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Abstract For the Boltzmann equation with an external force in the form of the gradient
of a potential function in space variable, the stability of its stationary solutions as local
Maxwellians was studied by S. Ukai et al. (2005) through the energy method. Based on
this stability analysis and some techniques on analyzing the convergence rates to station-
ary solutions for the compressible Navier-Stokes equations, in this paper, we study the
convergence rate to the above stationary solutions for the Boltzmann equation which is a
fundamental equation in statistical physics for non-equilibrium rarefied gas. By combin-
ing the dissipation from the viscosity and heat conductivity on the fluid components and
the dissipation on the non-fluid component through the celebrated H-theorem, a conver-
gence rate of the same order as the one for the compressible Navier-Stokes is obtained by
constructing some energy functionals.
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1 Introduction

Consider the Boltzmann equation with an external force in the form of the gradient of a
potential function of space variables

fe +&-Vaof =V @(x) - Vef =Q(f, ), [2(x)] =0, as |z[— +oo, (1.1)
with initial data

Here f(t,x,¢) is the distribution function of the particles at time ¢ > 0 located at = =
(x1, 2, 23) € R? with velocity &€ = (£1,&,&3) € R?, and ®(x) denotes the potential of the
external force. The short-range interaction between particles is given by the standard Boltz-
mann collision operator Q(f, g) for the hard-sphere model

Ara©) =3 [ [ (€€ +1E(e) - FOae) = FENgOE ~ €.) -0 de.dn
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Here S2 = {Q € 8?: (€ —&)-Q> 0}, and & =€ — [(€ - &)-Q)Q, & =& +[(€ - &) - Q)9
are the relations between velocities £, &, after and the velocities £, &, before an elastic collision
coming from the conservation of momentum and energy.

Since the potential of force depends only on the space variables, the local Maxwellian given
by

_ P le*
M = M(z,§) = (275;0)2 exp( %) = M5(2),0,0 (),
p(x) = p1exp ( - %)7

is the stationary solution to (1.1) in the form of local Maxwellian. Here R > 0 is the gas
constant and p; > 0,0 > 0 are any given constants.

Based on the decomposition of the solution and the equation around the local Maxwellian
(cf. [13]), and the techniques used for the Navier-Stokes equations for the equilibrium gas, the
nonlinear stability of the above stationary solutions was proved in [24] by using the celebrated
H-theorem for the Boltzmann equation and the energy method. In this paper, we will study the
convergence rate in time of the solution to the stationary solution for small initial perturbation.
This is a continuation of the stability analysis and can be viewed as a generalization of the
corresponding convergence rate results for the fluid dynamics, such as Navier-Stokes equations
to the non-equilibrium gas. In the following discussion, we will use the notations from [5, 24]
for consistence. For convenience, we state the stability result from [24] as follows.

Theorem 1.1 Assume that fo(z,£) > 0 and N > 4. There exist a global Mazwellian
M_(&) and two sufficiently small constants € > 0 and Ao > 0 such that if

A= [19(2) L2 ms) + Z 09®(z)|| L3 (rs) < Aos
1<|a|<N+1
3 9°0°(fo(x,¢€) —M(ﬂc,f))‘
lal+1BI<N VM-(9)

then there exists a unique global classical solution f(t,z,§) € Hiv,g(R*‘) to the Cauchy problem
(1.1)-(1.2) which satisfies f(t,x,&) > 0, and

Z/ 107 (p — plx),u,0 — 0)(t, x)|*dx

(1.3)

<e
L? (R®xR3)

)

E(fo) =

[vISN
Y 5B
Py //'aaG“’£ dede+ Y / 107 (p — (), u, 0) Pdudr
Iy +lBl<N YR TR - 1<hl<n 70 TR
Y HB |2
I Z // / Mdfdmd7<6 for some & > 0. (1.4)
nidipien o Jre Jre - M-(E)
Consequently
079°(f(t, x,€) — M(x,€))[?
. dé = 0. 1.5
i, A M ‘ 0

[v[+IB|<N-3

Here and in the sequel, for the derivatives on t, x and &, we use the following notations

o = (a17a23a3)7 6 = (ﬁlaﬁ?aﬂfﬁ)a Y= (7070‘)
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for 0% = 921092002, 9° = 0.1 05202, 9" = 0;°0°, respectively.

