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Abstract In this paper, we study the asymptotic behavior of global classical solutions of
the Cauchy problem for general quasilinear hyperbolic systems with constant multiple and
weakly linearly degenerate characteristic fields. Based on the existence of global classical
solution proved by Zhou Yi et al., we show that, when ¢ tends to infinity, the solution
approaches a combination of C! travelling wave solutions, provided that the total variation
and the L' norm of initial data are sufficiently small.
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1 Introduction and Main Result

Consider the following first order quasilinear hyperbolic system

ou ou
E#—A(u)% = B(u), (1.1)
where u = (uy,--- ,uy,)T is the unknown vector-valued function of (¢, z) standing for the density

of physical quantities, A(u) = (a;;(v)) is an n X n matrix with suitably smooth elements a;;(u)
(i,j = 1,---,n) and B(u) = (By(u), Ba(u), -+, B,(u))T is a given suitably smooth vector-
valued function.

By hyperbolicity, for any given u on the domain under consideration, A(u) has n real eigen-
values A1 (u), -+, A, (u) and a complete system of left (resp. right) eigenvectors Iy (u), - -+ , 1, (u)

(resp. r1(u),--+ ,rp(u)). In this paper, we assume that
(Hy) (1.1) is a hyperbolic system with constant multiple characteristic fields.

Without loss of generality, we may suppose that
N
AMu) = w) == Apu) < dpr1(u) < -+ < Ap(u). (1.2)

When p = 1, the system (1.1) is strictly hyperbolic; while, when p > 1, (1.1) is a non-strictly
hyperbolic system.
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Fori=1,---,n, let
Li(w) = (i (u), -+ lin(w)  (vesp. ri(u) = (ria(w), - rin(w))")
be a left (resp. right) eigenvector corresponding to A;(u), i.e.,
Li(w)A(u) = Ni(u)li(u)  (resp. A(uw)ri(u) = Ai(w)ri(u)). (1.3)
We have
det|l;;(u)| # 0 (equivalently, det |r;;(u)| # 0). (1.4)

By [4], the components of the eigenvalues and eigenvectors, i.e. A;(u), r;j(u) and [;;(u)
(i,j = 1,--- ,n), all have the same singularity as A(u) on the domain under consideration.
Furthermore, the eigenvectors can be chosen such that the following normalized conditions

hold on the domain under consideration:

where d;; stands for the Kronecker’s symbol.
In order to introduce some basic known results and state our main result precisely, we first

recall the concepts of weakly linear degeneracy, normalized coordinates and matching condition
(see [10, 11]).

Definition 1.1 The p multiple characteristic A(u) is weakly linearly degenerate, if, along

the i-th characteristic trajectory u = u¥(s) passing through u = 0, defined by

%:ri(u)’ w(0)=0, i=1,---,p, (1.7)

we have
VA(w)ri(u) =0, ¥Y|u| small, Vi=1,---,p, (1.8)

namely,
Au®(s)) = A0), V|| small, Vi=1,---,p. (1.9)

The j-th characteristic \j(u) (j =p+1,---,n) is weakly linearly degenerate, if, along the j-th

characteristic trajectory u = u')(s) passing through u = 0, we have

VAj(w)rj(u) =0, V|u| small, (1.10)
namely,

A (w9 (s)) = A;(0),  V|s| small. (1.11)

If all characteristics are weakly linearly degenerate, then system (1.1) is called to be weakly

linearly degenerate.
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In this thesis, we suppose that
(Hg) (1.1) is a hyperbolic system with weakly linearly degenerate characteristics.

Definition 1.2 If there exists an invertible smooth transformation u = u(@) (u(0) = 0)

such that in the u-space,

P
n—(Zaheh) =e, =1, ,p, Y|ap| small, h=1,--,p, (1.12)
h=1
7i(te5) =ej, V|| small, j=p+1,---,n, (1.13)
where
(@) T

e; =(0,---,0,1,0,---,0)". (1.14)
Such a transformation v = wu (@) is called the normalized transformation and the correspond-
ing unknown variables 4 = (uq,--- ,dn)T are called the normalized variables or normalized

coordinates.

In this paper, we suppose that
(Hs) There exist the normalized coordinates for the system (1.1).

Remark 1.1 For the strictly hyperbolic systems, the normalized coordinates always exist
(see [9, Lemma 2.5]). However for the non-strictly hyperbolic systems, the normalized coordi-

nates maybe do not exist.

Obviously, in the normalized coordinates (if any), (1.9) and (1.11) simply reduces to

P P
/\(Zuheh) = )\i(Zuheh) = X;(0) = A(0), V]up|small, Vi=1,---,p (1.9a)
h=1 h=1

and
Ai(uie;) = Xi(0), Vug| small, Vi=p+1,--- ,n. (1.11a)

Definition 1.3 The inhomogeneous term B(u) is said to satisfy the matching condition,

if, along the i-th characteristic trajectory, we have
VB(u)ri(u) =0, Vi=1,2,---,n, V|u| small,

i.e., in the normalized coordinates (if any)

P

B(Zuh6h> =0, V|up| small h=1,---,p, (1.15)
h=1

B(uje;) =0, VY|u;| small, j=p+1,---,n. (1.16)

In this paper, we further suppose that

(Hy) For the system (1.1), B(u) satisfies the matching condition.



266 W. R. Dai

Consider the Cauchy problem for the system (1.1) with the following initial data
t=0: u(0,z)= f(z), (1.17)

where f(z) is a C! vector-valued function of x. For the case that the initial data f(z) satisfies

the following decay property: there exists a constant p > 0 such that
A
gzsug{(1+ ) TR F(@)] + [ (@)])} < +oo (1.18)
fAS

is sufficiently small, by means of the normalized coordinates Li et al proved that the Cauchy
problem (1.1) and (1.17) admits a unique global classical solution, provided that the system
(1.1) is weakly linearly degenerate (see [5, 8-11]). In their works, the condition p > 0 is
essential. If ;1 = 0, a counterexample was constructed in [6] showing that the classical solution
may blow up in a finite time, even when the system (1.1) is weakly linearly degenerate.
Recently, Zhou [13] proved the global existence of classical solution when the system (1.1)
is strictly hyperbolic and homogeneous provided that the total variation and L' norm of the
initial data are sufficient small. Before long, this result was generalized by Du [3] and Wu [12]

respectively.

