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1 Introduction

The relativistic Euler equations for a perfect fluid in two dimensional Minkowski space-time
with source terms have the form:

8t((p+ pc?)% + p) + 0y ((p + PC2)72) =®(p,v),

2(cz2 —w 2 —v (1.1)
2 2 v? .
8t((p+PC )Cg_vg) +3m((p+pc )m +p) = U(p,v),

which models the balance laws of momentum and energy for relativistic fluids, where p > 0 is
the proper energy density, p is the pressure, v is the particle speed, and c is the speed of light.
The equation of state is

p=p(p),

where p(p) is a smooth function of p and satisfies

p'(p) >0, p"(p)>0.

In the corresponding physical region V = {U : 0 < p < pmax, V| < ¢} (Pmax = sup{p :
p'(p) < c?}), the system is strictly hyperbolic, and is genuinely nonlinear with respect to all
the characteristics under certain assumptions on the pressure function p (see Lemma 2.1).

For the corresponding homogeneous systems (2 x 2 or 3 x 3), many mathematical problems
have been studied, such as, the construction of the models, the local existence of smooth
solutions, the global existence of BV solutions, the periodic solutions, the spherically symmetric
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solutions, the uniqueness and stability of solutions, the limit problems, and the kinetic schemes,
etc. (see, e.g., [1, 4-6, 9-13, 1522, 25-28, 30]; also consult Chen [2]).
The homogeneous system corresponding to (1.1) is

2
2 v 2 v _
8t((p+pc )02(02 —v?) +p) +8‘”((p+pc )@ —v2) 0 (1.2)
9 .
2 oy Y _
0u((p+pe*) == ) + 0: (0 + )5 +p) = 0.
For the initial data
t=0: p:p0($)7 v :’U()(J?), (13)

where po(x), vo(z) € V are bounded functions with bounded variation, we study the Cauchy
problem of (1.1) with the equation of state

p=r’p,

where k < ¢ is the sound speed. In this case, system (1.1) reduces to

o(p(FE 2 4 1)) (02 + )

ou(p((n2 + )

The Cauchy problem of the non-relativistic version (the classical isentropic Euler system,
i.e.,, ¢ = +00) of (1.4) has been solved in [31]. They established the global existence of weak
solutions. The purpose of this paper is to solve the Cauchy problem (1.3)—(1.4) based on the

) = w
2,2

D) #oof e E2)) = 0

2 — 12

(1.4)

2 — 12

global existence of BV solutions for the homogeneous system (1.1) by Smoller-Temple [25] and
adopting the methods of Ying-Wang [31] and Chen-Wagner [3]. We will impose appropriate
conditions on the lower order source terms and establish the existence of the global entropy
solutions under these conditions.

We also assume that the variation of po(z) and vg(z) vanishes outside a bounded interval,
namely, po(z) = po(+00), vo(x) = vo(+00) in a neighborhood of x = +oo and po(z) = po(—00),
vo(x) = vo(—00) in a neighborhood of z = —oc.

We organize this paper as follows. In §2, we discuss the conditions on the source terms
and construct the approximate solutions by using the Glimm difference scheme and Picard
iteration; In §3, we establish estimations on the approximate solutions, that is, we show that
the approximate solutions are bounded functions of bounded variation and continuous in ¢ in
the sense of L'; In §4, we prove that the limit solutions are the entropy solutions of the Cauchy
problem (1.3)—(1.4).

2 The Primary Properties and the Difference Scheme

Problem (1.3)—(1.4) fits into the following Cauchy problem for a general system of conser-

vation laws:

t=0:U = Uy(x),
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where

i)

K2+ v? v T
U= ( ( 22— +1),p((ﬁ2+02)62 —v2)) - (Ul’UQ)T’
2,2

F(U) = (p((/i2 + ) fvz),p((/& +v2)cj Y 2))T = (F(U), BU)T,

G(U) = (2(p,v), ¥(p,v)) "

The corresponding homogeneous system is
U+ F(U), =0. (2.2)

We recall that the eigenvalues of the system are

UV —K V+K

A= —0nr, = —. 2.3
TSl (2.3)
It is easy to see that
Lemma 2.1 System (1.1) is strictly hyperbolic if and only if
P'(p) <c, (2.4)
in the case p = k2p, namely, k < c.
Moreover, under (2.4), system (1.1) is genuinely nonlinear if
02 _ p/ p/
V() > 2 C PR
p+ pc
We calculate that
i r20? (H2+cz)2 oV
dUé 8(U1,U2) _ Ulp Uh) _ c2(c2—v?) (0271)2)é
8(/), U) U2p Uz, (k24w (K242 (2 +v2)p ’
c2—v? c2—v?
2 (*+0v?) 2%
1 ct—kK202 ct—k202
v - (2—v?)cv (c*+r20%) (2 —v?)
(ct=kr202)p  (K2+c?)(ct—K2v2)p
(k2 4c)v (k24 (2 +0v?)
dFA 8(F1,F2) . <F1p Flv) _ 22 (Z—v?2)2 P
d(p,v) By Fay <n;+jgc2 (”szfﬁ?z””
Then system (1.4) reduces to
dU(p) +dF(p) — a),
v/t V) x
namely,
p (P _ et _ (®(p,v)
(), +av-tar(?) —dv-tGw) - (m(,;,@) : (2.5)
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where
(c2—)<,2)C2v (f€2+62)02/’
1 6471{2’02 C4,[,{21)2
dU™"dF = ()2 (2—r?)c?v
(F—r202) (R2Fc2)p cI—k202 (26)
_1 (®(p v)> <5(p v))
du—1 =0
(\I’(p, v) (p,v)
If we set
w:lnc_v, (2.7)
c+v