As shown in (1.5), the solution to the Boltzmann equation converges to the local Maxwellian
time asymptotically. Indeed, as shown in the following main theorem in this paper, a conver-
gence rate of the order of (1+ t)*i in sup-norm can be obtained. Notice that this convergence
rate is not optimal, but it is the same as the one in [5] for the corresponding problem on the
compressible Navier-Stokes equation. The improvement of this convergence rate is not in the

scope of this paper and will be pursued in the future study.

Theorem 1.2 Under the assumptions of Theorem 1.1, if we further assume that the index
of the Sobolev space N > 5 for the initial condition, then

/ |8735(f(t,x,§) 7M(l.a€))|2
R M_(¢)

sup de < O(1)(141)"7. (1.6)

R3
FERT || +1BI<N -3

Remark 1.1 As one can see later in the proof of Theorem 1.2, for 79 > 0, the decay rate
in (1.6) can be improved to (1 + )~

The Theorem 1.2 can be viewed as an improvement of the Theorem 1.1 where the conver-
gence rate to the stationary solutions is given explicitly. As pointed out in [1], to find out the
convergence rate is the one way to understand the relevant time scale for the equilibrium process,
which in turn is important in modelling and judging the feasibility of numerical simulations.

For the convergence rate study, Desvillettes and Villani in [6] studied the time-decay rate
to a global Maxwellian of large data solutions to Boltzmann type equations without force in a
bounded domain. Even though the assumptions they imposed in general are a priori and difficult
to be verified at present time, their impressive analysis does lead to an almost exponential decay
rate for the Boltzmann equation with soft potentials and the Landau equation. On the other
hand, based on the energy method developed in [9] for the Boltzmann equation without force
with space periodic data, a proof of an almost exponential decay rate for solutions near a
global Maxwellian to the Vlasov-Maxwell-Boltzmann system, the relativistic Landau-Maxwell
system, the Boltzmann equation with soft potentials and the Landau equation is given in [20].
In the above analysis, the interpolation between the Sobolev norms with or without any weight
functions plays an important role. And this is why only algebraic decay is obtained by assuming
that the initial data has extra regularity. Notice also that in the above analysis, the Poincaré
inequality plays an essential role and hence the techniques developed there can not be applied
directly to the study of the corresponding problem for the Boltzmann equation with external
force in the whole space.

For the Cauchy problem without external force, it is well known that both the compressible
Navier-Stokes equations and the Boltzmann equation have the same convergence rate to the
corresponding constant stationary solutions, namely, (1 + t)7%(§7% , 1 < ¢q < 2, which is
achieved by initial data that are sufficiently close to the stationary solutions both in some
L? Sobolev space and the space L7 (see [3, 4, 10, 11, 17, 18, 22]). On the other hand, for the
Cauchy problem with external force, the convergence rate to the corresponding space-dependent
stationary solutions for the compressible Navier-Stokes equations was first given in [5], which is
of order (1 + t)’% for initial data sufficiently close to the relevant stationary solutions in some
Soblev space. This convergence rate was improved in [19] to (1 + t)’l_Tm for any small positive
number x, under the additional assumption that initial data are also close to the stationary
solutions in the space LS. Finally, in [2], the same rate as for the force-free case, namely,
1+ t)_% i3 , is announced for the Boltzmann equation with external force. Notice that the
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decay in [19] corresponds to the one in [2] with ¢ = £ so that %(% — 1) = 1. The method of
proof in [2] relies largely on the spectral analysis of the linearized Boltzmann operator.

Our method is quite different. Based on the techniques used in [5] for the convergence
rate and the stability analysis in [24] through the energy method, we succeed in obtaining the
convergence rate for the Boltzmann equation with external force. The analysis is a combination
of the equation (2.4) for the non-fluid part G(t, z,£) through the microscopic H-theorem (2.7)
with the corresponding time-decay estimates on the fluid part (p(t,z) — p(x), u(t, z), 0(t, ) — )
to obtain the time-decay estimates on f(t,x, &) — M(x,§).

The rest of this paper is arranged as follows. Some preliminaries for the proof of Theorem
1.2 will be given in Section 2, while the proof of the main result Theorem 1.2 will be given in

Section 3 for the case when N = 5. The case when N > 5 can be proved similarly.

2 Preliminaries

For the use in the proof of Theorem 1.2, we list some basic Sobolev inequalities and some
estimates from [5] and [24] in this section. Interested readers please refer to these two references
for the proof. First is a lemma from [5] which is a Gronwall type inequality leading to the
convergence rate.