Theorem A (See [13, 3, 12]) Suppose that (Hy)—(Hy) hold. Suppose furthermore that
A(u), B(u) € C? in a neighborhood of w=0 and f € C' with bounded C* norm. Let
M 2 sup|f'(z)] < +o0. (1.19)
z€R

Then there exists a small constant € > 0 such that the Cauchy problem (1.1) and (1.17) admits
a unique global C solution u = u(t, ) for all t € R, provided that

+oo

/_ |f'(z)|dz < e, (1.20)
+oo €

/_ |f(@)lde < 3= (1.21)

Our goal in this paper is to describe the exact time asymptotic behavior of the classical
solution of the Cauchy problem (1.1) and (1.17). Based on Theorem A, we prove the following

theorem.

Theorem 1.1 (Asymptotic Behavior) Suppose that A(u), B(u) are C*? (0 < p < 1)

continuous. Then, under the assumptions of Theorem A, there exists a unique C* vector-valued

function (x) = (¢1(x), -, on(x))T such that in the normalized coordinates
n
u(t,z) — Z wilx — Xi(0)t)e;, as t— 4o0; (1.22)
i=1
moreover, p;(x) (i = 1,--- ,n) are globally Lipschitz continuous, more precisely, there exists a
positive constant k1 independent of €, M, x1 and x5 such that for every i € {1,--- ,n}, it holds
that

|(pz(I1) — g&l(l'g)| S H1M|l’1 — l’2|, VZEl,IQ € R. (123)
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Furthermore, if f'(x), the derivative of the initial data, is globally p-Holder continuous, that is,

there exists a positive constant ¢ such that
[f'(@1) = fl(@2)] < cloy — 22)”, Vi, 22 €R, (1.24)

then @' (x) satisfies that, for all x1,z5 € R,

¢ (21) = &/ (22)] < o[ + 7 (M + ) max(M, )] o — 57

M
M+1
+ ko(M? 4+ Me + €3)|a — 3, (1.25)

where Ko is a positive constant independent of €, M, ¢, ©1 and xs.

Remark 1.2 Theorem 1.1 gives the exact time asymptotic behavior of the global classical
solutions presented in Theorem A. For the initial data satisfying the decay property (1.18) and
B(u) =0, Kong and Yang [7] proved that, when ¢ tends to infinity, the global classical solution
approaches a combination of C! travelling wave solutions at algebraic rate (1 +¢)~*. The goal
of the present paper is, in fact, to generalize the result in [7] to the case of the initial data with
small BV norm. By [1] and [6], we observe that the BV norm is suitable and almost sharp in
[13]. Comparing with [7], because of the lack of the decay rate of the initial data, in the present

situation there is no any estimate on the convergence rate.

The paper is organized as follows. For the sake of completeness, in Section 2 we recall
John’s formula on the decomposition of waves with some supplements. Section 3 is devoted
to establishing some new estimates, these estimates will play an important role in the proof of
main result. The main result, Theorem 1.1, is proved in Section 4. By analyzing carefully the
global propagation properties of the classical waves, we use the estimates given in Section 3 to
describe the large time behavior of the global classical solutions, and then construct the desired

travelling waves.

2 Preliminaries

For the sake of completeness, in this section we briefly recall John’s formula on the decom-
position of waves with some supplements, which play an important role in our proof.
Let

vi(u) =Li(wu, i=1,---,n, (2.1)
wi(u) = Li(wug, i=1,---n, (2.2)
bz(u) - lz(u)B(u)v i=1,2, y T (2 3)

By (1.5), we have
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n

B(u) = Zbk(u)rk(u). (2.6)
k=1
Let
d 0 0

be the directional derivative along the i-th characteristic. We have (see [9-11] or [5])

dvl Z Bijr(w)vjwy + Z Vi (w)vibg (w) + b;(u ) Fi(t,x), (2.8)

7,k=1 7,k=1
(Zw; = Z Vijk (Wwjwi + Z oijr(w)w;ibg(u) + (bi(u))s 2 Git, ), (2.9)

v j.k=1 j.k=1

where

Bijn(u) = (Ae(u) — Ai(w)li(w) Vry(u)re(u), (2.10)
vijr(u) = =li(u)Vr;(u)ry(u), (2.11)
Yijr(w) = (Ak(u) = Aj(w)l(w)Vrj(w)rg(u) — VA (u)re(w)ds;, (2.12)
oije(w) = L;(w)(Vre(u)r;(u) — Vrj(u)rg(u)). (2.13)

Equivalently we also get

dvi(dz — Ai(u)dt)] = { 3" Bunlw)vyuwy + Z Vi (w)v; by (u +bi(u)}dt/\dx
1k

J,k=1 j,k=1
= G; t,z)dt A dz, (2.15)
where

Bk () = Bijr(u) + Vi (u)rg(u)dij, (2.16)

Yijr(w) = Yijr(u) + %[VAj(U)Tk (w)dij + VA (u)r;(u)dir]. (2.17)

From above, we see that

Biji(u) =0, Vje{l,2,--,n}, (2.18)

Yijj(w) =0, j#i, (2.19)

Biji(w) =0, Vj#i, (2.20)

Yiji(w) =0, Vi, je{l,2,-- n} (2.21)
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In the normalized coordinates (if any), making use of (1.12)—(1.13), we see that the following
relations hold (see [5]):

ﬁ”k(Zuheh =0, V|up|small, Vie{1,2,--,n}, Vjke{l, - p} (2.22)
Bijj(uje;) =0, Vl|u;| small, Vie{1,2,---,n}, YVje{p+1,--- ,n}, (2.23)

u”k(Zuheh =0, V|up|small, Vie{l,2,--- ,n}, Vike{l, -, p} (2.24)
vijj(uje;) =0, Yl|uj| small, Vie{1,2,---,n}, Vie{p+1,---,n}, (2.25)

