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Abstract This paper deals with a kind of fourth degree systems with perturbations. By
using the method of multi-parameter perturbation theory and qualitative analysis, it is
proved that the system can have six limit cycles.
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1 Introduction and Main Result

Regarding the second part of Hilbert’s sixteenth problem, a lot of important results have
been achieved on the study of the number and the distribution of limit cycles of polynomial
planar vector fields. C. S. Coleman in his survey (cf. [1]) stated that “For n > 2, the maximal
number of eyes is not known, nor is it known just which complex patterns of eyes within eyes,
or eyes enclosing more than a single critical point can exist.” Here so called “eye” means the
limit cycle. In recent years, the problem of limit cycles and the application were studied for
some polynomial systems by the bifurcation theory (cf. [2-5, 9-23]).

For the following Liénard system
=y,
v (1.1)
§=z(1 —2?) —ey(ar + a2z + azz?),

it was proved in paper [18] that there are at most three limit cycles if a1, a2 and a3 are analytic

functions of € for |¢| small. Recently, Han (cf. [5]) studied the global bifurcation of Liénard

{j: — v (1.2)

y=x(1 —br — 2%) — ey(a1 + asz + azx?),

system

by using the method of analysis and the Poincaré map in a neighborhood of homoclinic and

double-homoclinic loop. He found that this system can have four limit cycles.
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In this paper, we consider the following system
T =ylc—x
{' ( ? (1.3)
y==z(1-2a%)(c—x)+eyf(z),
where ¢ > V2, f(x) = a1 + asz + azx® + a4x3. Our main result is as follows.

Theorem 1.1 There exists a ¢ > /2, such that for ¢ > ¢, 0 < |e| < 1 and suitable
ai,i =1, ,4, the system (1.3) can have siz limit cycles with the two different distributions
1+ (3,2) and 2+ (2,2) (see Figure 4(1)~(2)).

2 Perturbation of Homoclinic Loops

When ¢ > v/2, z < ¢, by using the transformation ¢ — , it follows from (1.3) that

T =y,

g=x(1—22)+ @1

(a1 + asz + azz® + a4x3).

Obviously, the unperturbed system (2.1)( is Hamiltonian, with three singular points O(0, 0),
Ai((=1)710), i = 1,2, and O(0,0) is saddle, A4;((—=1)""1,0), i = 1,2 are both centers. The
Hamiltonian function is

1 1 1 1
H(x,y):in—ixQ—i—Zx‘l:h, h € [—Z,—f—oo), (2.2)

where the value h = —% corresponds to the centers A;((—1)*1,0), i = 1,2, and h = 0 to the

double-homoclinic orbit I'. Thus I' = L; |J L2 can be expressed as

2
Ly y:j:x\/l—x—, 0<x<V2,
2 (2.3)

2
Ly: y=+x 1_3:_ V2 <z<o.

2 Y
For ¢ > 0 small enough, the system (2.1). has separatrices L7, L} near L, k = 1,2, such
that L§(J L3 and LY |J LY are the stable and unstable manifolds of saddle O(0,0). Let a =

(a1, a2, as,aq) with ag > 0. Then the directed distance from L} to L7 is measured by
dk(a,a) ZENkMk(a)+O(€2), (24)
where N}, is a positive constant, and

3
X
Mk(a) = 3 %ydl’: E Ak’i+1ai+1, k= 1,2 (25)
k =0

i V2 it 2
A1 = j{ ° ydx = 2/ - \1- T = At ip1(e),
L,C—X 0o C—x 2

? .
AQ’i+1 = f :L' ydi[,’ = (—1)1+1A17i+1(—6) = A27i+1(0), 1= 0, ]., 2, 3.
Lo

C—Xx

with
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Making integral transformation = = v/2sint¢, we have

) T sint!tcos?t c
A, :2\/5”1/ —dt, ¢ = —.
Letd (vV2) 0 c; —sint o V2

Note that

S| I D 1 7
—dt = (——l—n), —dt = (——n),
o €1 —sint C%_1 2 o €1 +sint c%—l 2
where n = arctan[c¢2 — 1]72 € (0, %), we easily obtain
T ™
A= 2\/5[1 + 5(6% —1)+c1 —c1y/e? — 1(— —I—n)},
2w /—
A12: 4|:§+ch+(6%—1)+§61 —1 _Cl 1( )i|7

