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Abstract Let {X,,(t),t € Rt} be an m-Fold integrated Brownian motion. In this paper,
with the help of small ball probability estimate, a functional law of the iterated logarithm
(LIL) for X,(¢) is established. This extends the classic Chung type liminf result for this
process. Furthermore, a result about the weighted occupation measure for X,,(t) is also
obtained.
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1 Introduction

Let {W(t),t € Ry} be a standard Brownian motion with W (0) = 0. A Gaussian process
{X(t),t € Ry} is called m-fold integrated Brownian motion with positive integer m provided
Xo(t) = W(t) and

Xm(t):/OtXm_l(s)ds, m>1.
That is, .
Xm(t):/o E=" ws).

m!

From the definition, it follows that X, is a self-similar process with scaling property
X (ct) £ cPmD2X, (1),

where X 2V means X and Y have the same finite dimensional distributions. This process X,,
is an interesting process and has been studied by many authors in different view points. For
example, Watanabe [17] established the law of the iterated logarithm for X (¢). Wahba [15, 16]
used X,,(-) to derive a correspondence between smoothing by splines and Bayesian estimation
in certain stochastic models. Lachal [10, 11] considered the law of the iterated logarithm and the
regular points for X,,(t),m > 1. Khoshnevisan and Shi [6] obtained the small ball probability
(A small ball probability of a process Y is refered to the probability P { Oiug [Y(s)] < 6}) and
5<1
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Chung’s law of the iterated logarithm for X;(¢). Lin [13] studied the increment properties for
Xm(t),m > 1. Recently, Chen and Li [2] obtained a general result of the small ball probability
and Chung’s law of the iterated logarithm for X,,(t),m > 1. They showed that for any integer
m > 1,

lim £2/ ™+ Jog P{ sup | X, (1) < 6} = —Km (1.1)
e 0<t<1
with
1 —(2m+2)/(2m+1)
mrl {(2m + 2) sin T }
2 2m + 2
2m + 1 ym\2/(2m+1) o\ —2m/(2mA1)
< Km < (*) <2m sin —)
2 2 2m
. Km 1
and lim — = —. Furthermore,
m—oo M, e
log 1 (2m+1)/2
liminf( o8 ogt) sup | X (s)] = 2072, (1.2)
t—00 t 0<s<t
Let M(nt)
n
(t) Osgirétl (s)| and m,(t) (=] Tog log n) @i 1/2

where K, is defined as in (1.1). The main purpose of this paper is to establish a functional LIL
for the {n, ()}, then use this result to obtain the Chung’s LIL and some weighted occupation
measures for this process. This kind of functional LIL has ever been considered by Wichura
[18] for standard Brownian motion, Chen, Kuelbs and Li [1] for the symmetric stable process,
and Kuelbs and Li [8] for fractional Brownian motion. And it is different from that of classic
Strassen’s functional LIL.

For convenience, in this paper we define
U={f: f maps [0,00) to [0,00] with f(0) =0, flim ft) =00
L — 0O
and f is right continuous, nondecreasing}

and let U be endowed with the topology of weak convergence, i.e., pointwise convergence at all
continuity points of the limit function. Then the weak topology on U is metrizable, separable
and complete. More detail can be found in Chen, Kuelbs and Li [1].

For any sequence {f,} € U, we define C({f,}) as the cluster set of {f,}. That is, all
possible subsequential limits of {f,} in the weak topology. Assume that {f,} is relatively
compact in the weak topology and C'({f,}) = A C U, then we write it as {f,} = A.

The first result we obtain is the functional LIL for X, (t).

Theorem 1.1 Let {X,,(t),t € Ry} be an m-fold integrated Brownian motion with positive
integer m. Then
P({m}=K)=1, (1.3)

where

K = {f fe U,/OOo FHemH (gt < 1}.
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As a consequence of Theorem 1.1, we have the following Chung’s LIL.

Corollary 1.1 Let {n,(-)} be defined as that in Theorem 1.1. Then
liminfn,(1) =1 a.s.
n—oo
Remark 1.1 A similar argument shows that if n is changed into T', then as T — oo, the
conclusions of Theorem 1.1 and Corollary 1.1 are also true, and hence we have the conclusion
(1.2); As T — 0, if we write 1, (x) as
M(Tx)
kmT/loglog1/T)Em+1)/2"

nr(x) =
(
then the conclusions of Theorem 1.1 and Corollary 1.1 are true for nr.

