimates

WE(T) < k16, (3.15)

Wi(T), Wi(T) < k2l (3.16)
and

Us(T) < K30, (3.17)

where k; (i =1,2,3) are positive constants independent of 0 and T .
Proof Noting (1.6), (2.3) and (3.11), we have
(1 + |z T |w; (0, 2)| < C6, (3.18)
here and henceforth C' denotes a positive constant independent of 6 and T'.

We first estimate WS (T).
For any given i € {1,---,n}, passing through any fixed point (¢,z) € D(T)\D}
the 4-th characteristic ¢;: € = &(7) (7 < t) which intersects the z-axis at a point (0, ;).

;, we draw

Integrating (2.16) along ¢; from 0 to ¢ yields

w;(t, ) = wi (0, z4) / Z Yiji(Ww;jwg (1, & (T))d. (3.19)

7,k=1
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Noting (3.11) and (2.18) and using Lemma 3.1, it is easy to see that

(1+ |z — N (0)t]) T wi(t, )] < C(1 + |xi0\)1+“{|wi(07xio)|

+ (W5 (1))?

jik=1

/ [(1+[€:(7) = X (0) 71+ [&(7) = A (0)7])) a7
§i(r)¢(D]TUDkT,)

n

FWL) D [+ 16 = MOy, 65(r)) o

Jk=1" ¢, ()¢ DT
< C{(1+ [wio ) |wi(0, io)| + (WE(T))? + WE(T)WA(T)}. (3.20)
Then, noting (3.18), it turns out that

WE(T) < CLO + (W5 (1)) + W (T)Wi(T)}. (3.21)

We next estimate Wy (T) and Wy (T).

For i € {1,--- ,n}, passing through two end points A(t4,z4) and B(tp,zp) of any given
J-th characteristic ¢; : £ = §;(7) (0 < ta < 7 < tg) on D(T) (j # i), we respectively draw
the 4-th characteristics which intersects the x-axis at point C(0,z¢) and point D(0,zp) with
zc < zp. By (2.20), using Stokes’ formula on the domain ACDB, we get

[ ) = x5 () ar

ta
S/ |wi(0,x)\dﬂc—|—// ‘ Z Tiji(w)wjwg(t, )| dtdz. (3.22)
zo AacoB ! T
Then, noting (3.11), (3.18) and (2.22), we have
tp D
/ w0y () = M)l < Of6 [ (L fal) 4
ta xrc
Z // (14 |z = N 0)t) (A + |z — A (0)])] - dtda
h—1 t,x) € (DT UDY)
7,
+ WS (T) Z /[m)GDjT (14 |z — AR(0)t]) =MW (t, )| dtd:c}. (3.23)
Jk=1 (t,z)ngT

Then, noting (3.3) and using Lemma 3.1, we get

/t " Jwi(r & () ldr < C{8 + (WE(T))? + WE (T)Wy (T)}, (3.24)
then
Wi(T) < C{0 + (WE(T))? + WS (T)Wi(T)}. (3.25)

Similarly to (3.24), for any given positive constant r, we have

/_T |w; (t, )|dx < C{O + (WS (T))? + W (T)W(T)}, (3.26)
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where C' is a positive constant independent of r. Taking r — 400, we finally get

Wi(T) < C{O + (WS(T))* + WS (T)Wi(T)}. (3.27)
By (3.21), (3.25) and (3.27), we can obtain (3.15) and (3.16) by means of the method in [12].

Finally, we estimate U (T').

Passing through any given point (t,z) € D(T), we draw the i-th characteristic ¢; : £ =
& (1) (0 <7 <t) which intersects the z-axis at a point (0, z;0). Integrating (2.6) along ¢; from
0 to t gives

u(t,z) = u(0,z) +/0 D i(w) = A(w)wgrk (w)(7, &(7))dr. (3.28)

Then, noting (1.6) and using (3.16), we get
lu(t,z)| < C{6 + Wi (T)} < C8, (3.29)

which leads to (3.17) immediately. In the meantime, taking 6y > 0 suitably small, (3.29) also
implies that the hypothesis (3.11) is reasonable.