Lemma 2.1 Let f(t) € C'([to,0)) such that f(t) > 0, A = [*f(t)dt < +oo and
F'(@t) <a(t)f(t) for allt > tg. Here a(t) >0, B = f;;oa(t)dt < +o00. Then

(tof(to) + 1)e*P —1

f) < ; ; Vi=>to.

As in [5], the following Sobolev type inequalities will also be used.

Lemma 2.2 For f(z) € H'(R?), we have

1 (@)[Lo@ms) < ColVaf ()], (2.1)

where Cy is a positive constant independent of f. Consequently, for f(x) € H?*(R?), g(z) €
HYR3), h(x) € L>(R?) and any ¢ > 0, we have

1f (@)L ) < Col|Vaf ()]s, (2.2)

where Cy is again a positive constant independent of f, so that

(@) (@) - h(w)de < e[|V f (@) + Cellg(@) |17 ()],
R? (2.3)
/Rsf(x) ~g(@) - h(z)dz < el|g(x) | + C: ||V f () [T R ().

Here and in the sequel, || - || and || - ||s denote the standard L?(R3) and H*(R?) norm
respectively. In the following, we will list some basic energy estimates on the solution to the
Cauchy problem (1.1)-(1.2) from [24] for the small perturbation of the stationary Maxwellian
solution. As in [13], we first decompose the solution f(¢,,&) of (1.1) as the sum of the fluid
part M(t, z, ) and the non-fluid part G(t,z,§) so that G(t, z,£) solves

G, +Pi((§-V,G+E- VM) -V, 2 - VG = LG+ Q(G,G), (2.4)
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while the macroscopic variables (p(¢,x), u(t,x), 8(t, z)) solve the following fluid-type system

pt +div,m =0,
3
My + Z(uzm])x] + Dz; — Doy + (,0 - ,5)(1)961
j=1

-2 10 (v, + 1030, = 5dtiver)] = [ wi(e-viO)as =123 -

B8]+ 35 o o3+ 5) ), -

Jj=1

Il
——
M= =
/N

{0y (i, + s — 2odivan) )+ S50, — [ ale - VoO)e

1 j=1 R3

i,J
Here
Lmg = Lipugg=QM+g,M+g)—Q(g,9)

is the linearized collision operator and © = Ly (G¢ + P1(¢ - V,.G) — V@ - V.G — Q(G, G)).

It is well known that the null space of the operator Lyg, denoted by A, is spanned by the
five collision invariants {IM, M¢, M|¢[?}. The next lemma from [7] contains an inequality for
the L?(R?) estimate on the nonlinear collision operator Q(f, f).

Lemma 2.3 There exists a positive constant C > 0 such that

ni(©)1Q(f, 9)? @ . [ @ 2o @
/Rg M dfﬁc{/m ol e | e [ e 20

where M is any Mazwellian such that the above integrals are well defined, and vy (€) ~ 1+ [€]
as €| — +oo for hard sphere model.

Based on Lemma 2.3, the following lemma and corollary from [14] follow from the Cauchy
inequality.

Lemma 2.4 If% < 0 < 0, then there exist two positive constants & = a(u,0;a, 5) and
no = no(u, 0; 1, 0) such that if |u — @| + |0 — 0] < no, then for h(€) € N+,

_ hLMh _ I/M(f)h2
/RS — dgza/RS — de. (2.7)

Here M = My, ,, 9(t,7,&) and M(t,x,{) = M[ﬁyﬁ’é] (t,z,8).

Corollary 2.1 Under the assumptions in Lemma 2.4, we have for h(§) € N+,

vm(€ _ _ VM f —1p2 13
1) L <o [ OIS ge
R R (2.8)
—172
/ VIYI\EO|LR,[1h|2d§ < 5—2/ VM(f)Nh (g)dﬁ.
R M R3 M
Throughout this paper, we choose positive constants p_ and 6_ such that
0 _ _
3 <O_<0, |p——pl+160-—06] <no. (2.9)
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It is easy to see that if M(,z,¢) is a small perturbation of M(z,§), the Lemmas 2.3-2.4 and
Corollary 2.1 hold for such chosen p_ and 6 when M = M_ = M|, (4_j. And we will also
use the following notations:

o)=Y 107 (p(t,x) = pla), ult, ), 0(t,2))||,

1<]v|<5
(2.10)
(9070 GJ?
W(t) = IMRSNG T = gede.
|'Y|"§/3:§5 /Rs /Rg M-

Finally, before concluding this section, we give an estimate on ©(t, z,£) appearing in the
right hand side of (2.5) in the following lemma.