The next results is about the weighted occupation measure for the m-fold Brownian motion.
This is very similar to that of Chen et al. [1] for symmetric stable processes and Kuelbs and
Li [8] for fractional Brownian motion. We have liminfn,(1) = 1 by Corollary 1.1, but how
fast does n,,(-) get away from zero function, say g:eoro interval [0,1], and how many samples

(), n <t fall into the interval [0,c], ¢ > 17 One measure of these questions is the weighted

o= | oo (no(2)) s (14)

occupation measure

t
where ¢ > 1, 6 : (0,1] — [1,00) with (1) =1, 6(s) is non-increasing and 11%1+ 0(s) = oo.
Let L 2/ @mt1) ’
9 m
h(s) = 6%/ CmFD () +/ 7(“)@7 0<s<l. (1.5)
s u

Then the range of h(s) is all of [1,00). For more detail about this, we refer to Chen et al. [1]
and Kuelbs and Li [8].

Corollary 1.2 Let 0 : (0,1] — [1,00) be defined as above. If h(s) defined as in (1.5) is a

strictly decreasing and continuous function from (0,1] to [1,00), then

limsupp.(t) =1—s. a.s., (1.6)

t—oo

where s = s. is the solution to h(s) = c2/@m+1) o>,

Example Let 0(s) = (14 log 1)®m+1/2 0 < s < 1. Then

2/(2m+1) _
scexp{22\/1+02},

) 1 rt £y (2m+1)/2 c2/(2m+1) _ 1
hmsup;/ Iip (ns(1)<1+log;> )ds:l—exp{2—2 1—}—7} a.s.
0

t—o0 2

Corollary 1.3

imsup — ¢ 7)) )as - '
msup 3 , o AW 2/ (2m+1) if 0<e<l1.
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2 Proof of Theorem 1.1

In this section, we will show Theorem 1.1 with the application of the small ball probability
estimates. In order to do this, we need the following lemmas.

Lemma 2.1 Fiz sequences {t;}}_;, {a;}_; and {b;}}_, such that 0 = tg < t; < --- < t,
and 0 < ay <by <ag<by <---<a;<b <oo. Then
li—1

lim sup £2/ @™+ 1og P{ae < M(t <bie, 1 <i<Il} < —km 77.
msup £ Ploie < M(t) Ry ES

Proof Let A; = { sup | X(t)] < big}, 1 <i <. Then
ti—1<t<t;

l
Plage < M(t;) < bie, 1<z<l}<P<ﬂAi). (2.1)

i=1

For any t > ¢;, 0 <i<[—1, we set £, = 0 and

£:(t) = (ml)~? / (b — symdw(s).

Then
P(4) = (N Ao, s, 15001 )
~ Et-sm
= P(i_l Ai?tl_?gﬁ)gtl &-1(t) + /tll TdW(s)’ < ble)
= E{P(dAi,tlfg%l /;l %dW( J+&a(t)] <be)|aa®} 22)

Since fti,l (t— (s) is independent of 4, 1
Anderson inequality that the right-hand side of (2.

P(i(in)P( sup

o1 <t<t;

<i<l—1and &_1(t), it follows from the

i
2) is no more than

/t udw( )’ < bls). (2.3)

m!

Clearly, f(”h (‘”h " AW (s) and X, (h) = foh (hoo)™ S) dW (s) have the same distribution. This
yields that (2.3) is equal to

-1

P( ﬂ Ai)P< sup [ X (f)] < ble),
i=1 0<t<t;—ti—1

which in combination with (2.2) implies

P( (_ﬁ 4) < P(bl A)P( s X (®)] < bie).

0<t<t;—t;—1
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Iterating this argument and using the scaling property X,,(ct) = ¢2"+1)/2X, (t), we obtain

P( m Ai) < ﬁp( Sup | Xm ()] < biE)

i=1 i=1 0<t<t;—ti—1
1
=TIP( sw 1Xn() < bie ). (2.4)
i Nost<1 = (t — ti_q)@mtD)/2
Combining (1.1) with (2.4) yields
1
2/(2m+1) ‘
lli%f 1ogP( q Al)
1=
. l 52/(2m+1)10gp( sup |X ()‘ b;e ) . Z _
0 0<t<1 = (= ti_q)@mtD)/2 m 2/ 2m+1)’

which in combination with (2.1) draws the conclusion of Lemma 2.1.
The following lemma is a Gaussian correlation conjecture obtained by Li [12].

