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the known results in the finite dimensional case. Furthermore in the additive noise case we
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1 Introduction

The purpose of this paper is to study the large time behavior of the Stochastic Differential
Equation (SDE in short) in a Hilbert space H,

dX(t) = (AX(t) + F(X(t))dt + B(X(t))dW(t), t>0,
X(0)=xz€H,

satisfying the dissipative condition (see Section 2 for details). The known study is usually real-
ized from the dynamical or analytical point of view, e.g., establishing the exponential conver-
gence in some functions space of transition semigroup or log-Sobolev inequality for its invariant
measure, see [7] and [5] and references therein. In this work we shall adopt the probabilistic
point of view, i.e., establishing the Talagrand T5-transportation inequality and the log-Sobolev
inequality on the path space C([0,T], H) (or L2([0,T], H)) for the law of X () with respect to
(w.r.t. in short) the L?([0, 7], H)-metric. Those inequalities, according to Ledoux [13] et al.,
imply the sharp concentration inequalities for

IP(% /OT V(X (s))ds € )

a central object in the probabilistic understanding of the ergodic behavior of X. Let us first
recall the transportation inequality.
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Let (E,d) be a metric space equipped with o-field B such that d(-, -) is B x B-measurable.
Given p € [1,+00] and two probability measures p and v on E, the Wasserstein distance is
defined by

W, (i, v) = in (/ dp(x,y)dﬂ(x,y)>1/p, (1.1)

where the infimum is taken over all probability measures 7 on the product space F x E with
marginal distributions p and v (saying couplings of (u,v)).
The relative entropy of v w.r.t. u, denoted by H(v/u), is given by

/ log Yav, it v

og —dv, if vy,

H(v/p) = dp (1.2)
400, otherwise.

We say that the probability measure p satisfies the LP-transportation inequality on (F,d)
if there exists a constant C' > 0 such that for any probability measure v,

Wy(,v) < V2CH(w /). (1.3)

To be short we write p € T,,(C) for this relation. The cases “p = 1”7 and “p = 2" are
particularly interesting. That T7(C) is related to the phenomenon of measure concentration
was emphasized by K. Marton [14, 15], Bobkov and Goétze [3] and amply explored by Ledoux
[13]. Recently H. Djellout, A. Guillin and the first named author [4] proved the following
criterion: p € T1(C) iff for some ¢ > 0,

/ /Ez e @9 y(dar) pu(dy) < +oo.

The T5(C), stronger than T(C), was first established by Talagrand [18] for the Gaus-
sian measure, and it has been brought into relation with the log-Sobolev inequality, Poincaré
inequality, inf-convolution, Hamilton-Jacobi’s equations etc. by Otto-Villani [16] and Bobkov-
Gentil-Ledoux [2]. The work of Talagrand on the Gaussian measure has been generalized on
an abstract Wiener space by Feyel and Ustunel [9, 10]. F. Y. Wang [20] obtained the T5(C)
w.r.t. the L?-metric on path spaces over Riemannian manifolds by tensorization. H. Djellout,
A. Guillin and the first named author [4] studied the T5-transportation inequality w.r.t. the
L2-metric for finite dimensional diffusions by means of Girsanov transformation and for general
dependent sequences by using the coupling method of Marton [14].

More recently F. Y. Wang [21] establishes that inequality w.r.t. the intrinsic metric on the
path spaces, and S. Fang and J. Shao [8] prove the T3(C) w.r.t. the Cameron-Martin metric on
path and loop groups. And in [22], we obtain the T»(C) for finite dimensional diffusions w.r.t.
a uniform metric.

Let us recall now the log-Sobolev inequality. Let p be a probability measure on some
separable Hilbert space H. We say that p satisfies the log-Sobolev inequality with the constant
C >0, denoted by u € logS(C), if

u(f*log f2) — p(f*) log u(f?) < 2Cu(|Vf|%), Y f e Cp(H). (1.4)

Here C’g (H) denotes the space of all real continuously differentiable functions f on H such that
f and the gradient V f are bounded, and p(f) := [ fdu.
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The log-Sobolev inequality is one of most important tools in the infinite dimensional analysis
and it is widely and deeply studied in the past thirty years since its introduction by Gross [12]
(see [13] for a systematic treatment of the subject). It is known by the work of Bobkov-Gentil-
Ledoux [2] that logS(C) == T»(C) on H = R? and their argument shows that the same
implication holds true on a general separable Hilbert space H.

The main purpose of this work is to generalize the results in H. Djellout, A. Guillin and
the first named author [4] about finite dimensional diffusions to dissipative stochastic partial
differential equations (SPDE in short). Furthermore in the additive noise case, we obtain the
log-Sobolev inequality which is stronger than the T5(C). In that case our results generalize a
recent work by Da Prato, Debussche and Goldys [5] in two respects: first our results cover the
case of reaction-diffusion in higher dimension (only one-dimensional case was treated in [5]);
second, our results are not only for the marginal law and the invariant measure, but also for the
law of the whole path of the underlying SPDE, which lead to sharp concentration inequalities
describing the ergodic behavior of the diffusion.

This paper is organized as follows. The main results are presented in the next section,
where we give Th-transportation inequalities for Lipschitzian system with general noise and
log-Sobolev inequalities for dissipative system with additive noise. In Section 3, applications
to stochastic reaction-diffusion equations are provided. In Section 4, we introduce some known
results in the finite dimensional case. Section 5 and Section 6 are devoted to the proofs of
the main results. Our approach consists in approximating the solution of infinite dimensional
SPDE by finite dimensional diffusions, which might have independent interests.