3m 2 m s T
Az = 4\/§{E+§Cl+Z(C%_1)+Cl(6%_1)+§cl( —-1)—c} %—1(54-71)},

8 3 2
Aqy 8{154— 601+3( -1+ 101(%_1)4‘0%(0%_1)
7r
—1—501( —1)—¢f c%—l(g—f—n)},
T 7r
A21:2\/_{ 1 5(0?—1)4—01—01\/0%—1(5—n)],
2w m ™
AQQ_4|:§—ch+(6%—1)—561(61—1)—6% cf—l(a—n)},
3m 2 T ™ T
Agg—4\/5{—E—l-gcl—Z(cl—1)+cl(c%—1)—§c%(cl—1)—(:? C%—1(§—n)},
8 3m 2 m
Aoy = [E_TGCI+§(CI_1)_ZCI(01_1)+CI(C%_1)
—gellet — 1) et VF1(G —n)]

Thus, we have
4
A21A12 — A11A22 = —\/5(20%7‘( — T — 461\/ C% — ln),

AggArg — A13 A2z = —ﬁ [243c3(=2++/c2 — 17)],

AggAyg — A1y = —%cl [E7(2+ 151/3 — 17) — 64e11/E — 1n — 671, (2.6)
AggArz — A4 Ags = 81—? [m(1+4c} — 8ct) + c\/c3 — 1n)]
and
Cl];i’ri’loo Ara(er)
- 4011ir5r1oo [% + %Cl +(cf -1+ gcl(cﬁ -1) - 01\/—1(% +n)}
- 45113200 {; + %Cl +(cf = 1) +erv/ef - 1[%(\/0% —1—1¢1)—cjarctan 70;_ 1}}
=1 i[5+ fard-n-3 AL—l - d]
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1 72—/ -1 4
—4 lim (——+_—1 1 ):__,
c1—+0o0 3 4 1/0%—1-}—01 3

which implies A13(c1) < 0 for ¢; large sufficiently. For ¢; = 1 4 0, we have Aj2(1 + 0) =

2
3t g > 0. Therefore, there exists a ¢; > 1 such that Aqa(c}) = 0.

Thus, we obtain the following result.

Lemma 2.1 For Ajs # 0 and € small enough, there exists a function

A A A
- s - 220, +00) (2.7)
A1z

Ks(ai,a3,a4,€) = —
Aqo A1z

such that for e > 0, d1 > 0 (< 0) if and only if A1sas > (<) A12K2(a1,as,a4,¢), and that the
system (1.3) or (2.1)c has a homoclinic loop L near Ly if and only if az = Ka(a1,as3,aq,¢€).
Furthermore when ay = Ka(a1,as,a4,€), there exists a function

A A — A Aoy 0 Aoy A1y — A1aAsp
AgzA1g — A13As Agz A1y — A13 Az

Ks(a,a4,¢) = as + O(e) (2.8)

such that do > 0 (< 0) if and only if Ajsas < (>) A12Ks(a1,a4,€), and that the system (1.3)
or (2.1)e has a double-homoclinic loop T = Li|J L3 near T' if and only if as = Ks(a1,a4,¢).

Proof (2.7) follows directly from (2.5). Using the implicit function theorem and substitute
as = Ka(ay,as,aq,€) into (2.5), we get

- A21A12 — A11A22 A23A12 — A13A22 A24A12 — A14A22
= ay + as + a
Aio Aqs A1z

MQ(G,E) 4+O(5).

It follows from the figure of g1(c1) that
Aoz Aig — A13A95 <0 for ¢ > \/501’2,

where ¢ o will be given later. Thus, da > 0 (< 0) if and only if Ajsas < (>) A12K3(a1, aq,€).
This completes the proof.

Next, we study the stability of I'* under conditions as = K» and a3 = K3.
The origin O(0,0) is always a saddle of the system (2.1).. The divergence of (2.1). at the
origin has the value
00(0.) = (Ps +Qy)lo. = ==+ O().