Lemma 2.2 Let U be a centered Gaussian measure on separable Banach space E. Then

for any two symmetric U-measurable convex sets A, B on E and any 0 < A < 1,
UANB) >UMNAU(V1— A2B).

Lemma 2.3 Let (X1, Xa, -+, Xy) be a centered Gaussian vector in RN . Then for any
positive numbers A;, 1 <i < N,

P{6(|Xi|§)\ } f_v[ P(IXi| < \o).

This lemma is due to Khatri [5] and Sidék [14], and is always called the Khatri-Siddk lemma,

in which the covariance matrix of (X1, Xo, -+, X,,) is arbitrary.
The following lemma is a lower bound for the small ball probability in Lemma 2.1.

Lemma 2.4 Let {t;},{a;},{bi},1 <i <1 be as in Lemma 2.1. Then

lim inf &2/ 2"+ Jog Pa;e < M(t:) <bie, 1 <i <1} > mmzzfz—t’”

mir . (25)

zlz

Proof Let A;,&; be defined as in Lemma 2.1. By a similar argument of Kuelbs and Li [8],
it is sufficient for the proof of Lemma 2.4 to show

lilgl}(l)lfgz/(Qm—i-l)]ogP(Q ) < nmzlbz L (2.6)
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For any 0 < § < min{b;,1 <4 <!} and 0 < A < 1, using Lemma 2.2 we have

!
mAi) :P( A;, sup ‘/t (s)—l—fl,l(t)‘ Sbla)

t1—1<t<ty

A;, sup
t—1<t<t,

/t udW( )‘ < (by—0)e, sup |&_1(t)] < 65)

m! t 1 <t<t

-1

/tt udw( )‘ < (b —6)5)P( ﬂAi, sup  [§-1(t)] < 55)

tia<t<t, | Jy_,  ml im1 t 1 <t<t,

-1

sup |Xm(t)|§(bl—6)e>~P(ﬂ sup |X(t)|§bi/\a)

0<t<t;—t;—1 i1 tim1St<t;

~P( sup  |&-1(t)] < V1= A2 (55). (2.7)

t1<t<t

Repeating this estimate, we get

where

0<t<t;—t;_1

l
Hy = Hp( sup | X ()] < (i — 5)#%),
ti—1<t<t;

l
— Hp( sup  |&-1 ()] < V1 A2 JAl’is)
=1

Next we turn to estimate the lower bounds of H; and Hs. By (1.1) and the scaling property
of X,,(t), it is easy to obtain

N=i(b; — d)e
s 2/(2mA1) 2/(2m+1)
gl_r%s log Hy = ths logP<Os<1t1;<)1\X @) < it )(2m+1)/2>
t _tz 1
ﬂmz )\l i(b; — )] 2/(2m+1) " (2.9)
Note that

ti—1
67, 1 / t—tl 1+t 1—8)de(S)
Cck

Il
MS E‘H

(t B tl 1) tim ) —s m—k s
> / (s — 5™ R dWV (s)
:zi@ s

E
I
=3
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By Lemma 2.3, it follows that

ti—1<t<t;

l
_ Hp( sup |61 (8)] < VI A2 5/\l’i5>
=1

ﬁp(i(tik,;)p(mkzl < V1= o)

=1 k=0
Lo A BIVT = A2 6A—ie
> 11 P{ ;QO (|Xm—k(ti—1)| < it — 1) )}
L BIVT = X2 6A—ie
> Egp(lxmk(til) L ). (2.10)

Since for any 1 < k <m, EX,,_«(t;—1) =0 and

1 ti—1 ( k-) t?(T_k)+1
EX2  (ti1) = ——— tig — s)2m=klgs = ! 2.11
m-t(ti-1) (m—k)!/o (ti-1 =) Sl gy 1 sy s S G
it follows that
I m
Vm —k)2m — 2k + 1) | Xk (ti1)]
Hy 2 H H P( ((m=k)+1/2
i=1 k=0 i—1
< k' (m —k)I(2m — 2k + 1)(1 — \2) 6)\1”5)
=~ mtSTfk)+1/2(tl _ ti71>k
I m
:HH (IN(0,1)] < Agre),
i=1 k=0
where N (0, 1) denotes the standard normal variable and
k! — k)1(2m — 2k + 1)(1 — A2) A
Ak = A()‘7ti7ti—l757 k) = \/(m 2775—7;;4—1/2 - )( ) .
mt;" (ti —ti—1)k
Then
I m I m i€ I m —(A;e)?/2
ik 1 2 2A'k€6 (Aire)?/
> (IN(0,1)] < Aje) = / ——e 2y > -
zhlirwenissa=lIL), ooz L= 0
which implies
I m
2A;,e A% e?
2/(2m+1) _ 2/(2m+1) [ ( ik€ Ay )} _
EII_I%E log Hy = hms ;,; log Nor: 5 0. (2.12)