2 Main Results

2.1 Notations

Let H be a separable Hilbert space endowed with the norm | - | induced by its inner product,
U another separable Hilbert space. The Banach space of all linear and bounded (resp. and
Hilbert-Schmidt) operators from U into H is denoted by L(U — H) (resp. Lo(U — H)), with
the operator norm || - || (resp. Hilbert-Schmidt norm || - ||2). Let C([0,T], H) be the space of
all continuous functions from [0, 7] into H and

T
L*([0,T],H) = {f : [0, 7] — H measurable; |f|3 ::/ |f(t)|2dt < —l—oo}.
0

The L?-metric on L%([0,T], H) D> C([0,T], H) is defined as follows,

T
da2(71,72) == |1 — 122 = \// |1 (t) — Y2 (t)[2dt, V1,72 € L*([0,T), H).
0

Consider the Stochastic Differential Equation (SDE in short) in the Hilbert space H,

dX(t) = (AX(t) + F(X(8)))dt + B(X()dW (t), t> 0, .
X(0)=z € H, 21

where (W}) is a cylindrical Brownian motion in the Hilbert space U with the identity covariance
operator Iy, defined on some well filtered probability space (2, F, (Fi)i>0,P) (“well filtered”
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means that (F;);>o satisfies the usual condition); A is the generator of some Cy-semigroup on
H,B:H— LU — H);and F:D(F)(C H) — H.

For short, the Stochastic Differential Equation with coefficients A, F, B such as (2.1) is
written as SDE (A, F, B). Let us introduce

Hypothesis 2.1 (i) A is the infinitesimal generator of some Cy semigroup (S(t))i>0 on
H.

3

(ii) For anyw € U, x — B(x)u is continuous from H to H, and for anyt >0 and x € H,
S(t)B(z) € Lo(U — H), and there is some nonnegative locally square-integrable function K (t)
on RT such that for all x,y € H,

1S(@)B(x)]|2 < K(t)(1+ |z), 22)
IS®)B@) ~ SOBW)l2 < K ()] - yl; |
(iii) sup ||B@)||lvog <M < cc.
reH
Hypothesis 2.2 (Dissipativity) There is some 6 > 0 such that for all z,y € D(A) [ D(F),
(@ —y, Alx —y) + F(z) = F(y)) + %IIB(OC) ~By)|3 < =6z —yI*. (2:3)

Here D(A) (resp. D(F)) is the domain of definition of A (resp. F) in H.
Notice that under Hypothesis 2.2, B(z) — B(y) € L2(U — H) but B(z) alone may be not
Hilbert-Schimidt.

2.2 Lipschitzian non-linearality case

We first consider the case where the non-linear term F' is Lipschitzian.

(L) D(F)=H and F : H — H is Lipschitzian, i.e., there exists some L > 0 such that
[F(z) = F(y)| < Llz —yl, Va,yc H.

Theorem 2.1 Assume Hypotheses 2.1 and 2.2 and (L). Suppose furthermore that

Hypothesis 2.3 there is a sequence of finite dimensional orthogonal projections (IL,,)nen
such that

(i) the range H,, of I, is contained in D(A) D(F);

(ii) for any x € D(A), there exists x, € Hy, such that |z, — x| + |Az, — Az| — 0;

(iii) For all n, eMATTL, B(11,,x) satisfies (2.2) with the same K (t) (in place of S(t)B(x))
and for eacht >0, x € H,

|| AT L, B(IL,2) — S(t)B(x)||2 — 0. (2.4)
Then the SDE (2.1) has a unique L*-mild solution X (t) = X (t,z), i.e., X(t) is progressively
measurable, sup E| X (t)|? < +oo for every T > 0 and satisfies for each t > 0 fived,
t<T

X(t):S(t)x—k/o S(t — )[F(X(s))ds + B(X(s))dW,], P-a.s.

Moreover this process X (t,x) possesses the following properties:
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(a) For all different initial points x,y € H,
E|X(t,z) — X(t,y)]> < e Pz —y2, Vt>0. (2.5)

In particular X (-) has a unique invariant probability measure p such that for any initial measure
von H,

Wo(vPy, ) < e ' Wa(v,p), ¥t >0, (2.6)

where Py(z, -) = P(X(t,x) € -), Wa(v, u) is the L?-Wasserstein distance between v and p
w.r.t. the | - |-metric of H.

(b) the probability distribution P, (on L?([0,T], H)) of the mild solution X(-,x) start-
ing from x of SDE (A, F, B) (2.1) satisfies the Talagrand transportation inequality To(C) on
L2([0,T], H) w.r.t. the L?>-metric dy for all x € H and T > 0, where the constant C is given by

Furthermore Pr(x, -) € Tg(]g—;) on (H,| 1), as well as the unique invariant probability measure

p of (Pr).
(c) When U = H and B~'(z) exists and satisfies

M:=sup |B Yz)|= sup |B x)z] < +oo,
zeH z,z€H;|z|=1

the following Poincaré inequality holds

2772
Var, (1) = (%) — (1) < DX R(BYIP), ¥ f e o). (27)

Remark 2.1 The first claim about the existence and the uniqueness of L?-mild solution
holds without Hypothesis 2.3 (see [7, Theorem 5.3.1]). Furthermore, if there exists some « €
(0, 1) such that for VT > 0,

)
T
/ tT2K (t)2dt < 400,
0

where K () is given in Hypothesis 2.1(ii), then X ( -) allows a continuous version (see [7, Theorem
5.3.1)).

Remark 2.2 Assume Hypothesis 2.1. One can find a sequence of finite dimensional orthog-
onal projections (II,,) satisfying Hypothesis 2.3 in each of the following situations (the details
are left to the reader):

(1) = — B(z) is globally Lipschitzian from H to Lo(U — H);

(2) S(t) is symmetric and compact on H (by the spectral decomposition) for each ¢ > 0.

Remark 2.3 All inequalities in parts (a), (b), (¢) in the theorem above are sharp, as seen
for the Ornstein-Uhlenbeck process: F =0, U = H and B(z) = Iy and S(¢) is symmetric such
that [|S(¢)||2 is locally square integrable on [0, +00). See [4] for details.

Remark 2.4 That u € TQ(Q%;) in part (b) implies the following Gaussian integrability:

/He’\‘z|2du < 4oo, VAe (0, %)

This fact together with (2.6) yields Wa(Pr(z, - ), ) — 0 as T goes to infinity.
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2.3 The dissipative and additive noise case

When the non-linearity of F' becomes stronger, we have to assume that B(z) = B (constant
covariance matrix), i.e., the case of additive noise (as in the general theory of SPDEs, [6, 7]).
The new framework is as follows.