As we know, the sign of 0o(O,) determines the stability of I'*. More precisely, if 0¢(O:) > 0 (<
0), then the homoclinic loop Lj, L} and the double-homoclinic loop I'* are unstable (stable)
(cf. [6-8]). Hence, we have

Lemma 2.2 Under the conditions az = Ka(a1,as3,a4,€) and az = Ks(a1,aq,€), there exists
a function
Ki(as,€) = O(e), (2.9)

such that the homoclinic loop Ly, L and the double-homoclinic loop T* are unstable (stable)
fora; < (>) K1(a4,¢€).
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Lemma 2.3 (Cf. [6]) Let a; = K;, i =1,2,3. Then the following results hold:

(i) The integral o) = 7{ (Py + Qy)dt = o1x(aa,€) converges finitely, and L}, is stable

Ly

(unstable) if o1 < 0 (> 0);

(i) o, :]( (Py +Qy)dt + O(e);

(ii) If o11 +Ig'€12 >0 (< 0), then the double-homoclinic loop T'* is unstable (stable) outside,
where k =1,2.

Suppose a; = K;, i =1,2,3. Then we have

AgsArg — A1 Aso Aga A1z — A1a Ao
a1 + asx + azx® + aqx® = |2 — 22 z|as + O(e
b ’ * { Aoz A1y — A13As Aoz A1y — A13As } * (€)
and ) 5
- :]{ a1 + asx + azr® + asw d + O(e) = Apas + 0(e), (2.10)
Ly (c—x)y
where
B AggAra — A14Aso Ags A1z — A1aAss
Ay = Jpz — Ji2 k1
Az A1y — A13As Aoz A1g — A13Ag
J,ﬁ.:]{ Y, k=1,2,i=1,2,3.
Ly (c—x)y
Note that

i1 [Fosin" e i—1 ;
Jui(e) = 2(V2) —————dt, Joy(c) = (=1)""Jy(—c) fori=1,23.
0

c1 —sint

Thus we have

™

2 1 2
J11=2/ —dt = (z—l—n),
o €1 —sint C%_1 2

na=22la [F a1 =ava] - T+ o2 (5 )],

c1 —sint cf —

% C2 s 02 s
Jig =4 [— int—c 4+ —1 }dt:4[—1—— _a (— )]
13 /0 sin Cl+cl—sint 261+ o 2+n

2 s
T = —2 (2 ),
21 c%—l 5

= 2afg e (3]

2

-
T =]~ 14 T+ — 2 (T )]
23 = 261 c%—l 5 nyl-
Therefore, by (2.6), we have
4ga(c
1= Lli = A1(01)7
5g1(c1)y/c5 — 1
—4gs3(c
2= —93( 12) = As(c1),
5g1(c1)y/c5 — 1
AL b Ay = Soale)
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where

gi(c)=2+33(/T —1m—2),
g2(c1) = =8c1\/E — 1w +16¢3\/3 — 17 — 2(5\/3 — 1 + 7 + 2n)
—ct(157 4 32n) + ¢3[32n + 15(2,/3 — 1 + 7)),
g3(c1) = —8c1\/E — 1w +16¢}/3 — 17+ 2(5/c3 — 1+ 7 — 2n)
+ci(15m — 32n) + ¢}[32n — 15(2/cF — 1 + 7)),
ga(e1) = —15¢tm + 153 (20/E — 14 71) —2(5/3 — 1 + 7).
By [24], we know that ¢g; and g2 has unique zero ¢; 2 = 1.1014386685799062 - - - and ¢15 =

1.232010827 - - -, respectively, and gs(c1) > 0, ga(c1) < 0 for ¢; > 1 (The figure of g;(c1),
i=1,--,4, see Figure 1(1)—(4)).

051

-05F

(1) The figure of gi(c1) (2) The figure of ga(c1)

(3) The figure of g3(c1) (4) The figure of ga(c1)

Figure 1
3 Stability Analysis

In this part, firstly, we determine the stability of the foci P;((—1)*~!,0), i = 1,2 under the
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conditions a; = K;, ¢+ =1,2,3. It is direct that
€ ) , )
P = m{al +aa(=1)"" +az[(=1)" P + aa[(=1)" P} + O(?)
) Aoy Aip — A4 A : Agq A1z — A4 A -
_ 5a4{[(—1)1_1]3 _ 424412 14422 _1)1_1]2 + 24113 14423 _1)1_1} + O(Eg)
Az A — Ay3Ag Az A — Ay3Ag

=casfi +O(%), i=1,2. (3.1)

div(1.3)

We easily obtain by (2.6)
ha(c1) ha(c1)

fre=—pm e =

) 2 )
5v2mg1(c1) 5v2mgi(cr)
where, for ¢y > 1,
hi(c1) = 2v27 + 12¢17 + 642 cim + c2[128/c2 — 1n 4+ 2 7(—62 + 15/c3 — 1 7)]

—263[64v2n\/3 — 1 + (2 + 15m+/c? — 1) 7],
ho(c1) = =227 + 1217 — 64v/2 cim + c2[128/c2 — 1n+ /2 7(62 — 15+/c3 — 1 7)]
+263[64v2n+/cF — 1 — (24 157/} — 1)7].