7”’“(2“” h)E V|up| small, Vie {p+1,---,n}, Vjike{l, - p}, (2.26)
hpl

O’ijk( uheh) =0, V|up|small, Vie{l,2,---,n}, Vike{l, -, p}, (2.27)
h=1
oijj(uje;) =0, Vlu;| small, Vie{1,2,--- ,n}, Vje{p+1,-,n} (2.28)

5”,6(21%%) =0, V|up|small, Yie{p+1,---,n}, Vjike{l - ,p},  (2.29)
Bijj(uje;) =0, V|uy| small, Vje{p+1,---.,n}, j#i, (2.30)

%jk(zp:uheh) =0, V]up|small, Vjke{l, -, p}. (2.31)
h=1

If the system (1.1) is weakly linearly degenerate, we further have (see [5])

P
Bl-jk<2uheh) =0, VY|up|small, Vjke{l,---,p}, whenie{l,--- p}, (2.32)
h=1

Biii(use;) =0,  V|ug| small, whenie {p+1,---,n}, (2.33)
’Yzﬂs(ZWz%) =0, VYup|small, Vjke{l,---,p}, wheniec{l,---, p}, (2.34)
viii(uie;) =0, V|u;| small, Vie{p+1,---,n} (2.35)

When the inhomogeneous term B(u) satisfies the matching condition, in the normalized

coordinates (if any) we have (see [5])

bi(w)= > big(wujuk, V|ul small, Vie{1,2,--,n}, (2.36)
Aj(w)#X g (u)

where b;j(u) is a C! function which can be obtained by Taylor formula.
n
w))y = Z bk (u)wy, (2.37)
k=1

)rkl(u) and b (u) satisfies that

where by (u) = S 2 (
=1

p
Eik(Zuheh> =0, V|up|small, Vke{l, - ,p}, (2.38)



270 W. R. Dai

bir(urer) =0, V|ug|small, Vke{p+1,---,n}. (2.39)

3 Uniform Estimates

In this section, we shall establish some new uniform estimates which play a key role in the
proof of Theorem 1.1.

For the system (1.1), we suppose that there exists the normalized coordinates. Without loss
of generality, we assume that v = (uy,--- ,u,)? are already the normalized coordinates.

For the sake of ease, we denote
PE{GR) gk e (1.2 n) jork ¢ (1,2, ,p}.j # k). (3.1)
It is easy to see that
if (j,k) €', then (i,j) €T or (i,k) e, Vi=1,2,--- ,n. (3.2)

By (1.2), there exist positive constants § and Jp so small that

|Ai(u) = Aj(v)| > do,  Vul, |v| <9, (4,7) €T, (3.3)
M) =A@ <2 Vil ol <6, i=1 (3.4)

On the other hand, noting (3.1.3) in [3] or Lemma 4.1 in [12], we observe that the global classical
solution u = u(t, z) of the Cauchy problem (1.1) and (1.17) satisfies

lu| < Koe, (3.5)

where Ky > 0 is a constant independent of ¢ and M. Therefore, taking ¢ small enough, we

always have
lu] < 6. (3.6)
For any fixed T' > 0, we introduce

Uso(T) = sup sup |u(t,z)],

0<t<T z€R
Voo(T) = sup sup|v(t, )|,
0<t<T z€R
Weo(T) = sup sup|w(t, )|,
0<t<T z€R

“+o0
Ui(T) = sup / lu(t, x)|dx,

0<t<T J -0

+oo
Vi(T) = sup / lv(t, x)|dz,

0<t<T J -0

+oo
WiT) = sup [t o)lds
0<t<T J— 0

U1(T) = max sup/ |u; (t, x)|dt,
(i,5)eT e, &;

VA(T) = max sup/ v (¢, ) |dt,

(i,5)eT €; :
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Wl( T) = max sup/ |w; (t, x)|dt,
(’J)EF @J

€;

U(T) = max sup/ |u; (¢, )|dt,
(@.3)el L

Vi(T) = max sup/ v (¢, z)|dt,

(i3)el L; Jr,

Wi(T) = maX sup/ |w; (¢, x)|dt,
(i.9)€T L
where | - | stands for the Euclidean norm in R", v = (vy,---,v,)T and w = (wy,--- ,w,)T
in which v; and w; are defined by (2.1) and (2.2) respectively, éj stands for any given j-th
characteristic on the domain [0, 7] x R, while L; stands for any given ray with the slope X;(0)
on the region [0,7] x R.
Combining Lemma 3.1 and (3.1.3) in [3] or using Lemma 4.1 in [12] gives the following

lemma.

Lemma 3.1 Under the assumptions of Theorem 1.1, there exists a positive constant Ky
independent of €, M and T such that

UN(T), Vi(T), Vi(T) < K1M6+ o (3.7)
Wi(T), Wi(T) < Kue, (3.8)
Uso(T), Voo(T) < Kie, (3.9)
Wao(T) < K1 M. (3.10)

On the other hand, we have

Lemma 3.2 Under the assumptions of Theorem 1.1, there exists a positive constant Ko
independent of €, M and T such that

Ou(T) < Ko (3.11)
U.(T), Vi(T) < K, M€+1’ (3.12)

Proof We first prove (3.11).
Noting (1.12)—(1.13), by Hadamard’s formula we have

n

Uy = Zn: vprr(u)e; = v; + zp: Vg (rk.(u) — T ( XP: uheh))ei + Z v (re(u) — ri(uger))e;
k=1 k=1

h=1 k=p+1

=v;+ Z Eijk (w)u;vg, (3.14)
(j,k)er
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where
1
_ Orp(suy, -+, SUp_1, Uk, SUKLL1,"** ,SU .
:ijk(u):/ o . ;) . n)eids’ k=1,---,p, j>2p+1,
0 Uuj
—_ ! ark(sulv"' y SUk—1, Uk, SUk+41, """ ;Sun) .
0 J

are C1? functions of u. Integrating (3.14) along the j-th characteristic éj: r=ux;(s,a) ((1,7) €
I') and noting (3.6) gives

/@ (s (t,2)|dt < Vs (T) + Cy {Une (T) VA (T) + Vi (T) T (T) )

J

Here and hereafter C; (j = 1,2,---) stand for some positive constants independent of €, M
and T'. Noting (3.7) and (3.9), we get (3.11) immediately.
We next prove (3.12)-(3.13).