Therefore, by (2.8), (2.9) and (2.12), we have

7
lignéigf g2/mA1) 150 P(ﬂ Ai> > hgl_,%lf g2/ (2mH1) (log Hy 4 log Hs)
i=1
!

t _tz 1
z; )\l 7.b 75 2/(2m+1) "
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Letting A ' 1 and § \, 0, we get (2.6). This completes the proof of Lemma 2.4.

Proof of Theorem 1.1 By a similar argument of Chen, Kuelbs, Li [1] or Kuelbs, Li [8],

in order to show Theorem 1.1, it is enough to establish the following three propositions

P({nn} is relatively compact in U) = 1, (2.13)
P(C({m}) CK) =1, (2.14)
PK C C({m})) =1. (2.15)

Applying (1.1) and the small ball probability estimate in Lemma 2.1 and along the proof of
Chen, Kuelbs and Li [8], (2.13) and (2.14) are easy to obtain. However, the proof of (2.15) is
different from theirs.

From the arguments of Chen, et al. [1] (see also Kuelbs and Li [8]), in order to show
(2.15), it is enough to prove, for any fixed f € U with fooo f2/CmAN () dt < 1 and every weak
neighborhood Ny of f, that

P{n, € Nj,i0.} = 1. (2.16)
To establish (2.16), we define
t7 =sup{t: f(t) < oo}.
Since f € U, f is right continuous and f(0) = 0. This implies that ¢ = co or 0 < 7 < oo.
P
In the case of t’} = 00, a typical neighborhood of f is of the form N; = ﬂ G, where
i=1
Gi=A{g: f(ti) =0 <g(t:) < f(t:) +6}, 6>0
and 0 =tg <tg <tp <--- <tp.
Otherwise, if 0 < t} < oo, then a typical neighborhood of f can be written as Ny =
P q
(N G)N (N Gptj), where G;, 1 < i <p is defined as above and
i=1 j=1

Gp+j =1{9: 9(tp4;) >my}, m; >0, 1<j<q.
The proof for either case is similar. Therefore, we only consider here the case of t} = oo,
that is, Ny = fp] G;.
Let =
g=1- /OO fHCmED ) dt > 0, 0y = exp{IF).
0

For any large [ satisfying n;_1t,/n; < t1 (In fact, there exists a [o € N such that for any [ > I,
ny—1tp/ny < t1.) define

—(2m+1)/2
Al:{ sup (7,{7””[ )

nl:”ltp <t<t log log n;

m —(2m+1)/2 ni—1tp t—s)™m 0
Bzz{ sup (ﬂ) )/ udW(S)‘Si,lgiép}
0

mity _y o) log log n; m!
ny —7=

A"ltw_syndw(s)‘e(f(ti)—e f(ti)+g)71§i§ p}’

' )
at, Ml 2

Cl:{nm(ti) € (f(tl) - gaf(tz) + 9)3 1 S 1 S p}'
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Then A; N B; C C; and this yields
P(Cl, 10) > P(Al N By, 10) > P(Al,i.O.) — P(BZC,IO) (217)

Note that

/nnlt Ot =)™ )

|
I—1tp m:

and X, (nyt —ny_1t,) have the same distribution. Hence, by the scaling property of X, (¢) and
Lemma 2.4, we have that for any 0 < v < 32/(1 — 3%),

Py =pP{ s (o ) e (- L s + ). 1<)

log log n;

—P{ ap (ol )f(2m+1)/2|Xm(u)|€(f(ti)—g,f(ti)_yg)’Z‘Sp}

ogugtj—%

t1 — ni—1tp/ny P t—ti
2 B .
B exp{ <(f(t1) + 0/2)2/(2m+1) + ; )+ 60/2) 2/(2m+1)>(1 +7) loglogm}

loglog n;

Since f(t) is non-decreasing and non-negative function, it follows that

( t1 — ni—1tp/n +i ti—ti 4 )
(f(t1) + 6/2)2/(@m+1) —~ )+ 6/2)2/2m+1)