Lemma 2.5 Let k > 0 be any fized integer. We have for |y| < 2 that

/m /mwk'm@tﬁdfdx < 0(1)/Rs /R M (©)(07Gul’ + [Vad Gl) )

M
(£)|07 07 Gy|?
+O(1) (Mo + ) ™M dedz
’ |w|+zz;|ss /RS /W M
+OMp(t) D 107 (p,u. )] (2.11)
[v'1<3

Notice that (2.11) can be proved by using Corollary 2.1, Lemmas 2.2-2.4 as in [24] so that
we omit the details for brevity.

3 Proof of Theorem 1.2

In this section, we prove Theorem 1.2 for the case when N = 5. The case when N > 5
can be discussed similarly. The proof is based on the energy estimates obtained in [24] and the
analytic techniques used in [5] for the estimation on convergence rate. The proof is arranged
as follows. Since the potential force depends only on space variable, any differentiation with
respect to time on the equation goes to the solution f. Then by using Lemma 2.1, we will
first obtain the decay estimates on 970%9, f(t, x, &) for |y| + |B| < 3 which contains at least one
order differentiation with respect to time. From the decay estimate involving differentiation
with respect to time to those involving only space variables, we then use the equations (2.4)
and (2.5) for the time evolution of the non-fluid and fluid components in the solution to yield
the time decay estimates on 9% (f(t,z, &) — M(x,&)) for 1 < |a| < 4. Finally, the conclusion of
Theorem 1.2 follows from these time decay estimates and the Sobolev inequality (2.2).

As the first step, we now deduce the decay estimates on 979°0, f(t, =, &) for |y| + |B] < 3.
For this, we first consider the estimates on the fluid part 970:(p,u, 0)(t,x) for |y| < 2 which
are summarized in the following lemma.

Lemma 3.1 Let

0 p p
¥ _ 19y 2 LaiF~% 2 29 2
10 = [ [0 + Jol + Lo t.ajd.



The Boltzmann Equation with External Force 369

We have for |y| < 2 that

im( t)+ Co/ (IV2d us|? + |V 2076, d
dt Re
<OM)(B(1) +¥(1) > 1107 (p,u,0):]* + O(1) (Ao +0) D V40" (p,u,0):?
W|<3 <2
/ / |87Gt P+ V20 G )+ (Mo+0) Y \m’aﬂ’GtF]dgdx. (3.1)
RYR? v H 16| <3

Here Cy > 0 is a constant.

Proof To estimate 97p;, by applying 979, to (2.5)1, multiplying it by 87/),5, and then
integrating the final equation with respect to = over R?, we have

d 0 20 _ 20
@/Rgf&iﬁva”zdx + /R3 [gamdwx(mut) + ?ﬁa”ptvmﬁ(x) -8714 dx

Z C’O‘/ —8 pdlvi(ﬁo‘ aavout)avptdx

0<a'<a

20
—/ — 3 p:07[(p — p)divyus + prdiveu + Vape - u+ Vi (p — p) - uglde
R

+3p
6
- > ca/ 2 0,0 5 07 B —ZIJ». (3.2)
0<a/<a =1

Here and in the sequel, the notation I; representing the corresponding term in the summation
without any ambiguity.

I; (=1,2,3,4,5,6) will be estimated term by term in the following. For I and Is, we have
from Lemma 2.2 that

LIl < O)lal Y 1107 pel[10% o)l o | V20 0% ue||+ V20 pll s |0% = 07y | o]

0<a’'<a

<O +0) Y Vo0 (p,w)e]* (33)

[v/1<2

For I, we have from (2.3) that

b= [ Zoplo-pav@uds— 3 0F [ 205 (o piaiva @ e
0<y' <y 39p
<O Mo +8) Y [IVa07 uil* + O(1)p(1)[|07 pe|. (3.4)

[v/1<2

In the above estimate, we have used (2.3)q twice when f = p—p, g = div,(0"us), h = 87 ps, and
f=0"p,g=00"(p—p),h = divgy (877 u) respectively.
Similar estimates hold for I3,I; and I5 which give

5
YL OMAo+8) Y Vo0 pull* +0M)e) D 1107 (pyu)el (3.5)
j=3

[v'[<2 lv/1<3
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Substituting (3.3), (3.4), and (3.5) into (3.2) gives
d [ 6 20 , 20
7 R3?|67pt|2dx + /R3 [Emptdwx(mut) + ?87ptvx,5(x) ~87ut] dx
<O +6) > IVad” (pu)ell> + O(M)e(t) > 107 (p,uw)ll?, (3.6)