By [24], we can know that hi(ci) has a unique zero ¢ 6 = 1.2526178 - -, and hg(cp) has a
unique zero c¢1,1 = 1.004468630935794 - - - (see Figure 2(1)—(2)).

1 1002 1004 1006 1008 101 1012 1014 1016 1018 102

(1) The figure of hy(cy) (2) The figure of ha(cq)

Figure 2

In order to determine the existence and the number of the large limit cycles surrounding
all three singular points, we should prove that, by € (v/2,¢), the positive orbit v of (2.1).
starting at B(bg,0) is bounded. In other words, we need to prove that the first intersection
point 7 {z > 0,y = 0} = B*(b*,0) satisfies b* < by. For this purpose, we can take B as the
intersection point of the closed curve H(B) = h, where h — h* + 0, h* = H(c,0). Then we

have

H(B*)— H(B) = m}f

2
s x)daH—O(s)

y (x3 _ AsgAis — AigAgp 2 Ags A1z — A1a Ao
Agz A1y — A13As Aoz A1y — A13As

= —cayD*(h,c1) + O(£?), (3.2)
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where
D*(h,e1) = }1{ 22ydr + N zydx + M ydx — cM Y dz,
' Tp Tp r, ¢— 7T
and from (2.6),
AggArg — A14 Ao . Agg Ay — A1g Aoz 8

M=¢c— c =— ,
Aoz A1 — A13Aze AgzArg — Arz Az 52+ 3c2(\/c2 — 1m —2)]

o A2adis — Auadas
AzzArg — A1z Azo”

The inequality b* < by will be satisfied for £ > 0 small and D*(h,c) > 0.

N =

Since
H( ) y2 $2+$4 CL’% CL’(Q)
T =< - 20 _==
W=y T T T T

where H(z0,0) = h, 19 > 0, with /2 < 29 < ¢, and V2 —2 < /22 + 22 -2 < V2(c2 —1) as
h — h* ie., xg — ¢, we have

zd 2 2 4
T0 _0__0_|_$__$_ zo 2 _ .2 2 2_9
%de:Qﬁc/ 12 2 4dx:2\/§c/ il xz\/xo—i—x da.
r 0

_ 2 _ 2 )
LC—T . -z -z

Noting that

0< a2 —2< /a2 +22-2< /222 -2

and

o) 2 _ .2 2 _ 2 5 1 5 1
26/ VIO = o 0 (/ , d0+/ —————df)
0o -z Zo o ¢/xo—sind o ¢/xo+sind

=cm—m/c?—a% —cm  asz—

we have, as g — ¢,

2 4 4
vame Ve =2 S][ z2ydr < %\/02—1, rydx = 0,
Tn

8 Tn
2 2
\/_;C Ve =2 S][ ydr < wc*\/e? — 1,
I'yn

V2reve2 —2 < ]{ y dx < 2mer/c? — 1.
r

h

Therefore, denoting D*(¢q) = hlinhl* D*(h,c1), we have

2
%\/02—2—1—%\/02— —V2M+\/¢2 =1 < D*(c1)

2
\/zc \/02—1+@\/02—1—M\/02—2 for M >0

IA

and

2 VoM
Ve -2E Ve - — M/ —2< D*(c1)
2
V2 /—62_1+%,/C2_ —VaM@—1 for M <0.

8

IN
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Denote

2 /c2 — 9
Tl(Cl):SCWVCQ—Q-F C2 - V2ve2 -1

1
= m{16\/c% —1 —32\/20% —1_56%\/6%_ 1[2"’36%(\/ C%_ 17T—2)]},
2c? 2vc2 —1
TQ(CI): \/_C ,/62_1+\/_+_1/62_2

SM
1
= m{l(i\/%% —1-32\/c2 —1-5c2/2¢3 — 12+ 3c3(\/c} — 17— 2)]},
c? 2vc2 —1
r3(cr) = 8—M\/02 -2+ % —Ve2 =2