Similarly to [3, 12], we introduce

T
Qv(T) = [0i(t, 2)[|v; (¢, x)|dtdz,
ok
T
Quiw(T) = st )y (8, ) de,
vw (lgr/o A J
T
Qw(T) = |w; (¢, 2)||w; (¢, z)|dtdx.
W)= 3 ) et

Noting [3, Lemma 3.1] or [12, Lemma 4.1], we have

2 2

Quw(T) < Comin (5-7.€). Qw(l) <Coc’. (3.16)

Qv(T) < Cy ‘ 7

(ETESVER

For any fixed o € R, let L; be the ray with the slope A;(0) passing through (0, ), and let P be
the intersection point of L; with the line ¢t = T'. Passing through the point P, we draw the i-th
characteristic and denote the intersection point of this characteristic with the z-axis by (0, 3),
where (7, 7) € T'. For fixing the idea we may suppose that o < 3. Let € be the domain bounded
by L;, the z-axis and the i-th characteristic passing through the point P. Using Green formula
on the region 2, we obtain from (2.14) that

o _
/L L D0(0) - M)t = /a 010, 2)dz — / /Q Fut, z)dtda. (3.17)

Since (4,4) € T, it follows from (3.3) that
|A;(0) = Ai(w)] = do. (3.18)

On the other hand, noting (2.23)-(2.24), (2.28)—-(2.29), (2.31)—(2.32), (2.35) and using Hada-
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mard’s formula we have

Fi(t,z) = Y Ba(wvewr + Y vk (w)vebi(u) + bi(w)

k=1 k=1
B _ _ p
= > Bmwuvsw + Y (ﬂz’kl(u) — Bikt ( > Uheh))vk’wz
(k,l)eT kile{l, - ,p} h=1
+ Y Baklw) = B (wrer))opwr + Y ba(w)ugw
ke{p+1,---,n} (k,l)er
+ Z Vik:l(u)vkr Z blmq(u)umuq
k,l=1 (m,q)eT
= Z Biw (w)vpw; + Z Z ﬁfél)m(u)vszum
(k,ler kJde{l,---,p} me{p+1,- ,n}
+ Z Zﬁfﬁl)(u)vkwkul + Z ﬁi(}jl)(u)ukul, (3.19)
ke{p+1,--,n} l#k (k,l)er

where we have made use of Hadamard’s formula similar to (3.14) and g™ (u) (m=1,2,3) are
all p-Holder continuous functions with respect to u.
By (3.1.20)~(3.1.21) in [3], i..,

n n

Sdul <Cs Y vl Y lul <Cs > fvjl, when k€ {p+1,--+,n}, (3.20)
Jj=p+1 Jj=p+1 Jj#k Jj#k
we have
[Fi(t,2)| < Ca > [Jvewr] + [oswn]. (3.21)
(k,l)er

Thus, noting (3.21) and using (1.21), (3.16) and (3.18), we obtain from (3.17) that

/Lv g, 2)|dt < %[Vl(()) + Ca(Qv(T) + Quw (T))]

2
€ € 2}<
E”{M+1+(M+1)2Jre < G

€

M+1’

IN
Q

provided that € is small. Therefore, we have

€

Vi(T) < C, . 3.22
(1) < Cor (322)
This is nothing but the desired second inequality in (3.12).
On the other hand, integrating (3.14) along the ray L; gives
/ lu;(t, )|dt < V1(T) 4+ Cr{Us(T)V1(T) 4+ Voo (T)U1(T)}. (3.23)
Lj
Noting (3.9) and (3.22), we obtain from (3.23) that
U(T) < Cg (3.24)

M+1
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Combining (3.22) and (3.24) proves (3.12).
We next prove (3.13)
Similarly to (3.17), we obtain from (2.15) that

/L. wi(t, ) (A;(0) — Ai(u))dt = /

j [0

Noting (2.22), (2.26)—(2.27), (2.30) and (2.35)—(2.38), we have

n

Gi(t,z) = > AmWwpw, + > g (u)wyby(u) + (bi(u))x

k=1 k=1
p
= > Gm(wwpw + Y [%kz(u) — ikt ( > uheh):| wyw,
(k,l)er k,le{l, - .p} h=1

n

k,l=1 (m,q)€T ke{l,-,p}
+ 0D [bin(u) = bik(urer)wp
ke{p+1, ,n}

= Y Fm(uwwgw + > Y S (W) W0R 0, + > i (wyugw,

(k,l)el' kél{e{jim’p}} (k,ler
me{p+i, - ,n

where we have made use of Hadamard’s formula similar to (3.14) and A/.(.T.n) (w) (m

all p-Holder continuous functions with respect to w.
By (3.6) and (3.26), we get
Gi(t,2)] < Co D [lwjw] + [ojwgl].
(j,k)eT
Thus, noting (3.7) and (3.27), it follows from (3.25) that
1
/ lwi(t, z)|dx < %(Wl(o) + Co(Qvw (T) + Qw (T))) < Cipe.

J

Therefore,
Wl (T) § 0106.
This proves (3.13). Thus, the proof of Lemma 3.2 is completed.

Combining Lemmas 3.1 and 3.2 gives

B ~
wi(O,x)dxf// G;(t,x)dtdz.
Q
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(3.25)

+ ori(Wwe Y bimglimtg + Y [Bik(u) — bi ( zp: Uhehﬂwk
h=1

(3.26)

1,2) are

(3.27)

Lemma 3.3 Under the assumptions of Theorem 1.1, there exists a positive constant Kj

independent of € and M such that

U1(00), Vi(o0), Ui(o0), Vi(o0), Ui(o0), Vi(o0) < K

M+1’
Wi(o0), Wi(o0), Wi(o0) < Kae,

Uoo(oo)7 Voo<oo> S K3€7

Weo(00) < K3M,

(3.28)

(3.29)
(3.30)

(3.31)
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where

—+oo
Vi(oo) = sup/ lv(t,z)|dx, ete.