[v'[<2 [v'1<3

which completes the estimate on 07 p;.
Similarly, one can obtain the corresponding estimates on u(t,z) and (¢, ). That is, there

exists a positive constant dy > 0 such that

d
T |87u| dm+d0/ V.07 w2 da

— 27
— / [—987ptdiv$(8'yut) + —pa'ygtdivw(ﬁ'yut) + —?67ptvwﬁ - 0Muy | dx
L3 3 37

<O Mo +8) 3 IV (o, )il + 0W)6() 3 107 (o, u, 0)]?

[v<2 [v'1<3

- / Oy - (€ - V,070,)dedz,
R3 JR3

i 29|met| dx+d0/ V,070,] dm+/ ﬁmetdivw(avut)dx

<OM)Ao+8) D IV (w,0)]> +0(1)g(t) > 1107 (p,u,0)?

[v<2 [v|<3

_ / / 8’(;915 (Vg — & - u)(& -V, 0y)]dEd. .
R3 JR3

By (3.6)—(3.8), (3.1) follows from Lemma 2.5 and this completes the proof of the lemma.
Next, we estimate the non-fluid part G(t, z,£) through the equation (2.4).

Lemma 3.2 For each |y| + |B| < 3, the following estimate holds

d |070°G|? o v (6)]1079° Gy
— ———déd = ———dé&d
dt/Rs/Rs M 51'4‘2/}{3/1{3 M fdz

187 0% G2 9
<OM+d) Y /R Rt deds + 0907 (0.0

v’ \+|ﬁ’|<3

1+ V.00 Gy|?|déda
/R3 R IB’—XII;I—I ]

+O01)(6(t) + (1)) Z 187" (p, u, ). (3.9)

[v']<3

Proof Applying 879%0, to (2.4) and multiplying it by £ 8 279Gt we have by integrating the
final equation with respect to £ and x over R? x R3 that

Y 9B 2
// 8(’)Gt| 1707G " e o
Zdt R?RB

v 9B 2
/ / 970 G*' 0 My dedr —/ / 00 G*maﬁ[Pl(g V.M)],d¢dx
R3JR3 R3J/R3
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//8 0 Gtavaﬁ[Pl(g V.G)] dgdx+/ / A Gt go +O(z) - V0P Gy|déda
R3J/R3 R3

/ / oo Gt@”aﬁ(LMG dfdm+/ / A Gta%’)ﬁ(Q(G G)).dédx fZI (3.10)
R3J/R3 R3

It is straightforward to have

el 2

;| < 0@ >\0+6/ / 97076 | =2 deda, (3.11)
R3 R3 M_
1] 2

|18|<u/ / PO bt + 017207 (w.0)1 + OWo(t) 3 107 (p,ub)?

R3 JR3
[v/]<3
+OM) (Ao +0) Y Ve (u, ). (3.12)

[v/|<2

From now on, p > 0 denotes a sufficiently small positive constant.
For Iy, since
DOPLE- VoG =€V, 0G+ Y. CTO () V.0797 Gy
18'1=18]-1
- 287{ §- Vs thX]>a X]}

] =0

S {fe v () M+ e 0
§=0

we have
Y HB 2 G’ 2
|19|§'u/ / WCM@%&—O() Z / / vm (€ |V88 G ded
R? IR 15| = 1511 R?
3’ 2
romm+s) > [ f ik &Gt' déda
Iy |+1871<3 R? -
\vene
OM)(W(t) +d(1)) D 1197 (pu, 0)e]” + O(1 / /RS|Mtd£dx. (3.13)
[v|<3

And I, satisfies

v HB
110_/ / NGy [v O(2) - Ve 0°Gy+ Y CF V0% D(x) - Ved™~ aaﬁa%c;t}dgdz
R3JR3

0<a’'<a

5’ 2
o+ Y [ [ I AT (3.14)

v [+18'1<3

Finally, by Lemma 2.4, I;; and I;5 are estimated as

I _/ / 0o Gtmaf’(LMGt+2Q(Mt7G))d€dx
R3JR3

2 enE: v 98 @, |2
/ / a 0G| SR T dédr + O(1)(Ao +0) Y / %Adfdm
RARS |+ <3/ RVRS B

+0(1) 1) Y 110" (p,u.0), (3.15)

[v'1<3
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8785(} 2 7' 0% Gy |2
Iy < M/ / Ol IITGL je i 1 0(1) (o + 0) / / | = [ G e (3.16)
R¥R? | +18| <3 B R? -

By combining (3.10)—(3.16) and choosing p > 0 to be sufficiently small, we have (3.9) and
then complete the proof of the lemma.

