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1 Introduction

In 1926, R. Nevanlinna [1] showed that, for two distinct nonconstant meromorphic functions
f and g on the complex plane C, they can not have the same inverse images for five distinct
values.

Over the last few decades, there have been several generalizations of Nevanlinna’s result to
the case of meromorphic mappings of C™ into the complex projective space PN (C).

Recently, motivated by the accomplishment of the second main theorem of value distribution
theory for moving targets, the uniqueness problem of meromorphic mappings of C™ into PV (C)
started to be discussed.

Firstly, we must introduce some notions.

For z = (21,...,2,) € C" we set ||z]| = (|21|?> + -+~ + |2n|?)"/2. For r > 0, define

B(r)={zeC" ||| <r},
S(ry={zeC" ||| =1},

d° = (4my/=1)"1(d — ),

v = (dd°||z]]*)" ",

o = d°log||z]* A (ddlog ||2[|*)" "

Let f : C" — PY(C) be a meromorphic mapping. We can choose holomorphic functions
fo,-++ . fn on C" such that Iy := {z € C™ | fo(z) = --- = fn(z) = 0} is of dimension at most
n—2,and f = (fo(z) : - -: fn(2)) is called a reduced representation of f. The characteristic
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function of f is defined by
T(r f) = / log || fllo - / log [ fllo, > 1.
5(r) 5(1)

Note that T'(r, f) is independent of the choice of the reduced representation of f.
A moving hyperplane assigns, to every z € C™, a hyperplane given by

H(z):{(x0:~-~ ) e PN(C ‘Zb }

where b;, 0 < i < N, are entire functions whose common zeros set is of dimension at most n — 2.
A moving hyperplane H gives a meromorphic mapping a = (bg : -+ : by) : C* — PN (C). We
define Ty (r) = T(r,a). We say that a is “small” with respect to the meromorphic mapping f
if T(r,a) = o(T(r, f)) as r — +o0.

We say that moving hyperplanes {Hq,--- ,H,} (or {a1,- -+ ,aq}, wherea; = (ajo : - : a;n))
are in general position if {H;(z),---,Hy(2)} are in general position for some (and hence for
almost all) z € C™.

Let M be the field of all meromorphic functions on C”. Denote by R({a;}{_;) C M the
smallest subfield which contains C' and all a;,/a;; with aj; # 0, where 1 < j <¢, 0 <k, I < N.

Let f: C™ — PN (C) be a meromorphic mapping, and {a; };1:1 be “small” (with respect to
f) meromorphic mappings of C™ into PV (C) in general position such that

dim{z € C" | (f,a)(z) = (foa))(x) =0} <n -2, 1<i<j<q.

Assume that f is linearly nondegenerate over R({a;}7_,).

Consider the set F(f, {a; }J 1,d) of all nondegenerate over R({a; }3‘:1) meromorphic map-
pings g : C" — PN (C) satisfying the conditions:

(a) min(v(s,q,),d) = min(vgq,),d), 1 <5 <gq,

(0) 1) = gz) on U L= | (f.)(z) = 0}
=
n [2], Chen and Ru proved the following:

Theorem A If q > 2N?+4N, then $F(f,{a;}I_,2) <2.

j=0 =

And Thai [3] showed that

Theorem B If ¢=2N?+4N and N > 2, then $F(f,{a;}I_;,1) = 1.

J=0

And under the assumption that these meromorphic mappings are nonconstant, Chen and
Li [4] proved that

Theorem C If q=4N?+2N and N > 2, then §F(f,{a;}I_,1) =1.

Jj=b

In this paper, we will prove some generalized uniqueness theorems with truncated multi-
plicities for moving targets under the inclusion relations between the zeros sets of meromorphic
mappings. This is the first time to discuss the uniqueness problem of meromorphic mappings
for moving targets under this assumption.

Let f(z) be a meromorphic mapping and {a; };1:1 be “small” (with respect to f) meromor-
phic mappings in general position. We use E(a;, f) to denote the zero set of (f(2),a;(2)), in
which each zero is counted only once.
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Let S be a subvariety in C™ with dim S < n—2. Denote by T[N +1, ¢| the set of all injective
maps from {1,--- , N +1} to {1,---,¢}. For every

ZEC"\( U {z|ag(1)(z)/\.../\aﬂ(N+1)(z):O}US),

BET[N+1,q]
we define
pi(z) =4{j | = € E(ay, f)}-
Since a; (j =1,--- ,q) are located in general position, pf(z) < N. For every positive number
r, define

ps(r) =sup{ps(2) [ [|2] = 7},

where the sup is taken over all

cec™\( U lasm@ A Aagavn(z) = 0HJS)  with 2] > 7.
BET[N+1,q]