Assume that K is a reflexive Banach space, densely and continuously embedded into H. We
introduce the following hypotheses (see [7, p.80]).

Hypothesis 2.4 (i) There exist n1, 12 € R such that the operators A — 1y and F — 19
are m-dissipative on H and § := —(m1 +n2) > 0 (that is stronger than Hypothesis 2.2);

(ii) for some 71, 72 € R, the parts on K of A — 11 and F — 75 are m-dissipative on K;

(i) D(F) D K and F maps bounded sets in K into bounded sets of H.

Hypothesis 2.5 The process
t
Wa(t) = / S(t—s)BdW (s), t>0,
0

allows a continuous version in H, takes values in the domain D(Fg) of the part of F in K,
and for any T > 0,

sup ([Wa®)llx + [[F(Wa(t)llk) < +oo, P-a.s.
te[0,T)

Under Hypotheses 2.4 and 2.5, we know that (see [7, Theorem 5.5.8])

(i) for each z € K, the SDE (2.1) has a unique continuous mild solution X (-, x);

(ii) for each x € H, the SDE (2.1) has a unique continuous generalized mild solution X (-, x),
i.e., there exists a sequence (z,,) in K and mild solutions X ( -, x,,) such that X (-, z,) — X(-,z)
uniformly over bounded time intervals in probability.

Theorem 2.2 Assume that Hypotheses 2.1 and 2.3-2.5 are fulfilled. For every x € H, let
P, be the law of the unique generalized mild solution X (-,z) of the SDE (2.1) (a probability
measure on C([0,T],H) C L*([0,T],H)), and Pi(z,dy) = P(X(t,x) € dy) the transition
probability kernel. Then

(a) Forallz,y€ H andt >0,

X (t,z) — X(t,y)| <e %z —y|, a.s.

In particular P; has a unique invariant measure p such that for any p € [1,+0o0], any initial
probability measure v, and any t > 0,

Wp(VPtmu’) < eiéth(Va :u)

(b) (Ty-Transportation Inequality) P, € To(C) on C([0,T], H) w.r.t. the L?>-metric dy for
allz € H and T > 0, where the constant C' is given by

1B

C:= 52

(2.8)

Moreover Pr(z, -) € Tg(“%ﬁ) on H, as well as the unique invariant probability measure u of
(F%).
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(¢) (Log-Sobolev Inequality) The law P, satisfies the logS(C') with C = H?QHQ on L2([0,T],
H), i.e., for all F € C}(L*([0,T], H)),

F2(X B2
Kor) 1B gy p2x0 0y). (2.9)

EF?(Xjo1)1
( [O,T]) 0g EF2(X[O7T]> = 52

where V is the gradient on the Hilbert space L?([0,T], H). Moreover, for every T > 0,

1B

Pr(f*log f?) — Prf*log Prf? < Pr(|Vf3), VYfeCp(H) (2.10)

: _ 1BI?
on H, and p € 1ogS(C) with C = 55
(d) In particular, when U = H and B~! ezists and is bounded,

IB]* IIB 2

p(flog £2) — p(f?)log u(f?) < p(IBVfli), ¥ feCy(H). (2.11)

Remark 2.5 When U = H, B = Iy, F =0 and A is symmetric, all 75(C) and logS(C) in
the theorem above become sharp.

2.4 Several consequences of the T>-transportation inequality

As shown in [4, 22], many interesting consequences can be derived from the T5(C) of P, on
L2([0,T], H) above. For instance (for the detailed proof, see [4]),

Corollary 2.1 Under the assumptions of Theorem 2.1 or Theorem 2.2, let C' := M?§~2.
We have for any T > 0,
(a) The following Poincaré inequality holds for any F € CL(L?([0,T),dt; H)),

Vare (F)<C [ [VEQ)RRL(), (212)
L2([0,T],H)
where Varp, (F) is the variance of F under law P, and VF(y) € L*([0,T], H) is the gradient
of F at v in L*([0,T], H).

(b) (Inequality of Tsirel’'son Type) For any non- empty subset G in L2([0,T], H) such

that Z(vy) := sup{vy,h) € L'(P,) where (hy, hy) := fo (h1(t), ha(t)) gdt is the inner product in
heG
L3([0,T), H), we have
/exp (l sup [(7, h) — L |2DdIP’ < exp (lEPwZ). (2.13)
C rea 2 C

(¢) (Inequality of Hoeffding Type) For any Lipschitz function V : H — R such that its
Lipschitzian coefficient ||V ||Lip < «, we have for all v >0 and T > 0,

IP’(%/O V(X (¢, z))dt — —/ dt>r) Sexp(f C;ZZQ) (2.14)

See Ledoux [13] for further important consequences of the log-Sobolev inequalities in The-

orem 2.2.
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3 Applications to Stochastic Reaction-Diffusion Equations

In this section, we will study the following stochastic reaction-diffusion equation on a
bounded open domain © in RY:

dX(t,€) = (AX(t,&) + f(X(t,€)))dt + VQdW(t,§), >0,
X(0,§) ==z(§), VEeO, (3.1)
X(t,{)ZX(t,f):O, § €00,

where U = H = L?(0) := L*(O,dz), £ € O, A is the Laplacian operator with the Dirichlet
boundary condition, i.e., D(A) = H2(O)NHL(O), f: R — R, and Q : L?(0) — L*(O) is a
bounded nonnegative definite symmetric operator, and W (¢, &) is a cylindrical Wiener process
with the covariance Iy, defined on some well filtered probability space (Q, F, (F), P).

By a mild solution of (3.1), we mean an adapted process X (t) such that ¢ — X(t) is
continuous from RT to L?(Q,P; H) where H = L?*(0) and for all t > 0,

X(t):S(t)x—i—/O S(t—s)F(X(s))ds—i—/O S(t — s)\/QdWs,

where S(t) is the Dirichlet semigroup generated by (A, D(A) = H2(O) H(0)), F(x)(€) =
f(x(€)). A generalized mild solution X (¢,z) of (3.1) means that there is a sequence of mild
solutions X (¢, z,,),n € N (with initial conditions ) such that X (¢, z,) — X (¢, z) in probability
for every t > 0.