The following corollary is a direct consequence of (3.9).
Corollary 3.1 Under the assumptions in Theorem 1.2, one has

d 10795G|? o va (€ Imc?ﬁth2
dox [ e} g s [ O,

B>0,|v|+18]<3 B>0,|v[+]8]<3

IOPGy|?
Jho+6) > /R /RJ M_t dédz + O(1) Y [IV20" (u, ),

[vI+181<3 lv|<2

V.07 G2
1o / / v ‘M  gedw + 0(1) ) 3" 107 (0,002, (3.17)
\“/|<2 R3 JR3 [v1<3

and for j =0,1,2,

%{ z_:,/Ra/Rs |ml\(;t|2d§d Z /RS/R3VM )87 Gy |? deds

| =7
v o8 2
oss) S [ ] EEE  dear s oy + 6t) 3 107 (pru0)

[v[+18]1<3 [v<3

o) Y (||VI8'Y(u,9)t||2+/R3 /R ”M@'Xfm” dedz). (3.18)

[v|=7

Remark 3.1 Similar argument shows that if M is replaced by M_, then the estimates
(3.17) and (3.18) still hold.

By suitably choosing positive constants )\} > 0, )\9 >0 (j =0,1,2) with )\jQ > 0 being
sufficiently large, A} = 1 and )\} (j > 1) being suitably large, and denoting

Z”(AO > Hi(t hzl_:j /Rg /R3|ml\(jt2d£dx), (3.19)

[v|=J

we have from (3.1) and (3.18) that there exists a positive constant Cy > 0 such that

0% 2
7H1 +C1§:/ |V 8 (u, )2 + /%dé}dm
R3

lv|<2
avaﬁ(; 2
Yot 8) Y / | d T dgde 4+ O(1) ) > 107 (p. u, 0),|?
RETEES S v1<3
JAot0) Y IV pe|? 2)dédx.  (3.20)
<2 | =2/ RYWER?

Besides (3.17) and (3.20), we still need the estimate on V,07p; and the estimate on the third
order derivatives of G; with respect to ¢t and x. For V,07p;, we can apply the conservation
laws and the estimate is given in the following lemma.
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Lemma 3.3 For each || < 2, we have

Y 2
/ %|Vmavpt‘2d$ < 0(1)/ / () Ve O1G| dédx + 4 07 ppdiv, (0" uy)dx

+0(1) > Va0 (u, 0)]* + O(1)o(t) > 187" (p,u, 0|
[v'<2 [v'[<3

+OMNo+0) D> V0" il (3.21)

[y <]l

Proof Notice that the conservation laws give

20 _ 2 _ _ =
?vm(p —p) = —pur — p(u-Va)u— g(/’ = p)Val = Vap(6 —0)

=PVl — (p— p)Va@(z) — Rad}(f -V, G)dE.

By applying 079, to the above equation, and then multiplying it by %7’” before integrating

the resulting equation with respect to x over R?, a similar argument for obtaining (3.1) leads
to (3.21). Hence, we omit the details of the calculation for brevity.

To obtain the estimates on the third order derivatives on G; with respect to t and x, we
need to use the original system (1.1) to avoid the appearance of the fourth order derivatives of
G:. Note that 0 f (¢, x, ) solves

fiu +&-Vaofi = Va®(z) - Ve fy = LmGy + 2Q(My, G) + [Q(G, G)]s.

By using the the orthogonal property on the derivatives on the fluid components and the non-
fluid components, that is,

¢ =0, (3.22)

/ Po(97M,)d (L G)
R3 M

we have the following lemma on 07 f;. Since the proof is straightforward, we also omit it for
brevity.