- 1 2/(2m+1
2_/0 () 1 oy /f /EmD (tydt = (1 - B),

which implies that

P(A;) > exp{—(1 = B)(1 + ) log "7} = (= (H+AA=A0+7),

oo

Because 0 < v < 3?/(1— %), we get (1—3?)(1++) < 1. This yields ZP(Al) = 00. Therefore,
1=1

by the independence of A;, [ =1,2---  and the Borel-Cantelli lemma, it follows that

P(A;,i0) =1. (2.18)

By some elementary computation, we have

m

{ (g — my—1)tp) ¥ Xon—k (ni—1tp) |
K!(Kpny/ log log ny ) (2m+1)/2

<

N
H/—’

=0

which implies that

: = [ = 1)) ¥ [ X (u—atp)| 0
¢ = > -
P(Bi) P{Z k!(Kkmny/loglogn,)@m+1)/2 = 2 }

. ip{ [ = )] | X (ruaty)] i}. (2.19)

k!(Kkmny/ loglog ng)@m+1)/2 2m
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By (2.11), the right-hand side of (2.19) is equal to

i P{lN(o | > Am = k) (2m — 2k + D]Y2k!(Kmni/ loglog m)<2m+1>/2}
= 2m(ny_1t, )™k T1/2[(ny — nj_q)t,|*
— (ni-1tp) (0 — ny—1)ty]
m I{m+1/2
< S P{INO DI 2 S (/1)
=0 2mt,
Hz+1/2
< (m+ 1)P{|N(0,1)| > Tmexp{zﬁ}}. (2.20)
2mt,

Obviously, the right-hand side of (2.20) is summable. This in combination with (2.19) and the
Borel-Cantelli lemma implies that
P(Bf,i.0.) =0. (2.21)

By (2.17), (2.18) and (2.21), we have P(Cj,i.0.) = 1. That is,
P{n,, € Ny io.} =1.
This implies (2.15), and the proof is completed.

Proof of Corollary 1.1 The proof is similar to that of Chen, Kuelbs and Li [1], here we

will omit the details.

Proof of Corollary 1.2 and Corollary 1.3 In order to show Corollary 1.2 and Corollary

1.3, we need the following two facts.
Fact 2.1 Let F.(f) = [, Tjo.q(f(u)r(u))du and

log log tu) (2m+1)/2) i
loglogt ’

G.(t) = /Olf[o,c} (Ut(u)r(“)(

where 7 : (0,1] — [0, 00) is measurable. Then for each ¢ > 0,

limsup G.(t) < sup Fc(f) as. (2.22)
t—o0 feEK

Furthermore, if sup F.(f) is left continuous at ¢, then the two sides in (2.22) are equal.
fekK

Along the proof line of Chen, Kuelbs and Li [1], we obtain the conclusion of Fact 2.1.
The following fact is due to Kuelbs and Li [8].

Fact 2.2 Let g be a real-valued, non-negative and continuous function on (0, 1] with

0 < g(1) < 1. Suppose that tg(t) is non-increasing on (0, 1] and tlin% tg(t) > 1. Then

1
SUP/ L2 gy (2)de = 1 — ug,
feEF JO

where F is the set of non-negative, non-increasing, right continuous functions f on (0, 1] with
fol f(#)dt <1 and u = uy is the solution of the equation

1
ug(u) +/ g(v)dv = 1.
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By Fact 2.1 and Fact 2.2, Corollary 1.2 can be drawn as that of Kuelbs and Li [8] did. By
Fact 2.1 and a similar argument of Chen, Kuelbs and Li [1], Corollary 1.3 is followed.

3 The Functional LIL for Integrated Kiefer Process

Let W (z,y) be a two parameter Wiener process. A Kiefer process K(z,y),0 < < 1,0 <
y < 0o is defined by

In this section, we will use the method in Theorem 1.1 to study the functional LIL for integrated

Kiefer process and then with the help of strong approximation result of a Kiefer process to draw

the Chung LIL for integrated empirical process.