Notice that the boundary condition at 0O is assured formally by the Dirichlet boundary
condition of A.

3.1 The one-dimensional case

Proposition 3.1 Let N =1 and O = (0,1). Assume that [ satisfies

Hypothesis 3.1 f(x)+ Az is continuous and non-increasing for some A € R, and for some
s>1 and cy > 0,
|f(@)| < ol +2f*), zeR

Assume moreover that
§:=m*+A>0. (3.2)

Then for every initial condition x € L?(0,1), the SDE (3.1) has a unique generalized mild
solution X (-, x), whose law is denoted by P,. Furthermore all parts (a), (b), (c) and (d) in
Theorem 2.2 hold true with | B| = ||[VQ | = /||Q||, the constant & given above and | B~ =

VIQTHI-

Remark 3.1 If f is derivable on R with f’ upper bounded and is of polynomial growth at
infinity, Hypothesis 3.1 is satisfied with A = —sup f/(z). For example, if
z€R

2n
f(z) = —az®" 1 + Zbkxzn’k, reR, a>0,
k=0
then Hypothesis 3.1 is satisfied with s = 2n + 1, and when « > 0 is sufficiently large so that
S=7m2+1>0.
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Remark 3.2 The log-Sobolev inequality (2.11) in Theorem 2.2(d) for this one-dimensional
model was proved by G. Da Prato, A. Debussche and B. Goldys [5], with a completely different
approach from ours. But other conclusions in this proposition are new.

Proof of Proposition 3.1 It is enough to verify all assumptions of Theorem 2.2 with
H =L20,1) and K = L25(0,1).

(1) We begin with Hypothesis 2.1. Since A = % with D(A) = H2(0,1) (" HL(0,1) is the
infinitesimal generator of the Dirichlet semigroup S(t) on H = L%(0,1), and S(t) € Lo(H), t >
0, indeed,

o0

IS5 =" e
n=1

which is equivalent to 7 for some ¢ > 0 as t — 0. Hence (2.2) is satisfied with K (¢) = [|S(t)||2.

(2) (Verification of Hypothesis 2.3) Since Hypothesis 2.1 is satisfied and S(¢) is symmetric
and Hilbert-Schmidt for every ¢ > 0, Hypothesis 2.3 is automatically satisfied by Remark 2.2.

(3) (Verification of Hypothesis 2.4) At first A+n2 is m-dissipative on L?(0,1) (well-known),
i.e., A —ny is dissipative with 17, = —72. Moreover for every p € [1,+0o0), A is m-dissipative
(for the Dirichlet semigroup S(t) generated by A is a Cp-semigroup of contractions on L?(0,1)).

Let us show that F(z)(§) := f(x(§)) satisfies : F + X is m-dissipative on LP(0, 1) for every
p > 1. Indeed for all s >t € R, (s —t)[f(s) — f(t) + AM(s — t)] < 0. So we have for all 5 > 0,

ls =t = Blf(s) = F() + A(s = D)]| = [s — 1.

By symmetry it continues to hold true for s < ¢t. Thus for all z,y € LP(0,1) such that
F(z),F(y) € LP(0,1), we have

lz —y—B[F(z) — F(y) + Mz —y)lllzr0.1) = |12 = yllLr0,1),

that is, F'+ A is dissipative, and furthermore it is m-dissipative (the detail is left to the reader).
Thus (i) and (ii) in Hypothesis 2.4 are verified.
Finally it is obvious that F : K = L?%(0,1) — L?(0,1) = H is continuous and bounded,
then Hypothesis 2.4(iii) is satisfied.
(4) (Verification of Hypothesis 2.5) To this end (with K = L?$(0,1)), it is enough to
establish E sup HWA(t)Hip(OJ) < oo for all p > 2s.
0<t<T

Since for any a € (0, %)7

T T
/ 22 S(6)V/@ 12t < Q| / 1722/ 5()|2dt < 400, VT >0,
0 0

Wal(t) = fot S(t — s)v/Q dW, has a continuous version in the domain D((—A)7) for any v €
(0, ), by [7, Theorem 5.2.6]. That implies W4 (¢,£) has a continuous version in both (¢,&) €
R* x [0,1] for D((—A)?) is continuously embedded into C[0,1]. This is much stronger than
what we require.

3.2 The multi-dimensional case

We now discuss the case where N > 1. In the multi-dimensional case, if @) = Iy in (3.1), the
Hypothesis 2.5 is not satisfied for fOT |S(t)||3dt = +oc in general (its finiteness is a necessary



252 L. M. Wu and Z. L. Zhang

condition for defining [; S(t — s)dW (s)). Indeed if N =2 and O = (0,7)",

> 2 2 > 2.\ 2
||S(t)||§ > Z 67271 t672m t_ <2672n t) ~ til.

n,m=1 n=1

In order to overcome this difficulty, we need to impose some conditions on the covariance matrix
@ of the noise.

Proposition 3.2 Let N > 1 and O be a bounded open domain of RY. Assume that f
satisfies Hypothesis 3.1. Suppose moreover that

0 :=X(O)+ >0, (3.3)
where \o(O) = inf{ [, |V f[?dz; f € H{(O), [, f2dx = 1} is the minimal eigenvalue of —A
with the Dirichlet boundary condition in O; and for some « € (0, %) and T >0,
T T
/ t72S(1)V/Q|3dt = / t72%r(S(4)QS(t)*)dt < +oo0. (3.4)
0 0

Then for every initial condition x € L?(O), the SDE (3.1) has a unique generalized mild solution
X(-,x), and all conclusions of Theorem 2.2 except part (d) hold true.

Proof The proof is completely identical to that of Proposition 3.1, except (3.4), being
automatically satisfied in the one-dimensional case, becomes now a condition.

Let us exhibit a concrete situation where condition (3.4) is satisfied. Since A~! is compact
and symmetric (for O is bounded), there is an orthonormal basis (ex)g>o of L?(Q) such that

Aep = -2 (O)e, Vk >0,

where the sequence of (A;(O))r>0 increases to infinity.
The cylindrical Wiener process W (t,£) on H = L?(0O) can be always written as follows
(formally):

W(t,€) = ex(€)Br(t), t=>0,

k>0

where O;(-), k € N are independent standard real-valued Brownian motion defined on (2, F,
(F),P).