Lemma 3.4 For |y| = 3, there exists a positive constant dqy > 0 such that

a [ [ o [ [ e
< dede + d IMESNG l eq
dt/Rs/Rs VR Y M fdz

! B, 2 ,
<OM)(ho+d) Y. /R R3Wd5dx+0(1)uo+5) S 107, w, 007 (3.23)

v 1+18"1<3 0<|y'[<3

Now, let Ay > 0 be a suitably large constant and define

2
Ha(t) =X Y /RS/RSWI\‘/?'dfdx+H1(t) —0(M)(ho+6) Y /R?)avptdivw(avut)dx

[v|=3 [v]<2

070° G, |2
+ /R [R N deda. (3.24)

B>0,|~v[+]8]<3
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By summarizing (3.17), (3.20), (3.21), and (3.23), we have that there exists a positive
constant Cy > 0 such that

By (2
%Hz(HOz( )N CUIRRON 'S //mwwdsd)

0<|v|<3 [v[+]8]<3
|878BG,5|2 2
—————d&dx 0) .2
owrs) o[ [ B dedn o) 0) 3 107 (pru 0% (3:25)
[v|+181<3 lv|<3

It is clear from (3.25) that to close the energy estimates we need to have the energy estimates
with respect to the weight M _. As usual in the previous works, the difference between the
estimates with respect to M and M_ is that the orthogonal property (3.22) holds only with
respect to M. Without this orthogonal property, there is a corresponding error term in the

form of 3> 07 (p,u, 0.
1<]v|<3

Therefore, similar calculation shows that if we set

Hy(t) = / / mft|2d§d9c+H (t) — O(1) (Ao + ) /a7 vdiv, (07w, )dx
le g/R? /R - <2
10795 G|
/ /R R (3.26)

>0, \’Y\+|ﬂ|<3

with

_ ile ()\0 IN:HOEDY /R /R |6N?j dgdx), (3.27)

[v|=3 [vI=J

then there exists a positive constant C's > 0 such that

_ 5G,|2
;zt A s //VM IALIL<TIgn
R3 —

M+|B|<3
<OM)(e(t) + (1) Y 1107 (p,w, 0):l> +0(1) > (07 (p,u, 0)e]*. (3.28)
[v|<3 0<|y|<3

Here A% (i = 0,1, j =0,1,2) and A, are some suitably chosen positive constants.
Combining (3.25) with (3.28), if we choose A3 > 0 sufficiently large and set

Hy(t) = Mo Ha(t) + Hat), (3.29)

then there exists a positive constant C's > 0 such that

d , 790G |2
St o( Y 10wl Y //R PO dea)

0<|~[<3 [vI+181<3

<OM)((t) + (1) Y 107 (o, u, 0)el*. (3.30)

[v1<3

Since

10705 G, |2
v 0) ——d¢&d
S I LTINS DI A e

lv|<3 [vI+181<3
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we have the following theorem on the decay estimate by using Lemma 2.1.

Theorem 3.1 Under the assumptions listed in Theorem 1.2, we have

3 2
Sloeuorr+ Y[ [ EE ka comarot ey

[v1<3 [v[+]8]1<3

In the following, we will use the equations (2.4), (2.5) and the decay estimates (3.31) to
deduce a decay estimate on V,0%(f — M) (1 < |a| < 3). Notice that some of the following
estimates follow from the same arguments as those for the Lemmas 3.1-3.4, and we will omit
the proofs for these estimates for brevity.

As usual, the first estimate on V,0%(p — p,u, 0) can be given as follows.

Lemma 3.5 For |a| < 3, we have

IV20(p—p, u, )P SO() (1 +1)"2 +O0(1fAo +8) Y Vo0 (p = pu, 0)]”

la'[<3

1) /R/R( M +(Ao+6?a/§|§4 e )dgdx. (3.32)

Proof By using the equation for V,(p — p) (after (3.21)), (3.31) gives

I9.0°(0 = D)IF < O+ 1) + 0o +8) S 19,07 (p = pu,0)|1

la’<3

e% 2
owv.ovo+ow [ [ e (3.33)
R3 JR3 M

For V,0%(u, 0), the equations for u(t,z) and 6(t, z) are

Uit + Z UjUig; + pa pa) + p;ppq)xz

3

__ Mdg iy {1u06) (e, + i, gaijdivg@ booi=123

R? p P4 j

3
0+ (ujexj + %eum) (3.34)

j=1

[ a—Eu,, Lo,
=) e Vz9)d€+p{j§_;( (0)02,)z,
1 3 2 2 : 2
+ 5H0) D (ia, + us2,)? = Sp(O)(diveu)? }.