Let
US(T) = max sup {(1+ |z = X (00t |y (8, )|, (3.30)
=hom (t2)eD(T)\DT
Uy (T) = [ Jmax rglzc slljp /cj |u; (t, x)|dt, (3.31)
U (T) = Jnax oiltlgT /O:o |u;(t, x)|dz (3.32)
and
Weo(T) = |lw(t, )| Lo (D(1)) (3.33)
where ¢; denotes any given j-th characteristic on D(T), w(t,x) = (w1 (t,z), - ,w,(t,2))T.

Lemma 3.3 Suppose that in a neighbourhood of w = 0, A(u) € C*™ and system (1.1) is
strictly hyperbolic. Suppose furthermore that (1.1) is not weakly linearly degenerate and (1.13)
holds. Suppose finally that the initial data (1.2) satisfy (1.6). Then, there exists 6y > 0 so small
that for any fized 6 € (0,6y], for any given positive integer N, on any given existence domain
D(T) of C* solution u = u(t,z) to the Cauchy problem (1.1)-(1.2) with

TON <1, (3.34)
we have the following uniform a priori estimates
US(T) < k46 (3.35)

and
Ui(T), Uh(T) < rs0; (3.36)

moreover, there exists 0g = 0y(N) > 0 so small that for any fixred 0 € (0,6p], on any given
existence domain D(T) of C solution u = u(t,x) to the Cauchy problem (1.1)-(1.2), where T
still satisfies (3.34), we have

Woo (T) < 60, (3.37)
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where k; (i = 4,5,6) are positive constants independent of 8 and T but possibly depending on

N.

Proof Without loss of generality, in order to prove Lemma 3.3, we assume that u =
(u1,--+,up) are normalized coordinates.

We first estimate U (T').
Similarly to (3.19), integrating (2.7) along ¢; from 0 to ¢ gives

wi(t, ) = ui (0, 240) + /O t > pije(uwy(r,&(7))dr. (3.38)
k=1
Then, noting (1.6) and (2.8) and using Lemma 3.1, similarly to (3.20), we have
(1 + Jz = X (0)¢) ¥ us (t, 2))|
< C{0 + UL (TYWE(T) + US(T)Wi(T) + Uy (T)WE(T)}. (3.39)
Hence, using Lemma 3.2 we get
US(T) < CO{1 + UL (T) + U, (T)}. (3.40)

We next estimate Uy (T) and Uy (T).
Similarly to (3.22), from (2.11) we have

/BMQAM—&WMﬂ§va

ta
< / 13 (0, ) |dar + / / | Fuelwugunt,2)| dida. (3.41)
zo AcpB ! =)

Noting (1.13) and (2.15), for any given integer N > 1, we have
|Fyii(uieq)| < Cn |, (3.42)

here and in what follows, Cy denotes a positive constant possibly depending on N. Then,
noting (1.6) and (2.13) and using Hadamard’s formula and Lemmas 3.1 and 3.2, it follows from
(3.41) that

/ﬂmwmwmmmw@ﬁmm

ta

i[5

|
1
itk

+ (| Fiii(u) — Fiii(uie;)| + an(uzel)|)|uzwz(tax)|:| dtdx

Fijr(u)ujwi(t, o)

S C{O+ UL (T)WE(T) + UL (T)WA(T) + Un(T)W(T)
+ UL (DU (TYW1(T)} + CN(UOO(T))N+1W1(T)T

< CO{1+US(T) + Ui (T)} + OnONT2T. (3.43)
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Thus, noting (3.34), we get

U(T) < CO{1 + US(T) + Uy (T)} + Cn 02 (3.44)
Similarly, we have

Ui(T) < CO{1L + US(T) + Uy (T)} + Cn06>. (3.45)
The combination of (3.40), (3.44) and (3.45) gives (3.35) and (3.36).