Assume now that @ is determined by
Qer(§) = qrer, 0<qr <c, VEEN. (3.5)

Corollary 3.1 Assume that Q is determined by (3.5). If for some v € (0,1),

dk
> WG +00, (3.6)
keN

then the condition (3.4) in Proposition 3.2 is verified. In particular if moreover Hypothesis 3.1
and (3.3) are satisfied, then all conclusions of Proposition 3.2 hold true.

Proof Note that for any a € (0,3) and A > 0,

“+o0 \ c
—2a  — At o
/0 tT et = SYETE
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where ¢ = 0+°O t=2*e~'dt. Then for any 0 < a < %, we have

+oo “+o0
[ rIsovRga =Y [ e e @tgar < Y S <o
0 0

1—2«a
k>0 k>0 M (0)

So this corollary follows by Proposition 3.2.

4 Known Results in the Finite Dimensional Case

We begin with the finite dimensional case. Consider the diffusion process
dXt = b(Xt)dt + O'(Xt)dBt, XO =, (41)

where b: R? — R? and o : R? — My, (the space of d x n matrices), and (B;) is the standard
Brownian Motion valued in R™ defined on some well filtered probability space (2, F, (F;),P).
Assume the following dissipative condition:

(z —y,b(x) = bly)) + %tf(g(fﬂ) —a(y)(o(x) —a(y)' < —dlz —y|>, Va,yeR!  (42)

where § > 0 and A? denotes the transposition of matrix A.

Theorem 4.1 (See [4]) Assume that b,o are locally Lipschitzian and (4.2) holds, and
lo|l := sup{|o(x)z]; = € RY,|z| < 1} < +oco. Let P, be the law of the solution (X (t,x)) to the
SDE (4.1) and Py(z, -) :==P(X(t,x) € ). Then

(a) Forallt>0,z,y € RY,

EIX(t,2) = X(ty)* < e Pz -yl (4.3)

In particular (Py) has a unique invariant probability measure p such that for any initial measure
vonH,
Wo(vP;, 1) < eiétWQ(V7 w), Vt>0,

where Wa(v, p) is the L?-Wasserstein distance between v and p w.r.t. the euclidean metric of
RY.

(b) P, € T2(C) on L*([0,T],R%) w.r.t. the L2-metric dy for all z € R? and T > 0, where
the constant C is given by

_ lef?

C:= 2 (4.4)

Moreover Pr(x, ) € Tg(”g(‘;lz) on R?, as well as the unique invariant probability measure p of
(P).

Corollary 4.1 Under the conditions of Theorem 4.1, if n = d and 0~ (x) exists and satisfies

lo=t ;== sup o~ (x)|| = sup |B7l(x)z| < +oo, then the following Poincaré inequality
zeH z,2€H;|z|=1
holds o112
o  lolFlle "

Van, (f) = a(7) = u(F)? < 202
as well as the following exponential convergence in L*(RY, ) :

_ lelPlle”

)

u(loV ), VfeCyRY;

Var, (P, f) Sexp( t)Valru(f)7 Vfe LR ), Yt >0.
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Proof It is known (see [2]) that u € T5(C) implies the following Poincaré inequality
Var,(f) < Cu(IVf%), ¥ f € Cy(RY).

Thus the Poincaré inequality in the corollary follows from Theorem 4.1(b). For the L2-
exponential convergence, by approximating b, o by smooth ones, we can assume without loss of
generality that b, € C*° moreover. In that case, since part (a) implies

VPS> < e 2PV f]?),

the family A := {f € C}(R?) N C>(R?); Lf bounded} is stable by (P;), where £ = 1tr(ca'V?f)
+b(x) - Vf is the generator of (P;). In that smooth case the L?-exponential convergence for
f € A is equivalent to the Poincaré inequality for f € A. Finally it is easy to extend the
L?-exponential convergence from f € A to the whole space f € L?(p).

When o(x) = o is a constant matrix, we have the following stronger log-Sobolev inequalities.

Theorem 4.2 Under the assumptions of Theorem 4.1, suppose moreover that o(x) = o is
a constant matriz. Then
(a) Forallt>0, z,y € R?,

X(t,3) - X(Ly) < e ifo—yl, as. (45)
In particular for all p € [1,400], initial measure v and t > 0,
Wp(VPt7 /’L) < e_(sth(Va IU/)

(b) (Log-Sobolev Inequality) The following log-Sobolev inequality holds for the law P, on
L2([0,T),RY): for all F € CL(L2([0,T],R%)),

lo]I?
2

F?(X{0,11)
EF2(X[0,T]>1 g 01]

o) <2
EF2(Xo,7)) ~

E\VFFL?([O,T},W)(X[O,T])v (4.6)
where V is the gradient on the Hilbert space L*([0,T],R%).
(¢) For every T > 0,
Pr (f?log f?) — Prf*log Prf? < @PT(WN), Y f € CHRY), (4.7)
i.e., Pp(zx, ) € logS(%) on R, And the unique invariant measure |1 satisfies the same

log-Sobolev inequality (4.7) instead of Pr.
(d) In particular, when n = d and o~ emists,

2 —1112
(72108 £2) — (A og(r?) < AN owpe) vie i@y, s
and
~lalPlle P 1
Ent, (P.f) < eXp( o t)Ent,L( f), YO0<felL'p), (4.9)

where Ent, (f) = p(flog f) — u(f)log u(f) € [0, 4], is the entropy of f, 0 < f € L*(p).
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Proof Since X (t) := X(t,z) — X(t,y) satisfies
LR = 2R (1), (X (1))~ HX (1) < ~25/K (1)

by the dissipativity condition (4.2), we get (4.5) by Gronwall’s inequality. The last exponential
convergence in the LP-Wasserstein distance follows easily from (4.5) (see [4] for details).

Part (b) was established by M. Gourcy and the first named author in [11].