Then ps(r) is a decreasing function. Let
drs= 1 .
f.s = lm ps(r)
Then
1<dfs<N.
There exists a number rg > 1 such that
pr(r)=dss <N, asr>rg.
Let
dy = inf{df’s | dim S < n — 2},

where the inf is taken over all subvarieties S C C™ with dimS <n — 2.
If, for each ¢ # j,
dim E(a;, f) N E(aj, f) <n—2,

then df = 1.
Our main results are stated as follows:

Theorem 1.1 Let f(2) and g(z) be two meromorphic mappings, and let {a;}|_, be “small”
(with respect to f) meromorphic mappings of C™ into PN (C) in general position such that
(f,a;) #0 and (g,a;) #0 (1 < j <q). Assume that

E(aj, f) € E(aj,9), 1<j<gq
And f =g on qu {z|(f,a;)(z) =0}. If q=2dyN(2N + 1) + 1, and
j=1

2d; N(2N+1)+1 2dyN(2N+1)+1 dfN(2N +1)

. . 1 1
lim in ; M)/ ; Noan ™) > G NEN 11 + 17
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then

Furthermore, if, for each i # j,

dim E(a;, f) N E(aj, f) <n—2, g¢q= 4N? + 2N 41

and , ,
AN“+2N+1 4AN?4+2N+1
N(2N +1)
.. 1 1
lim inf ; N<f:aa'>(r)/ ; Nigap(r) > N@2N+1)+1’
then
f(z) = g(2)

Theorem 1.2 Let f(2) and g(z) be two meromorphic mappings, and let {a;}{_, be “small”
(with respect to f) meromorphic mappings of C™ into PN (C) in general position such that
(f,a;) #0 and (g,a;) Z0 (1 < j <q). And f, g are linearly nondegenerate over R({aj}gzl).
Assume that

E(ajaf)gE(aj7g)a ]-S]Sq

And f =g on LqJ{z | (f,a;)(z) =0}. If ¢=2d;N(N +2)+1, and
j=1

2d s N(N+2)+1 2d; N(N+2)+1
.. dfN(N +2)
1 1 f
lim inf ; N<f»aj>(r)/ ; Nig.ap(r) > dfN(N +2)+ 1’
then
f(z) = g(2)

Furthermore, if, for each i # j,

dim E(a;, f) N E(aj, f) <n—2, q=2N?+4N +1

and
2N24+4N+1 2N244N+1
.. N(N +2)
1 1
lim inf ; N<fvaj>(r)/ ; Noan™) > SN 7o+ 71
then
f(z) = 9(2)

2 Preliminaries and Some Lemmas

We first introduce some preliminaries in Nevanlinna theory.
Let F'(z) be a nonzero entire function on C™. For a € C™, set
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where the term P,,(z) is either identically zero or a homogeneous polynomial of degree m.
The number vp(a) := min{m | P, # 0} is said to be the zero-multiplicity of F' at a and
lvr| = {z € C" | vp(2z) # 0} is the support of vp.

We now define counting function. For a moving hyperplane H (or a), we define

(Nf[a)( z) = min{M, V(f,a)(z)}

for positive integer M or M = oo. And

/ T Vo, ifn>2
Vsl B(t)

Z V(t,a)(2), ifn=1.

[z]<t

n(t) =

Similarly, we define n™ (¢). Define

" on(t
N(ﬁa)(?"):/l 752757_)1(%, 1<r<+oo.

Similarly, we define N, (]\Jf o (7).
We define the proximity function of a by

B 1l £ 1l
mf’“(”‘/sm 81 (Fa) /5(1 el !

Now we state the first and second main theorems of meromorphic mapping, that will be

used in the proof of our theorems.
The first main theorem:

T(r, f) =mysa(r) + Nigay(r) +T(r,a).

Some second main theorems are stated as follows:

Theorem D (See [5]) Let f: C™ — PN(C) be a meromorphic mapping. Let {a;}i_, be
meromorphic mappings of C™ into PN (C) in general position such that f is linearly nondegen-
erate over R({a;}]_,). Then

g 1) < ZNW () +o(T(r. ) + O max T(r,a,)).

where |7

means the estimate holds for all large v outside a set of finite Lebesque measure.