Theorem 3.1 Let {K(z,y),0 <2z <1,0 <y < oo} be a Kiefer process. Define Yy(z,y) =
K(x,y)/\/@, Ym(z7y) = fox Ym—l(svy)d‘s and Mn(fﬂ) = sup |Ym(t7n)|7

0<t<z
N M, (z)
Un(x) - (I{m/log logn)(2m+1)/2 :
Then
P({iin(2)} = K) = 1,
where
~ _ 1
K = {f . feT, / FHEm) g < 1}
0
and

U = {f: f maps [0,1] to [0,00] with f(0) =0, f is right continuous, nondecreasing}.
Proof Noting that
K(tv y) = W(t7 y) - tW(L y)a
where {W(z,y),0 < z,y < oo} is a two-parameter (standard) Brownian motion, we have

(t—s)™ ot
Vym! AW (s.y) Vym

Volt) = [ Yrlepio = [ WLy)

It is easy to see that for any y > 0,

tm
lim e~2/@m+1) 16 P( su ‘7W 1, ’<s)
lim eP S | i (Ly)| <
= lim e~ 2/CGm+D P(IN(0,1)] < mle) = 0. (3.1)

e—0

m

Vym!

Hence, by the independence of ft (t=s)™ dW (s,y) and

0 Ui W(1,y), it follows from (1.1) that
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for any § > 0,
lim ¢—2/(2m+1) logP( sup |Ym(t,y)| < s)
e—0 0
> i 2/(2m+1)( (t—
im e logP sup dW(s Y| < (1-=19)e
€—0 0<t<1
tm
+log P su ’ W (1, ’Sés
& (O<t81 \fm‘ ( y) ))
= lim g~ %/(@m+D) logP( sup | X ()] < (11— 5)5) = — (1 — 6)2/@mHD), (3.2)
e—=0 0<t<1
On the other hand, by (1.1)
— K (1 4 6)2/@m+D
t —
— Qi e—2/(@m+1) logP sup ‘/ dW(s y)‘ (14 d)e )
e—0 0<t<1
> lim e 2D (log P sup |Vin(t,y)| <e) +log P( su ’ ‘ < de
> lim ( g (O§t21| t,y)l < ) g (@gl fm, 1,y) ))

— lim 572/(2m+1)<10gP< sup |Yin(t,y)| < s) +log P(IN(0,1)] < m!ég))

e—0 0<t<1

= lim ¢~2/(m+D) logP( sup Y (t,9)| < 5). (3.3)
e—0 0<t<1

Let § \, 0. Then (3.2) and (3.3) imply

lim ¢=%/(m+1) logP( sup |Yi(t,y)| < E) = —Km. (3.4)
e—0 0<t<1
Furthermore, by Lemma 2.1, Lemma 2.4 and (3.1), we have that for any fixed sequences
{ti}_,{a; ¥, and {b;}}_; suchthat 0 =ty <t; <---<t;, <1,and 0 < a; < by < ag < by <
< < b < oo,

. m r — Ui—1
g%€2/(2 +1) IOgP{G/iE < M ( )< b i€y 1 < 7 < l} = K,mZW (35)
i=1

Similar to the proof of Theorem 1.1, to show Theorem 3.1, it is enough to establish the

following three propositions

P({nn} is relatively compact in U) = 1, (3.6)
P(C({i.}) CK) =1, (3.7)
P(K C C({na})) =1. (3.8)

By (3.3) and (3.5) and along the proof of Chen, Kuelbs and Li [8], (3.6) and (3.7) are easy to

obtain. The proof of (3.8) is very similar to that of Theorem 1.1; we only need to revise the
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definitions of the sets A;, By, C; and define
~ & (2m+1)/2 (t—s)
A= { o () | W (s, mist
= {2, (g O ) = Wt
(W (1,n) — W(1,ni_1t,))

_ TN a— e () -2 7wy +2) i<}

~ m —(2m+1)/2) [t (t — )™
B, = { sup <H7) ‘/ gdW(s,m_ltp)
O<t<t 0

loglogn, mly/n
—tmw(l’”l*t”)‘ <% ici< p}
mly/n A

C = {ﬁm(ti) e(f(t)—0,fti)+0), 1<i< p}.
Then along the proof of Theorem 1.1, we can get the conclusion of Theorem 3.1.

Theorem 3.2 Let {a,(t),0 <t <1} be the empirical process based on the first n observa-
tions of independent variables with the uniform distribution in (0,1). Define Ag(t,n) = a,(t)

and .
Am(t,n)z/ Ap—1(z,n)dx.
0

Then

lim inf (loglog n) ™ tY/2 sup A, (t,n)] = km  a.s.
n—oo 0<t<1

Proof By Theorem 3.1, we have

lim inf(loglog n) ™ +1/2 sup |V,,(t,n)| = km  a.s. (3.9)
n— oo 0<t<1
By a strong approximation result of Kiefer [7] (see also [3, Theorem 4.3.2]) and (3.9), Theorem
3.2 follows, and the proof is completed.
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