0<t<oo J -0

Lemma 3.4 Under the assumptions of Theorem 1.1, for anyt € R™ and arbitrary o, 8 € R,
it holds that

lu(t, o4+ X (0)) — u(t, B+ Xi(0)t)| < ecx M| — B, (3.32)
|u(t, zi(t, @) — u(t, z5(t, 8))| < coMa = BI; (3.33)
moreover, for any given p-Holder continuous function g(u),
lg(u(t, a + Ai(0)t) — g(u(t, B+ Ai(0)1))] < csM|o — 57, (3.34)
lg(u(t, zi(t, a))) — g(u(t, zi(t, B)))| < caM|a = B7, (3.35)

where x = x;(t, ) stands for the i-th characteristic passing through the point (0, -). Here and

hereafter ¢; (i =1,2,--+) stand for some positive constants independent of ¢, M, t, o and (3.

Proof For fixing the idea we suppose that a < 3. Since the solution u = u(t, x) is classical,
i.e., u € C([0,+00) x R), noting (2.5), (3.6) and (3.31), we can easily get (3.32) and (3.34) by
using Taylor’s formula.

We next prove (3.33) and (3.35).

Using (2.5) and noting (3.6) and (3.31) again, we have

u(t, (1, ) — ut, (0, 8))] < supfuat )y sup {| 2D N
z€R €€R 3
< esM|a ﬁ|21€1£{‘ o€ ‘} (3.36)
In what follows, we estimate |8r‘87££)‘
Noting
T - Al(“)(a zz(t, g))7
we have
a( % ) = Vi(w)ue =5 (3.37)
Noticing x;(0,£) = & gives
9z:(0,§) _ L (3.38)

23
Then it follows from (3.37)—(3.38) that

29

- exp{ /O t(V/\i(u)ux)(s,xi(s,ﬁ))ds}. (3.39)
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Noting (1.9a) and (1.11a), we have

ONi (& _ . O\ o )
Du, (h_luheh) =0, i,je{l,---,p}, %(Uiei) =0, ie{p+1,---,n} (3.40)
Therefore, by (1.12)—(1.13), (2.5) and (3.40), we have
Vi(w)u, = Z O (u)ugw; + Z éij(u)wj, (3.41)
(k,1)er (4,i)€r

where ©;x;(u), éij are p-Holder continuous functions with respect to w which can be obtained
by Hadamard formula similar to (3.14). Therefore, noting (3.41) and using (3.28)—(3.31), we

obtain
t —~ ~ —_—
/ (Vi (w)ug ) (s, 2:(8,8))|ds < c{W1(t) + Weo (£)U1(t) + Uso () W1 (1) } < cre, (3.42)
0
where the constants cg, c7 are independent of not only €, M, ¢ but also «, 8 and £&. Combining

(3.39) and (3.42) gives

sup {‘M‘} < e7c. (3.43)

(t,£)ERT xR 65

Substituting (3.43) into (3.36) yields (3.33) immediately. Finally, noting (3.33) we get (3.35)
easily. Thus, the proof of Lemma 3.4 is completed.

For any fixed T' > 0 and for arbitrary «, 0 € R, we introduce

T
Uf(T) = max / [u; (s, + X (0)s) —uj(s, B+ Xi(0)s)|ds,
(4,5) €l Jo

T
VA(T) = max / [vj(s,a+ Xi(0)s) —v;(s, 5+ Ai(0)s)|ds,
(i,j)EF 0

T
W) = max [ fuy(s,0+ A(0)9) = wy s 5+ A(0)s)ds,
1,7)€E 0

T
08(T) = max / i (5, 215, ) — 103 (s, 225, 8)) s,
(4,9)€ET Jo

T
Vf(T): max/ [vj(s, (s, a)) —vi(s, (s, B))|ds,
(&.7)€T Jo

T
Wf(T): max / lw; (s, zi(s, ) — w;(s, zi(s, B))|ds,
(4,5) €l Jo

where x = x;(s, - ), as before, stands for the i-th characteristics passing through the point (0, ).

Lemma 3.5 Under the assumptions of Theorem 1.1, there exists a positive constant Ky
independent of e, M, T, o and 3 such that

US(T) < Kaela — ], (3.44)
VI(T) < Kyela — g, (3.45)

WE(T) < Ko(M + é*)|o— . (3.46)
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Proof We first prove (3.45).

Let @(a) and C; (8) be the i-th characteristics passing through the points P; : (0, «) and
P, : (0,0), respectively. For the sake of ease, we assume that o < . Denote the intersection
point of C; (o ) (resp C; (8)) with the straight line ¢ = T by Py : (T, 2;(T,«)) (resp. Ps : (T,
2;(T, B))). Let Q be the region bounded by the curves C;(a), Ci(3), t =0 and t = T, i.e., the
curved-quadrilateral Py Po P3Py. By Green formula, it follows from (2.14) that

- B T
/ﬁFj(s,x)dsdx :/a vj(O,x)dx—i—/O [ (Ai(w) — Xj(w)](s, zi(s, B))ds
B T
- [ - [0 - )it s
«@ 0

T
/0 [’Uj(sa xi(sv a)) - 'Uj(sa xl(sv6))][)‘Z(u)(8vxl<svﬁ)) - )‘j(u)(sﬁxi(sva))]ds
T
:/O vj (s, m5(s, B)) [N (w)(s, zi(s, ) — Aj (u) (s, 2(s, B))lds
T
—/0 v (s, i (s, ) [Ai(u) (s, zi(s, @) = Ai(u)(s, (s, 8))]ds

—|—/j[vj(0,’y)— i (T, ))]dy — // (s,x)dsdz.