1 5
= 5\/4c§ —2— /2 -2~ 3—2&\/2@% —22+43c2(y/c2 — 17 —2)],

2c2 V2 =2
7’4(01):\?]\; Vet =1+ C2 —V2v/e2— 1

= g\/&{ —1— /43 —2 — 3—5;0%\/4@7—2[2 +33 (/3 — 17 —2)).
Then by [24], we easily obtain that function r3(c1) has unique root 053): 1.1206387468394088 - - -,
the root of r3(cy) is c§4) = 1.1363325434708866 - - -, r1(c1) < 0, and r4(c1) < 0. The figure of
ri(c1), i =1,2,3,4, see Figure 3(1)—(4).

(1) The figure of r1(c1) (2) The figure of ra(c1)

05F

-05F

(3) The figure of r3(cy) (4) The figure of 74(c1)

Figure 3
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As M > 0, we can not determine the sign of D*(¢;) from the sign of r1(¢1),r2(c1); as M < 0

and ¢; > c(14)7 we can get D*(cq) > 0. Thus, we get the following table as ¢; > (354).

The table to determine the qualitative analysis of system (2.1).

4 5 6 6
e @) (4N (P, +o00)

the sign of Ay — + +
the sign of As — — —
the sign of Ay + As — — —
the sign of f; + + —
the sign of fo — — —
the sign of D*(¢1) + + +

In the table, under assumptions a4 > 0, and € > 0 small enough, according to the previous
analysis, we have that as A; < 0 (> 0), the homoclinic loop L} is stable (unstable) inside; as
A1+ Ay <0 (> 0), the double-homoclinic loop I'* = Lj |J L3 is stable (unstable) outside; as
fi <0 (> 0), the focus A; is stable (unstable); and as D*(¢;) > 0 (< 0), the trajectories are
bounded (unbounded) on the left of © = ¢, where i = 1, 2.

Now, we complete the proof of the main result. For convenience, we give the assumptions
that ay > 0 and £ > 0 small enough.

By (2.10), (3.1) and (3.2), Lemma 2.3 and according to the table, for ¢; € (0(14),0(15)), the
trajectories of the system (2.1). are bounded on the left of x = ¢, the focus A; is unstable and
As is stable, but the homoclinic loop L7, L3 and the double-homoclinic T* = Lj | J L} are all
stable. We can get that there is a small unstable limit cycle L(Ql) inside L3.

For ay > 0 fixed and small enough, according to Lemma 2.2, when a1 > Kj(e,a4), and
0 < |a; — Ki(g,a4)] < a4, the double-homoclinic loop T* and homoclinic loop Lj, L} change
their stabilities into unstable (cf. [6-8]). Then there is a large stable limit cycle T") which
appears near and outside the double-homoclinic loop I'*, with two small stable limit cycle
L(ll), Lg) appeared near inside L3, L3 and outside Lél).

For fixed a1, a4 small, according to Lemma 2.1, when

0 < Ks(g,a1,a4) — a3 < lay — K1(g,a4)| < ag,

the homoclinic loop L3 breaks up and an unstable limit cycle Lé?’)

L(QQ); when 0 < az — K3(g,a1,a4) < |a1 — K1(g,a4)| < a4, L breaks up and a large unstable

appears near L3 and outside

limit cycle I'®) appears near I'* and inside I'V). Finally, for fixed a1, as, a4, if
0 < az — Ks(e,a1,a3,a4) < |K3(e,a1,a4) — az| < a1 — Ki(g,a4)| < a4

holds, then the homoclinic loop Lj breaks up, and a small stable limit cycle L(lz) appears near
L7 and outside Lgl). The distributions of the system (1.3) are 1+ (3,2) and 2 + (2,2) (see
Figure 4(1)—(2)).
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B
N

(D)

(1) The figure as ¢; € (054), 055)) U(cg‘B)7 c§6)), and distribution of 1 + (3, 2)

1

=

(2) The figure as ¢; € (054), c§">) U(cg‘B)7 c§6)), and distribution of 2 + (2, 2)

Figure 4

Using the similar methods, when ¢; € (055), 056)), we get the same result of the limit cycles

(6)

and the distributions as ¢ € (c§4), 6(15)), and when ¢; € (¢, +00), we get five limit cycles and
the distributions are 1+ (3,1) and 2 + (2,1).
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