We finally estimate Woo(T).
Similarly to (3.28), according to (2.16) we have

t n
wi(t, {I?) = ’LU,L(O, xio) + / Z %-jk(u)ijk(ﬂ SZ(T))dT (346)
0 .
J,k=1
Noting (1.13) and (2.19), for any given integer N > 1, we have
i (wiei)] < Onlug| ™. (3.47)
Then, noting (2.18) and (3.35) and using Lemmas 3.1 and 3.2, from (3.46) we have
t n
|wi(t, 2)| < |wi(0, zi0)] +/0 { Y igk(wwjwi(r, &(r))|

Jrk=1
J#k

+ (e (u) = yiii (wies)| + iz (wieq) Jw? (1, & (7)) | dr
< On{0 + (WL (T))? + WS (T)Wee (T)
+US(T)(Wee(T))? + (Uso (1) (Woo (T))*T'}
< CON{O(1 4+ W (T) + (Woo (T))?) + 0N T (Woo (T))?}. (3.48)
Hence, noting (3.34), we have
Woo(T) < Cn{0 + (Wao(T))?}. (3.49)

Thus, we can obtain (3.36) by means of the method in [12].

Remark 3.1 For any given i € J, A;(u) is weakly linearly degenerate. By (2.15) and (2.19),
we have

Fiii(uie;)) =0 and 7 (uze;) =0, V|u;| small. (3.50)

From the proof of Lemma 3.3, we know that there exists #; > 0 so small that for any fixed
6 € (0,6p], on any given existence domain D(T) (without the restriction (3.34)) of C! solution
u = u(t,z) to the Cauchy problem (1.1)-(1.2) satisfying (1.6), we have the following uniform a
priori estimate

|wi(t, )| < K70, (3.51)

where k7 is a positive constant independent of § and 7.
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4 Proof of the Theorems

Proof of Theorem 1.1 According to the existence and uniqueness of the local C'* solution
to the Cauchy problem (1.1)-(1.2) (see [10]), there exists 79 > 0 such that on [0,79] x R, the
Cauchy problem (1.1)-(1.2) has a unique C! solution u = u(t,z). By Lemmas 3.2 and 3.3, we
have that for any given integer N > 1, there exists 6y = 6p(IN) > 0 so small that for any given
6 € (0,6p], on any given existence domain [0,7] x R of C! solution u = u(t,z) to the Cauchy
problem (1.1)-(1.2), where 0 < T' < 8%, we have the following uniform a priori estimate on the
C! norm of u = u(t,z):

lut, llor = llult, )lco + [lua(t, )lco < €O, Vt € [0,T], (4.1)

where C is a positive constant independent of # and T but possibly depending on N. By
C! extension, we immediately get the existence and uniqueness of C! solution u = u(t,z)
on [0,6] x R. Hence, the life-span T/(8) of C* solution u = u(t,z) to the Cauchy problem
(1.1)-(1.2) satisfies

T(0) >0V, (4.2)

Moreover, by Lemma 3.2, when C! solution u = wu(t,x) to the Cauchy problem (1.1)-(1.2)
satisfying (1.6) blows up in a finite time, u = u(t, ) itself must be bounded on [0,7°(#)), hence,
the first order partial derivatives should tend to the infinity as ¢  T'(0).

Proof of Theorem 1.2 Assume that (t*,2*) is a starting point of the blowup of C!
solution u = u(t,x) to the Cauchy problem (1.1)-(1.2). By Theorem 1.1, we have

t* > 0N, (4.3)
On the other hand, we can find an integer p > N such that
t* < 67", (4.4)

For each ¢ = 1,---,n, passing through any given point (¢,2) with 0 < ¢ < t* and z € R,
we draw the i-th characteristic ¢; : € = x;(7;y;) in which 0 < 7 < ¢t and y; stands for the
z-coordinate of the intersection point of this characteristic with z-axis, i.e., we have

dx;i(7;y;)

= Ai(u(T, 2 (75 9:))) (4.5)
and
zi(05y:) = yi, wi(t;y:) = = (4.6)
In what follows, we prove
‘wi(t,x)axig;yi) <00, Y(tz)€0,t") xR, (4.7)

henceforth C,, denotes a positive constant possibly depending on p.
Noting (2.4), it follows from (4.5) and (4.6) that