When (4,7) € T, noting (3.3) and using Lemmas 3.3 and 3.4, we obtain

T
/ [0;(5,4(5, @)) — 035, 24(5, B)) ds
0

< 5o {2V () 2 M (Tl — 51+ [[ s, ldse
< 08{6|a B+ //9 |ﬁj(s,x)|dsdx}. (3.47)

On the other hand, noting (3.20) and using (3.7)—(3.8) and (3.10)—(3.11), we have

//9 |Fj(s,2)|dsdz < ey » /a dw/OT(|vkwl| + o) (5, 24(5,7))ds

(k,l)er
< co{Vae(TYWL(T) + Wee(T)VA(T) + Vo (T) VA (T) Yt — |

M
< — 1. .
< cw(M —+ e)6|a 3| (3.48)

Substituting (3.48) into (3.47) gives

T
/ [vj (s, xi(s, ) —v;(s,zi(s, 5))|ds < cr1€ela — f.
0

This proves (3.45).
(3.46) can be proved similarly by (2.15) and using Lemmas 3.3 and 3.4 again.
We finally prove (3.44).
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Noting (3.14), we have

wi=v;+ > Ejul(u)ug, (3.49)
(k,1)eT

where Zj;(u) is defined by (3.15). Integrating (3.49) from 0 to T along the characteristic:

x = x;(s,a) and © = z;(s, B), respectively, and subtracting the last integral from the first gives
T
| Atk = wiyas
= [ twh) - blonas + Y [ Eutwueel(@) - Ea (e (9)) ds

(k,1)€T

= [t - i+ 3 [ Ele - Bl ) @)
(k,1)€T

T

D / 500 (9) (el ) — ()} )

(k,l)er 0

3 [ @) () - ) as (3.50)

(k,1)€T

where [-](«) stands for [-](s,z;(s,«)), while [-](8) stands for [-](s,x;(s,3)). Thus, noting
(3.3), (3.6) and using (2.1), (3.33) and (3.35), we obtain from (3.50) that

T ~ ~ ~
/0 [us)(@) = [ug)(B)lds < VI(T) + erz{eaM | = B|[Uso(T)VA(T) + Voo (T) Ui (T)]
+eaMla = BIVi(T) + U (T) Voo (T)
+ VAT Uso(T) + coM|a — B|UL(T)}.

Then, using (3.7), (3.10) and (3.45), we have

/OT [u;)(@) = [u;)(B)lds < crzela — 5| + c1a K1 eUL(T). (3.51)
It follows from (3.51) that
UP(T) < ersela — B + c1aK1€UP(T). (3.52)
(3.44) comes from (3.52) directly. Thus, the proof of Lemma 3.5 is completed.

Similarly, we can prove the following lemma.

Lemma 3.6 Under the assumptions of Theorem 1.1, there exists a positive constant K
independent of €, M, o and (8 such that

UL (0), Uf(00) < Ksela — f, (3.53)
VZ(c0), V¥ (o0) < Ksela — B, (3.54)
WE(c0), WS (o0) < K5(M + €*)|a -, (3.55)
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where

o
U (o) = (Hh;iXF/ lu;(s,a+ Xi(0)s) —u;(s, 5+ A (0)s)|ds, ete. (3.56)
©,J)€ 0

We finally estimate the difference of w; on two differential i-th characteristic at the same
time.

For arbitrary a, 8 € R, we introduce

P

Wi s(00) =Y sup |wi(t, zi(t, @) — wi(t, zi(t, B))],
i—1 t€[0,00)

Wolt,ﬁ(oo) = S[up )|wl(t7x2(t7a)) 7w1(t7x2(t76))|7 if Z:p+17 , 1y
te[0,00

where x = x;(t, - ) stands for the i-th characteristic passing through the point (0, - ).

Lemma 3.7 For any given i € {1,--- ,n} and for any fized o € R, the limit

lim  w;(t, z;(t, @)

t——+oo

exists, denoted it by V;(«), that is,

lim w;(t, z;(t, ) = V;(a), VaeR, (3.57)

t——+oo

where x = x;(t, ) stands for the i-th characteristic passing through the point (0, ). Moreover,
U, (a) is a continuous function of a € R and satisfies that there exists a positive constant Kg

independent of €, M and o such that
| ()| < (14 Kge)M, VaeR. (3.58)

Furthermore, there exists a positive constant Ky independent of €, M, a and (8 such that

p
a,5(00) < (1+ Kre) Z |w; (0, o) — w;(0, B)]
1=1
M2
+ K7(M? + Me + €3)|a — (| + K7m(M +€)la — 3)°,

Oi(ﬂ(oo) < (14 Kre)|wi (0, ) —w; (0, 8)| + K7(M2 + Me + 63)|a -4

Me
M+1

+ Ky (M+e)|a-pP, if i=p+1,---,n. (3.59)

In particular, if (1.24) is satisfied, then there exists a positive constant Kg independent of
e, M, ¢, a and B such that, for all o, 3 € R,

(Wi(e) — Wi(B)] < Ks|s + (M + €) max(M, €) | o — 3|7

M
M +1
+ Kg(M? + Me + €)|a — 3. (3.60)
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Proof It follows from (2.9) that
¢
w;(t, zi(t, @) = w; (0, @) +/ Gi(s,x;i(s,a))ds. (3.61)
0

By (2.19), (2.27)-(2.28) and (2.34)—(2.39), we can rewrite G;(t, z) similar to (3.26) as follows

Gi(t,z) = ywgw + > TH (Wwgwiu, + Y T (wugwy,  (3.62)
(k1)eT kIE(L, b} (k1)eT
me{p+1,---,n}
where ng)lm( ) and Fﬁ)l(u) are similar to that in (3.26). Substituting (3.62) into (3.61), we get

wilt,4(t, @) = w;(0, ) + / S @+ S T g,

0 " (k,)er ki€{1, - .p}
me{p+1,--- ,n}

+ Y TR ds. (3.63)
(k,1)eT

Then, Lemma 3.3 implies that the integrals in the right-hand side of (3.63) converge absolutely
when ¢ tends to +00. Then, the right-hand side of (3.63) converges when ¢ tends to +o0o0. We
denote the limit by ¥;(a). That is,

lim w;(t, z;(t, @) = ¥;(a).

t—o0

It follows from (3.63) that
lw; (t, z:(t, @) < |wi (0, )| + (c16 + c17K2) KiMe < (14 Kge) M. (3.64)

(3.58) follows from (3.64) directly.