For part (c), by approximation and Lemma 4.2, we may assume without loss of generality
that b € C>°(R%). To prove (4.7), we follow the beautiful and classical argument of Bakry-
Emery [1]. For any f € CZ(R?) which is uniformly positive (i.e., bounded from below by some
constant € > 0), we have for any T > 0 fixed and ¢ € (0,7),

%Pt(PT_tflog PT—tf) = Ptﬁ(PT_thOg PT—tf) — Pt[(lOg PT_tf + 1)LPT_tf]

1 1
- fP( “V Pp_ 2),
5 t PTftf|o’ T tf|

SO

T
PT(flogf) —PTflogPTf: %/O Pt(f,tfw*vpir_tfp)dt

a2 [t 1
< 2” /0 Pt(PTitf|VPT_tf|2)dt. (4.10)

By (4.5), we have |VP,f| < e % P,(|Vf]). Thus we obtain by Cauchy-Schwartz inequality

! 2 —25(T—t) 1 )
<
Pt(PTftf|VPT_tf| ) =¢ Pt(PTftfPT—tOVfD >
— _ 1 vV f|?
< e 20T t)Pt<PTfPTt<| ;' )PT,tf)
—t
_ 625(Tt)PT<|VJ{2)
Substituting into (4.10), we obtain
2 v 2
Pr(flog f) — Prflog Prf < HZJ;' PT(I J{ )

Replacing f by f2, we get (4.7) for all f € C?(R?) which are uniformly positive. This can
be easily extended to f € C}(R?) by approximating |f| by f, € CZ(R?) which are uniformly
positive.

Letting T' — oo, as Pp(z, -) — u weakly, we get (4.7) for p by Lemma 4.2.

For part (d), note at first that (4.8) follows from (4.7). For the the exponential convergence
(4.9) in entropy, let A := {g € C®(RY)NCL(RY);3e > 0,0 < ¢ < g < 1/e,Lg bounded},
where £ = 2tr(co*V2f) + b(z) - Vf is the generator of P;. Since A is stable by P, (because
b € C°°(RY) satisfies the dissipative condition (4.2)), one gets (4.9) for f € A from (4.8) by
differentiating Ent, (P; f) in ¢ and Gronwall’s inequality (well known). Finally the extension of
(4.9) from f € Ato 0 < f € L(p) is easy.

We shall still need two general lemmas.
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Lemma 4.1 (See [4]) Let H be a separable Hilbert space and (pin)nen a sequence of prob-
ability measures on H which converges weakly to p. Assume that for some constant C > 0,
tn € To(C) for all n w.r.t. the metric d(z,y) = |x —y|. Then p € To(C).

Lemma 4.2 Let H be a separable Hilbert space and (pn)nen a sequence of probability mea-
sures on H which converges weakly to p. Assume that there exists some constant C' > 0 such
that py, € logS(C) for all n, i.e.,

i (2108 £2) = pin (£2)10g 1 (F%) < 2Cpa(IV 7).V f € Cy(H). (4.11)
Then u satisfies the log-Sobolev inequality on H with the same constant C > 0.
Proof Its proof is obvious since f2, f2log f2,|V f|? are all continuous and bounded on H
for f € C}(H).
5 Proof of Theorem 2.1: Galerkin’s Approximation

Let (IT,) be the sequence of finite dimensional projections on H, specified by Hypothesis
2.3. For each n > 1, define

Apx =11, All,z, F,(z):=1,F(Il,z), By(z):=I11,B(Il,x). (5.1)

Since A,, is bounded (by the closed graph theorem), F,, is Lipschtzian and for any =,y € H,, =
Ran(I1,,),
1Ba(2) = Ba(y)ll2 < [le™* " " L, (B(x) — B(y))l2

< le™ | - [l T (B(2) — B(y))ll2
< e K@)~ yl,

hence the coefficients in the SDE
dX,(t) = (A X0 (t) + Fr(Xn(t)))dt + Bp (X, ()dW (t), X,(0)=II,x (5.2)

are Lipschitzian and then (5.2) admits a unique solution X, (t).

Lemma 5.1 Under the assumptions of Theorem 2.1, let Pfy . be the law of Xn(+), the
solution to the SDE (5.2). Then

(a) All conclusions of Theorem 4.1 hold true for X, (t), with R? replaced by H, ||o|| replaced
by M (in Hypothesis 2.1).

(b) When B(x) = B is constant, all conclusions of Theorem 4.2 except part (d) hold true
for X, (t), with R? replaced by H, ||o|| replaced by M.

Proof From (2.3), we have for all z,y € H,,
1
(@ =y, An(z —y) + Fu(2) = Faly)) + 5l Bu(2) — B ()3
1
S {z -y, Al —y) + F(z) - F(y)) + 5[1B(z) ~ B(y)|3 < —olz —y|*.
And

[Bnll == sup  [Bn(z)z| < sup [B(z)z[ <M.
z,2z€H,,|z|<1 z,2€H,|z|<1

By Theorem 4.1, part (a) holds on H,, and thus on H.
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The log-Sobolev inequalities in part (b) on H,, instead of H follow by Theorem 4.2. For
general F' € C}(L2([0,T),H)) or f € C}(H), since P((1 —I1,,)X,,(¢t) = 0, V¢t) = 1, the corre-
sponding log-Sobolev inequalities follow from those for F,,(y) := F(II,y(-)) or fn(x) := f(,z)
(for EF(Xn( : )) = EFn(Xn( : )) and ]Ef(Xn(T)) = Efn(Xn(T)))

Next we have to prove that X,,(t) — X(¢) in L?. Since this approximation is important
in practice, we shall give a more general result (covering, for instance, the method of finite
elements in PDE).