Oxi(73 i) 0xi(T; i)
dT( 0; ) ZV)\ w)wgry (T, 2 (7; yl))Tyl (4.8)
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and ( |
0z;(0; y;
—au b 4.9
Ay (4.9)
Hence
%a# = exp / ZW wwirk (7, i (73 yz))d7—>7 Vit e [0,t7). (4.10)
! 0 k=1
Noting (4.8), it is easy to get that
d 0x;(T;y; n O:(7; vs
E[wi(ﬂ xi(T;yi))a(y)} = Z Lyjr(w)wjwg (T, xi(T;yi))éy)’
' jk=1 i

where T';; (u) is defined by (2.21). Then, noting (4.6), for any given (¢,z) € [0,t*) x R, we have

wi(t, 2) 2T ) a(y’,yl) = w;(0, ;) / ];1 T (w)wjwy (7, (7 yz))axzé; Y g (1)

Let
Iy = 10,077, (4.12)
=07V, N {r |0 <71 <t Jwilr,zi(ri9:))| < K163, (4.13)
L=[0"Ntn{r|0<7 <t |wir,zi(1;%:))| > K10}, (4.14)

where k7 is given in Lemma 3.2. Then, noting (2.22), (4.11) can be rewritten as

wi(t,x)ﬁ gt Yi) :(0, ;) / ZFW w)w;w; (7, i (T; yl))axié();;_yi) dr

J#z

- di(7; s

+ (/ +/ +/ Z Fijk(u)ij/c(ﬂxi(ﬂyi))%_y) dr

Io I L7 o Yi
Jik#i

Now we estimate every term on the right-hand side of (4.15).

Obviously
lwi(0,9;)| < CO, Vy; €R. (4.16)
Let
Q) = sup w; (T, xl(T,yZ))M , Vtelo,t%). (4.17)
(7,9:)€[0,4] xR y;
By Lemma 3.2, we get
IB| < CQU)T (1) < COQ(1). (4.13)

By Lemma 3.3, we have

|w1(7,x1(7,y2))| SCG, VTEI()UIL (419)
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Then, noting (2.19) and (1.13) and using Lemmas 3.2 and 3.3, it follows from (4.10) that

il Vi N

‘M < exp {C[/ (Z wie| + (i (w) — viii (wieq) )wil
yi 0 Njg—q
[l

+ |%ii(uz‘€i)wi> (7, 4(T; yi))dT} }
< exp{Cp[Wl(t) + 0((71(1%) + (U ()P0} < Cp, VEe0,t). (4.20)

Hence, using Lemmas 3.1 and 3.2 and noting (2.22), we get

Bl + 1B < Gy [+ [ ) 3 IDunwusuntr,aslrive)idr
To " =1
G ki

< C,WL()WE (1) < Cpb2. (4.21)

We next estimate the last term.
According to Lemma 3.2, when 7 € I3, we have

(1,2;(T;y:)) € DL (4.22)

Then, using Lemmas 3.1 and 3.2 and noting the definition of I, for any given k # i, we have
g

lwie (7, 2:(73 1)) | < CWE (1) (1 4+ 7)) < C0% < |wi(r, zi(m55:))|, V7 € L. (4.23)

Hence, noting Lemma 3.2, we have

- 0xi(T; yi
Bal <€ [ 3 us(raursgn)) ur st i) 22 o
2 =1 7
i
< CWL()Q(t) < CHQ(1). (4.24)
Noting (4.16), (4.18), (4.21) and (4.24), it follows from (4.15) that
‘wi(t, 2B oo caon). (4.25)
Yi
Similarly, we have
Oz (73 y:)
\wi(T, rilri) =g 0| < G+ COQ), V€ [0, (4.26)
Hence, we have
Q(t) < Cf + COQ(1), (4.27)

which implies (4.7).
By (4.7), if

w;i(t, z;(t;y;)) = 00, as t—=t" —0, (4.28)
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then

9 —0, as t—t"—0. (4.29)

On the other hand, by (4.10) and noting Lemma 3.2, it is easy to see that (4.29) implies (4.28).
This proves Theorem 1.2.

Proof of Theorem 1.3 For each i€ J, by Remark 3.1, we have (3.51). Hence, by the
equivalence of (4.28) and (4.29), the family of the i-th characteristics never forms any envelope
on the domain [0,T(6)] x R.

Theorem 1.4 can be easily obtained from the second inequality of (3.16) in Lemma 3.2.
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