Furthermore,
w; (t7 1’1(15, Ot)) — Wy (t7 1’1(t7 ﬂ))
= w;(0, ) —w;(0, ) + /0 [Gi(s, zi(s, ) — Gi(s,2i(s, B))]ds. (3.65)

Noting Lemmas 3.3, 3.4, 3.6, and making use of the method of (3.50), we get

/0 > vim(wwiwi(s, (s, @) = > vi(wwrwi (s, zi(s, B))|ds

(k,l)el (k,l)el’
< c1g(M? + Me®)|a — B + crge Z sup |wi(t, 2i(t, ) — wi(t, zi(t, 8))], (3.66)
(i,k)¢T t€[0,+00)
where [-](«) stands for [-](s,z;(s,«)), while [-](8) stands for [-](s,z;(s, 5)).

Similarly, we get

/ }:[%%UWW%@%@M)ﬂ%&Mwm@m@@H@
k,le{1,-
me{p+1,---

3

M+1

< ¢a9 e|a7ﬂ|p+020M26|04*5|
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P

M
+c sup |w(t, z;(t, ) — wr(t, z;(t, 3))], if i <p,
2 1C ;te[0,+oo)| (t, zi(t, o)) (t, zi(t, B))]

/ S0 I et (s, ) = TG, (o o5, )]s

k€1,
me{p+1, -n,}

< coaM?E|a — B|P + coa(M?e + Me3)|a — 6, if i >p+1,

/ ’ E szl Jugpwy (s, (s, @) E I‘M Yupwi (s, z; ‘ds
0

(k,l)er’ (k,l)er’

< en[ (M + 1) la = B+ (et o - 4]

+ Co4 sup ‘wk(taxi(taa)) - wk(t’mi(tvﬁ))"

€
M+1 (i-hygr L0, +00)

We divide it into two cases to discuss.

Casel ie {1, ---,p}.

281

(3.67)

(3.68)

When i € {1,2,--- ,p} and (¢,k) ¢ I', we must have k € {1,2,--- ,p}. Substituting (3.66)—

(3.68) into (3.65), we get

|wz(t7 xi(tv Ot)) - wz(t7 xi(tv ﬁ))‘

M2
< Jwi(0, @) — w; (0, B)| + ca5(M? + Me + €)|a — 3] +026M+ 1(M—|—e)|a - Bl
P
+ C27GZ Sup |wk(t7 xi(tv a)) - wk(t7 xi(ta ﬂ))|
kzlte[o,-‘roo)

By the definition of i-th characteristic z;(¢, ), we have
z1(t, ) = za(t, @) = - - = zp(t, @) 2 z(t,a), Vte[0,+0), VaeR.
Then we get
|wi(t, x(t, o)) — wi(t, (¢, 5))|

< |w; (0, ) — w; (0, )\+025(M + Me+ € Yo — 8| + co6

2

M
M+1

(M +€)|la— 5|
P
+C27EZ sup |wk(t7$(t7a)) _wk(&x(taﬁ))l'
h—1 t€[0,+00)
Summing (3.69) with respect toi=1,---,p, we get

P

sup |wk(t,ﬂf(t,()[)) —’U)k(S,x(t,B)ﬂ
—1 te[0,4+00)

P
< (14 Kre) Z |w, (0, ) — wy (0, B)| + K7 (M? + Me + €®)|a — 3]
k=1

2
_ e
M+1(M+e)|oz Bl°.

+ K,

(3.69)

(3.70)
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Case Il ie{p+1,---,n}.

When i€ {p+1,---,n} and (i, k) ¢ T, we must have k = i. Substituting (3.66)—(3.68) into
(3.65), we get

|wi(taxi(ta a)) - wi(tv‘ri(ta /6))|

M
< wi(0, @) — w; (0, B)] + cag(M? + Me + €)|a — B + 201 T 1(M + e)ela — B)°
e sup |wi(t, it ) — wi(t, 2 (t, B))]- (3.71)
t€[0,4+00)

It follows from (3.71) that

sup |wi(t, (¢, ) — wi(t, (¢, B))|
t€[0,400)

< (14 Kq6)|wi (0, @) — w; (0, B)| + K7(M? + Me + €%)|a — |

M
— gle. .72
+K7M+1(M+6)6|Oé Jé] (3.72)
Then, (3.59) follows from (3.70) and (3.72) directly. Because w; (0, z) is continuous, it follows
from (3.59) that ¥;(a) € CO(R).
If (1.24) holds, we see that w;(0,z) is globally p-Holder continuous. (3.60) follows from

(3.59) easily. Thus, the proof of Lemma 3.7 is completed.

4 Asymptotic Behavior of Global Classical Solutions —
Proof of Theorem 1.1

This section is devoted to the study of asymptotic behavior of the global classical solution
of Cauchy problem (1.1) and (1.17) and gives the proof of Theorem 1.1.

Let
D 0 0
i o T Ai(0) 7
Noting (1.1) and using (2.4)-(2.5), (2.36), we have

Du  Ou ou ou ou

= > (N(0) = Aj(w)wjr;(u) + B(u). (4.2)
j=1

Therefore,

Du; Du -

Dit  Dit ' D (Ai(0) = Aj(w)w;r;(w)e; + Bi(u).

j=1

Noting (1.2), (1.9a), (1.11a) and (1.15)-(1.16), we may rewrite 2% as follows

D”U,i
Dt Z Bijr(w)ujwy, + Z Bi;(u)u;, (4.3)

(4,k)er (i,5)€T
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where Bjji(u) and Bj;(u) are all C'* continuous function with respect to w which can be
obtained by Hadmard’s formula similar to (3.14).
For any fixed (t,z) € RT x R, define

a=x— X\(0)t. (4.4)
It follows from (4.3) that
w;i(t, ) = w;(t, @ + X (0)t)

= u;(0,a) + / [ > Bir(wujwi + Y Bij(u)uj}(&a—i—)\i(O)s)ds. (4.5)

O " (jker (i.j)er

Then we can get the following lemma.