Proposition 5.1 Assume Hypothesis 2.1 and (L). Suppose moreover

Hypothesis 5.1 there exists a sequence (H,, Ay, Fp, Bn)nen where

(i) for each n, H, is a finite dimensional subspace of D(A)ND(F), and I,z — z| —
0, Yo € H, where 11, is the orthogonal projection from H to Hy;

(ii) A, : H, — H, is linear and bounded such that for any x € D(A), there are x,, €
H,,n >0 such that x, — x and Ap,x, — Ax in H;

(i) Fy, : H, — Hy, are uniformly Lipschitzian and F,(Il,x) — F(x) in H for all x € H;

(iv) By : H, — L(U — H,) is strongly continuous (i.e., Yu € U, x — By (x)u is continuous
from H,, to H,), and for all n, !4 B, (z) satisfies (2.2) with the same K(t) on H, (in place
of S(t)B(x)), and

150 () Bn(Ilyx) = S()B(x)[l2 — 0, V>0, z€H. (5-3)
Let X,,(t) be the unique solution to the SDE in H,, below,
dX,(t) = (A Xn(t) + Fr (X, (t)))dt + By (X, (1)dW(t), X,(0) ==z, € Hy, (5.4)
where x, — x in H, and X(t) be the unique mild solution to the SDE (A, F, B). Then

supE| X, (t) — X ()] =0, VT >0. (5.5)
t<T

Proof In the proof below A, F,,, B, will be identified as A,,I1,,, F},(I1,,z), B, (IL,,x) defined
on the whole H, where II,, is the orthogonal projection from H to H,.
The strong solution X, (¢) to the finite dimensional SDE (5.4) is a mild solution, i.e.,

Xn(t) = Sp(t)x, + /0 Sp(t — 8)Fp(Xn(s))ds + /0 Sp(t — 8)Bp(Xn(8))dW (s),

where S,(t) = e*4~. By [7, Theorem 5.3.1 and its proof], there is a unique L2-mild solution
X (t) of the SDE (2.1), i.e., (X(t)) is adapted, t — X (¢) is a continuous mapping from R* to
L?(Q, F,P; H) and

X(t) =Stz + / S(t— s)F(X(s))ds + / S(t — s)B(X(s))dW (s).
0 0
Therefore, we obtain
E|Xa(t) = X ()] < 3{|Su () — S(t)af?
FE| [ 18,0~ 9F (X () = St~ ) F(X())ds]
0

+E ; 150 (t = ) Bn(Xn(s)) = S(t - S)B(X(S))IlﬁdS}- (5.6)
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Below T' > 0 is fixed and all ¢ are less or equal to T". Let us control the three terms at the right
hand side (r.h.s.) of (5.6) in three points.
(1) By the Trotter-Kato theorem (see [17]) and Hypothesis 5.1(ii),

sup |S,(t)xr — S(t)x| = 0, Ve € H and sup ||Sn(t)]] < C(T) < +o0. (5.7)
t<T n>0,t<T

Hence for any € > 0, when n is large enough, we have

sup | Sy, (), — S(t)z|* < sup||Sn(t)|| - [#n — x| + sup |S,(t)x — S(t)x| < e.

(2) For the second term at the r.h.s. of (5.6), notice that for all s <¢ < T,
[Sn(t = 8) Fn(Xn(s)) = S(t — ) F(X(s))]
< [Sn(t = 8)[Fn(Xn(s)) = Fu(X(s))]| + |[Sn(t = s) = S = 8)[Fn(X(s))|
+S(t = 8)[Fa(X(s)) = F(X(s))]l. (5.8)
We have by the uniform Lipschitzian condition on F,, and (5.7),
[Sn(t = 8)[Fn(Xn(s)) = Fn(X (s)]] < sup [ (][ P (Xn(5)) = Fu(X(5)]
C(T)L|Xn(5) - X(S)|7
where L := sup || F,,||Lip and C(T) is given by (5.7). And for u =t —s € [0,T],

|[Sn (u) = S(u)] Fn (X (s))] < [[Sn(u) = S(u)]F(X(s))] 4+ 2C(T) | Fn(X(s)) — F(X(s))]-
y [7, Theorem 5.3.1], we have the estimate below

supE|X (t)[* < C17(1 + |z]?). (5.9)
t<T

Thus by the dominated convergence theorem and (5.7),

T
/ E sup [[Sn () — S(u)]F(X(5))2ds — 0.
0 u<T
For the last term in (5.8), since |F,(X(s))| < |F,(0)] + L| X (s)| and F,(x) — F(z) on H, we
have by the dominated convergence theorem,
T
| B sup 18(— 8)(Fa(X(5) - FOX()]Pds — 0.
0

s<t<T

Summarizing the estimates above, we have for any € > 0, if n is large enough, then for all
te[0,T],

E‘/ (t— 8)Fn(Xo(5))—S(t — 5)F(X(s))]ds|
/0 E|Su(t — 5)Fo(Xn(5))— S(t — 8)F(X (s))[2ds

< 6+C’T/OtIE|Xn(s)—X(3)|2ds, (5.10)
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where Cr = T[C(T)L + 1]°.
(3) We now go to control the third term at the r.h.s. of (5.6). By the triangular inequality
we have for u=1¢—s € (0,77,

[[Sn (u) B (Xn(s)) = S(u) B(X(s))[2
< 1S (w)[Bn(Xn(s)) = Bu(X(s))]ll2 + [[[Sn(u) Bn (X (s)) — S(u)B(X(s))[]2- (5.11)
For the first term at the r.h.s. above, we have
150 () [Bn (Xn(s)) = Bn(X(s)]ll2 < K ()| Xn(s) = o X(s)| < K(u)|Xn(s) = X(s)].
For the last term at the r.h.s. of (5.11), we have by condition (5.3) that
[Sn(u)Bn (X (s)) = S(u)B(X(s))[2 = 0, as.
Furthermore, by Hypothesis 5.1, for any v > 0 and s > 0,
[ (u) Br (X (s)) = S(u) B(X(s))[l2 < 2K (u)(1 + [ X (s))).
Thus by (5.9), we get by the dominated convergence
E[|Sy(u) Bn (X (5)) — S(u)B(X(s))|3 — 0.