4,j=1

By applying 0% to (3.34) and multiplying it by (%aau, %30‘9) before integrating it with respect
to  over R?, similar argument for proving the Lemma 3.1 shows that there exists some positive
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constant C4 > 0 such that

C4l|Va0%ul> <O (1 + )77 + O(1) (Mo +8) Y Va0 (p— p,u, 0)]?

lo’|<3
—1|19« 2 =
1) / / (O 10708 ey / 2,000 0°udz,  (3.35)
R3 JR3 M R3 3
C4l|V20°0)2 <O+ 172 +O1) (Ao +6) Y [IVa0* (p— 5,u,0)|
la’|<3
VM « 2 o’ 2
/ / \v 0O + (Ao +0) Y |V.0" Of*)déda
R3 JR3 o' <a
—/ @80‘9 div, (0%u)dz. (3.36)
R 3

By (3.33), (3.35) and (3.36), (3.32) follows immediately from Lemma 2.5 and (3.31). And this
completes the proof of the lemma.

For the non-fluid component G, the argument for proving the Corollary 3.1 gives the fol-
lowing estimates.

Lemma 3.6 Under the assumptions in Theorem 1.2, we have

// |aaaﬁc;|2d£dx
>0, Ia\+\ﬁ|<4 ReJR?

<OM)(H)" +0(1) Y Va0 (w, O] + O(1)(Aot6) Y Va0 (p—p)|

la| <3 |a|<3
163 2 [} 2
D(Ao+d) > / 107 a Gl S —dgdr + 0(1) > // |‘9 Gl 2 T dedr,  (3.37)
laj+]8| <4 BYRE 0 jaj<4 RV R?

and for j =0,1,2,

> /R/R |8aG|2d§dac

lee| =4

<OM)(H)H0(1) Y IVe0* (w,8)]* + O(L)(Aat8) D IVa0*(p — 5w, 0)|

la=3 lo <3

[e%Y6] 2 leY 2
Y Aotd) > //"9 0G| dédr +0(1)) //dex. (3.38)
R3 - R3/R3

lorf+]B]<4 lee|=

Therefore, a suitably combination of (3.32) and (3.38) yields

> (Ilvxaa(p—@u,@)\\“r/m Agm(é)lﬁaﬁ(}?dw)

lor<3

a3 2
<OM)(A+H)7F+0MNo+0) D //I{3aﬁ_c;| dédx

lo|+|8]<4

« 2
R3 JR3

\|3
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The fourth order derivatives of G with respect to x is given in the following lemma.

Lemma 3.7 For |a| =4, we have

vm()[0*G[? _1 o ) ,
————dé&d 2 A ) . -7, ’0
/113/Rs M Cdr <O(1)(1+1)"2 +O0(1) (Ao + )C%;guva (p— pou, 0)]

o’ 53’ 2
+OMMo+8) S /R /1{3‘91;94_6"'@@. (3.40)

lo/|+]8’|<4

Indeed, since f — M solves
(f =M)e +&-Vo(f =M) = V@ - Ve(f = M) = LmG + Q(G, G),

(3.40) can be proved similar to (3.23) in Lemma 3.4. The only difference is that we need to use
the following orthogonal properties

/ Py (67M[p_,3,u79] )87(LMG)
R3

- a€ =0,

/ Po(07(p(M[1,u,0) — M[1,0,6))))97 (LmG)
s M

(3.41)

d¢ = 0.

Hence, the details are omitted.
Putting (3.37), (3.39), and (3.40) together, we have

(5w O m(§)[0°9°G[
> VL0 (p— pu )P+ > /Rs /RJ N dédz

|| <3 la|+]8|<4
-1 |00 G|?
<O+t +0Me+d) Y /R /Rgidfdx. (3.42)

M_
la+18]<4
And the corresponding estimate with respect to the weight M_ is (cf. Lemma 3.6)
9P G?
> [ [ OFTEE i < om0 Y 19,0 7w 0% (3.43)
la+18]<4 lof<3

When Ao > 0, > 0 are sufficiently small, the combination of (3.42) and (3.43) gives the
following theorem.

Theorem 3.2 Under the assumptions listed in Theorem 1.2, we have

1% b 2 1
S V.- muwO)P+ S /R /Rslv[(f)ﬁ_amdgdang(l)(l—kt)‘z. (3.44)

<3 lo]+[B]<4

Finally, the statement in Theorem 1.2 follows directly from (3.44) and the Sobolev inequality
(2.2).

Remark 3.2 Notice that even though the time decay estimates in (3.31) and (3.44) are for
H*(R?), we need to use the boundedness of the solutions in H°(R?3) obtained in the existence
theory.
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