Lemma 4.1 For everyi € {1,--- ,n} and any given o € R, the limit
. hgl ui(t, o+ /\1(0)1‘,) = ‘1%'(04) (46)

exists; moreover, there exists a positive constant Kg independent of €, M and « such that
|D;(a)| < Kge. (4.7)

In what follows, we shall investigate the regularity of the limit function ®,(«).
First, we prove that ®;(«) is a globally Lipschitz continuous function of «.
For any fixed (t,a« 4+ A;(0)t), there exists a unique 60;(¢, ) € R such that

0;(t, ) + /0 Ai(u(s, zi(s,0:(t,@))))ds = a + A (0)t, (4.8)

namely,

t
0;(t,a) = —I—/ [Ai(0) — A (u(s, zi(s, 0;(t, @))))]ds, (4.9)
0
where © = z;(s, 0;(t, «)) stands for the i-th characteristic passing through the point (0, 6;(¢, @),
which is defined by

dz;(s,0;(t,a))

I = Ni(u(s,xi(s,0:(t,@)))), x:(0,0;(¢t, ) = 0;(¢, ). (4.10)

Lemma 4.2 Under the assumptions of Theorem 1.1, for any given o € R there ezists a

unique 9;(«) such that 6;(t, ) converges to ¥;(a) when t tends to co; moreover, ¥;() satisfies

€
[Wi(a) —af < Koy~ 1 (4.11)

and is a globally Lip-continuous function of «, more precisely, the following estimate holds

[Wi(a) = 0i(B)] < (1 + Kne)la—=p], Va,feR, (4.12)

where K1 is a positive constant independent of €, M and «, while K11 is another positive

constant independent of €, M, o and (3.



284 W. R. Dat
Proof By (1.9a) and (1.11a), we have

p n
)\i(O)—)\i(u)Z)\i(Zuheh) —)\i(u): Z Aij(u)uj, if i:1’2’... S Dy
h=1

Jj=p+1
Ai(0) = Ai(u) = Ai(uiei) — Ai(u) = ZAij(U)ujv it i=p+1,---,n, (4.13)
J#i
where A;;(u) is a C'? smooth function which can be obtained by Hadamard’s formula. Then,
it follows from (4.9) that

0i(t,a) = a+/0 (Ai(0) — Xi(w) (s, (s, 0i(t, @)))ds

(i,5)er

By Lemma 3.3, we denote the limit by ¢;(«) as ¢ tends to +o00. That is,

Pi(a) = tli>nolo 0;(t, a). (4.15)

The proof of Lemma 4.2 can be obtained immediately.

Lemma 4.3 For every i € {1,--- ,n}, there exists a positive constant K15 independent of
e, M, o and 8 such that

[P () — D;(8)| < K12M|a— 6|, Ya,B€R. (4.16)
Proof By (4.8) and (4.10), for any ¢ € RT and any a € R it holds that

where, as before, x = z;(s, 0;(t, @)) stands for the i-th characteristic passing through the point
(0,0;(t,«)). Noting Lemma 4.2 and using (4.6), we have

®i(a) = i(B) = lim {ui(t, zi(t, 0i(@))) — wilt, 2i(t,0:(9)))}- (4.18)
Then, using Taylor’s formula and noting (2.5), (3.4), (3.46), (3.59) and (4.12), we obtain

Usq
Ox

sup
(t,£)eRT xR

[@i() = ®4(B)|<  sup
(t,z)eRT xR

(t,x)

S €010 -0 <euMla-gl, (419)

(4.19) is nothing but the desired estimate (4.16). Thus, the proof of Lemma 4.3 is completed.

Lemma 4.4 For everyi € {1,--- ,n}, the limit . liin w;(t, a + A (0)t) exists, and

d‘I;iO([a) = tEeroo w;(t, o + X (0)t) = U, (9;(a)) € C°(R). (4.20)

Moreover, if (1.24) is satisfied, then the following estimate holds, for all o, 8 € R,

dd; (a) — dd;
do do

(@)’ §K13[<+ M]\f[i_l(M+e)maX(M,e) o — BI°

+ Ki3(M? + Me + €3)|a — f], (4.21)
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where K14 is a positive constant independent of €, M, ¢, a and (3.

Proof Tt follows from (4.8) that
Then noting Lemma 4.2, we have

ligrn w;(t, a0 + A (0)t) = , ligl w;(t, 2 (t, 0;(t, 0))) = , ligrn w;(t, 2 (t, 9:())), (4.23)

t—

and then by Lemma 3.7,

tliin w;(t, o + A (0)t) = . liin wi(t, zi(t,0:())) = U;(Vi()). (4.24)
Since, by Lemma 3.7 and (4.12), ¥;(-) and ¥;(x) are continuous with respect to - and *
respectively, U;(¥;(a)) is a continuous function of a € R.
On the other hand, by the definition (4.6),
D (a+ Aa) — P,(a)

d®;(a) : .
do A, Aa =, ua(t, - As(0)t)es

n

= tigknoo Z_: wj(t, o+ X (0)t)rj (u(t, o + A; (0)t) )e;
i w; (rj(u) -7 ( zp: uheh>)ei}(t7 a+ i (0)t)

= lim {
t——+oo
j=1 h=1

J
n

{2 wilriw) = ry(uge)es + wi f(ta+ A (0))
Jj=p+1

— lim { 3y Oijk(u)wjuk—l—wi}(t,a—l—)\i(())t),

t——+oo
(4,k)er’

where O;;;(u) can be obtained by Hadamard’s formula. Then, noting Lemma 3.3, we obtain
(4.20) immediately.

Moreover, if (1.24) is satisfied, then using (3.85) and (4.12), we obtain (4.21) immediately.
Thus, the proof of Lemma 4.4 is completed.

Proof of Theorem 1.1 Taking
gOi(l‘ - )\l(O)t) = q)l(l‘ — )\l(O)t), = 1, R 12 (425)

and noting Lemmas 4.1, 4.3 and Lemma 4.4, we get the conclusion of Theorem 1.1 immediately.

Thus, the proof of Theorem 1.1 is completed.
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