Theorem E (See [6]) Let f : C" — PN (C) be a meromorphic mapping. Let {a;}i—1 (¢ >
2N + 1) be meromorphic mappings of C™ into PN (C) in general position. Then

lsroT Z () +0(Z(r. ) + O max T(r.ay)).

Lemma 2.1 Under the assumptions in Theorems 1.1 and 1.2, we obtain that {aj}?zl are
“small” with respect to g.
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Proof If f, g are linearly nondegenerate over R({qa; }?:1), then, by Theorem D, we have
q

(Fap (7 Z {ap (1) +o(T(r, )

I3

(g.a) (1) +0(T(r, f)) <gNT(r,9) + o(T(r, f))-

DL
<3

If f, g are nonconstant, by Theorem E, we have

lor 20 ) <ZN(f,a) r) + o(T(r. ) <NZN<WJ )+ o(T(r, ))

<gNT(r,g) + o(T(r, ).

Since {a;}7_, are “small” with respect to f, it is easy to see that {a;}7_, are also “small”
with respect to g.

3 Proof of Main Results

Proof of Theorem 1.1 For f,g, we set T(r) = T(r, f) + T(r,g). Assume f(z) Z# g(z).
Denote by Nl"f/\g( r) the counting function associated with the divisor sag.

Let z € U E(aj, f). We verify that f A g vanishes at z. In fact, we can write
J_

()=oa1+ Z(Cz‘ —z)hi(Q), 9(Q)=az+ Z(Q — z)h5(¢),

where «; is a constant vector, and hj,h} are holomorphic vector-valued functions defined
around z.

a _
Since f =g on |J E(aj, f), we have a3 A ag = 0. Hence
j=1

f/\g:Z(Ozl/\hiz—Oéz/\hl G — 2i) Zhl/\h] —2i)(G — 25)-

i=1 1,j=1

So z is a zero of f Ag.
By the definition of d¢, when ||z]| is large enough, it is easy to see that

q
1
Y N () S AN, (1) + D N nnagna, (7
- -

where the sum is over all injective maps 8: {1,--- , N+ 1} = {1,--- ,q}.
By the First Main Theorem of exterior product (cf. [7, p.327] and [8]),

Niugpo(r) <T(r, ) +T(r,9) + O(1),

q
Nﬂa5(1>/\v~v/\aB(N+1) (T) S Z T(Ta CL]) + 0(1)
Jj=1
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Hence,
q
Z N oy (1) < dgT(r, )+ dfT(r,g) + o(T(r)).
By Theorem E, we have

HWT(“ f= Z Nifap (1) +o(T(r, ),

||N(2N+1 Tg <ZN(ga ( (T g))

Hence

q

q q
d;N(2N +1) d;N(2N + 1)
1" N (1) € =3 NG () + = Z (g:05) (1) +0o(T(7)).
=1

q j=1 j=1

We have

q

q—dfN@2N +1) & d;N(2N +1)
[— E:Nm]>_ ot AL }jmwﬁ +o(T(r)).
Jj=1

q =1

It follows that

o di(QN‘Fl)
lrlgingN(fva) /Z (g:a5) q—di(2N+1)

For ¢ =2d;N(2N +1) + 1, we get

2ds N(2N+1)+1 2d; N(2N+1)+1
. dyN(2N +1)
1 1 < f
lim inf ; N<fvaf>(’")/ ; Nigap(r) = dfN@2N +1)+ 1’

which contradicts our assumption, and hence f(z) = g(z).
If, for each i # j,

dim E(a;, f) N E(aj, f) <n—2,
then df =1.

Proof of Theorem 1.2 Under the argument in the proof of Theorem 1.1, we get
q
D Ny (r) < dsT(r, f) + dfT(r,g) + o(T(r)).
Jj=1

Using Theorem D, we have

q q q
d¢N(N + 2 dfN(N +2
DILINCELLLES) S VNERULES) o R
- = j=1

This means that

q—dfN(N +2) & d;N(N +2)
D S (1) < iéf—ZMw>+mm»
j=1

7j=1
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It follows that

q
di(N+2)
liminf » N/ 7—d;N(N +2)
Tlgligoj . fa]) /z:: 9‘17) q—di(N+2)

For ¢ =2d;N(N +2) + 1, we get

2d; N(N+2)+1 2ds N(N+2)+1

o dyN(N +2)
1 1 f
fim inf ; N <f»a-f)(7")/ ; Nigap(r) = AN(N+2)+1

which contradicts our assumption, and hence f(z) = g(z).
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