We now show that this convergence is uniform in s € [0, 7. Since s — X (s) is continuous from
[0,T] to L?(2,P; H) (by the proof of Theorem 5.3.1 in [6]), and S, (u)B,(-) : H — La(U —
H), n > 0 are uniformly Lipschitzian in n, we see easily that f,(s) := E||.S,(u)Bn(X(s)) —
S(u)B(X(s))||3, n > 0 are equi-continuous and uniformly bounded on [0, T]. Thus the desired
uniform convergence follows by the Arzela-Ascoli theorem. That uniform convergence implies

sup/ E|[[S,(t — 8)Bn(X(s)) = S(t — 5)B(X(s))|3ds
t<T Jo

— sup / E||S, () Bu (X (t - u)) — S(u)B(X(t - u))|3du
t<T Jo

T
< / sup B[S (1) Ba (X (5)) — S(u) B(X (5)) |3du — 0.

s<T

Thus for any € > 0, we have for all sufficiently large n,
t
]E/O 1S5 (t = 8)Bn(Xn(s)) — S(t — 5)B(X(s))|3ds
t
< e+2/ K2(t — $)E| X (s) — X(s)2ds for all € [0,T]. (5.12)
0

Finally, summarizing point (1), (5.10) in (2) and (5.12) above, we obtain from (5.6) that for
any € > 0, if n is large enough, say n > N, then for all ¢ € [0, T,

E|X,(t) — X(t)]* <9 +2 /t[CT + 2K (t — 8)?|E| X, (s) — X (s)|*ds. (5.13)



260 L. M. Wu and Z. L. Zhang

Furthermore, (5.13) remains true if one replaces the deterministic initial conditions by X, (0) =
&n € L2, Fo,P; H), X(0) = € € L3(Q, Fo,P; H) such that E|&, —£|? — 0, by exactly the same
proof.

Let 0 < Ty < T be determined by

T() 1
2/ [Cr 4 2K (s)?])ds < 3
0

which is independent of n and initial conditions (only N above may depend on them). From
(5.13), we see that for n > N,

1 sup E| X, (t) — X(t)]> < 9e.
2 <1y

Thus E|X,,(t) — X (t)]> — 0 uniformly over [0,7p]. Note that X,,(t + Tp), X (t + Tp) are mild
solutions of the same SDEs with W; substituted by Wiyr, — W, and with initial conditions
Xn(Ty), X (Tp) which are independent of (W41, —Wr, )i>0 and satisfy E| X,,(To) — X (Tp)|> — 0.
As (5.13) still holds for X, (- +Tp), X (- +Tp) in place of X,,(-), X (), we obtain that E| X, (¢)—
X (t)|*> — 0 uniformly over [Ty, 270] ([0, T]. Repeating the argument we get E| X, (t) — X (t)|?> —
0 uniformly over [kTy, (k + 1)T5] ([0, T) for all k > 0.

The proof of the proposition is completed.

Proof of Theorem 2.1 Let A,, F,,, B, be given by (5.1). By Hypothesis 2.3, (4,,, F,,, By)
satisfies Hypothesis 5.1. Thus X,,(-) — X(-) in L?(Q,P; L*([0,7))) = L*(Q x [0, T],P ® dt),
by Proposition 5.1. Now parts (a) and (b) of Theorem 2.1 except the result for p follow from
Lemma 5.1 by the general Lemma 4.1. Since Pr(z, -) € Tg(lg—;), and Pp(z, -) — p weakly by
Remarks 2.4 as T' — +o00, we obtain p € Ty (1\2/17;) Thus we have by [2] (their argument on R?
works again on H) the following Poincaré inequality,

2
Var, (1) < Sen(IVAP), ¥ f e O,

This implies (2.7) in part (c).
6 Proof of Theorem 2.2: Yosida’s Approximation

Lemma 6.1 Assume that F — n is m-dissipative on a Banach space. Then the Yosida
approzimations F,, of F' are Lipschitz continuous. Moreover, for any o > 0 such that 1—an > 0,
F, — ﬁ are dissipative. Here the Yosida approximation F, of F' is given by

1
a

F,(z) (I —aF) Yz)—2], =cH.

Proof Since F'—n is m-dissipative, its Yosida approzimations (F—n)g, § > 0 are dissipative.
Now for # > 0 such that 1+ n > 0, we have

(F = ms(e) = 51 = B(F =) @) =] = 5[5 (1= 125 F) @) =]
1 B\
s U Tt) O e
1

= T e s (@) 10+ Pl
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_ C e B N i Tecimags
Thus F1fgn n(1 + Bn) is dissipative. Let oo = oy Then F, Ty I8 dissipative.

Proof of Theorem 2.2 For o > 0 such that 1 — ans > 0, we consider the approximating
SDE,

AXo (1) = (AXo(t) + Fa(Xo(t)))dt + BAW (1), o
Xo(0) =z, '

where F,,(z) = L[(I — aF)™'(z) — 2], « € H is the Yosida approzimation of F.
By Lemma 6.1, F, are Lipschitzian and

(0=, Alw = y) + Fala) = Faly)) < (m o+ =)o =0l

Since d := —(n1 + n2) > 0, we have for all o > 0 small enough,

— _ 2 : —
i(a) == (771 + T a772) > 0, alg&é(a) = dp.

In such case, we have by Theorem 2.1,

1BI1?
5(a)2)’

where P, , is the probability distribution of the mild solution starting from « of (6.1). Further-

Pa,m ey (

more by Lemma 5.1, the approximation in the proof of Theorem 2.1 and Lemma 4.2,

Po., € 1ogs((|si|)|2) on L%([0,T], H),
2
Pyi(z, ) =P(X,(t,x) € -) € logS<|2§!é)) on H.

When 2 € K, from the proof of [6, Theorem 5.5.8], we see that as a — 0, with probability

one,

Xa(t) — ,X(t)7

uniformly in ¢t € [0,7]. Then by Lemmas 4.1 and 4.2, we obtain parts (a), (b) and (c) of
Theorem 2.2 except the inequalities for the invariant measure pu. The inequalities for p follow
from those for Pr(z, -) by letting T' — oc.

Finally for x € H, let (x,),>0 be a sequence in K such that |z, — x| — 0. By the proof
of [6, Theorem 5.5.8] again, the mild solution X(-,z,) with initial condition X (0,z,) = x,
converges to the unique generalized solution X (-, ), uniformly over [0, T] with probability one.
Thus parts (a), (b) and (c) of Theorem 2.2 follow from the corresponding results for X (-, z,,)
proved above, by Lemmas 4.1 and 4.2.

Finally for part (d), obviously (2.11) follows from (2.10).
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