Then (2.5), thus (1.4), reduces to

p(f),+av-tarn () = (340,

namely,
p -1 P\ _ et (®lp,0)) _ [ ®(pw)
(7),+ptav—tarn(?) =p (@(p,v)) - <@(p,w> , (2.8)
with initial data
c—vo(z
t=0: p=po(z), w=wo(x)=1 c—|—vzga?; (2.9)
where
— ~ ~ c—v
F(p,0) = B(p.w) = &(p.n ),
2.10)
— 2 —v? 2 —v? c—v (
Wipv) = 2¢ Vip,w) == 2¢ \Ij(p’lnc—kv)'
The homogeneous form corresponding to (2.8) is
p —1 g77—1 Py _
(w)t +DlaU dFD(w)I — 0. (2.11)

We assume that functions ®(p, w) and ¥(p, w) satisfy the following conditions: ¥V 0 < p <
400, —00 < w < 400, there exists a constant K > 0, such that

O(p,w), ¥(p,w) € C*,

(o', w) = D(p,w)| < K|p' = pl,

B(p, w) — B(p,w)| < Kplu! — ul, (2.12)
®(p,0) =0,

. - /
mwﬂﬂ—wmwﬂSKQW—wuﬂm%U
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Remark 2.1 In order to illustrate the specific meaning of (2.12), we give two examples
satisfying conditions (2.12).

Example 2.1 For bounded solution (p,v) : —c<uv <v<v<¢, 0<p<p<p<+oo, if
®(p,v)) [ 0O
U(p,v)) \alUy)’

~ 2ac?v(k?+c%)p
O(p,w)\ _ [T | a4 (H)e
T(p, w) _2aco(ctro?) K(v) )"

- (0475%}2)(027@2)

then

Thus we can see that H (v) and K(v) and their derivatives are bounded. Denoting K =
max{|H (v)], [H'(0) 52|, [K'(0) <52}, we have

Ié(p’ w) — ®(p,w)| = [HW)|lp' — p| < K|p' = pl,
0® dv o c? —v?
= <K
’ ‘8vdw’ ’ () 2¢ ’_ ’
‘P(p,O):O,
W (o', w) — W(p,w)| =0 < Kp,
ov o dv c —v?
T == = <K
‘ ’81} dw‘ ’ ’_

Therefore, the conditions are satisfied.

D(p,v) _ al;
\I!(p,v) BUQ 7

we can similarly verify (2.12) for bounded solution (p,v) : —c<v<v<v<¢, 0<p<p<
p < +00.

Example 2.2 Since

If p(x,t) and w(x,t) are independent of the variable z, the problem (2.8)—(2.9) reduces to a
Cauchy problem for ordinary differential equations:

dp ~ dw  ~
% - (I)(p,U}), % — \Ij(paw)a

t=0: p=po, w=wo,

(2.13)

where py and wq are constants.

Lemma 2.2 Under conditions (2.12), V T > 0, there exists a unique solution (p,w) of
problem (2.13) for t € [0,T], and a constant My > 0, such that, |w| + |Inp| < M;.

Proof Under the one-to-one mapping: (p,w) — (u,w) = (In p,w), (2.13) becomes

du =~ dw =~
-3 W_g
@~ 2ww), Zp =V w), (2.14)

t=0: u=wug, w=wo,
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where ug = In pg, and
C/IS(u,w) = e "D, w), @(u,w) = U(e*,w).

According to (2.12) we have
B
‘_ ‘6 (p,w) 1 (e

‘_’8@ ) oK,

’
u

8<I>
0P 1 0 g
—|—|w'—w|)

|wumw—®mwﬂ=wwﬁww—@wmmSKQm?—
eL
= K(Ju' —u| + |w — w)).

It then follows the existence and uniqueness, as well as the upper bound estimate
Now we use a difference scheme based on the Glimm scheme (see [8]) to construct the

approximate solutions (p!,w!) for problem (2.8)-(2.9) with mesh length I and h which are

required to satisfy the condition
l l
Ve (2.15)

ot

where v! = ¢i=¢—.
1+ew

For any given T > 0, we will state that p! > §y > 0, where the constant &y depends only on

po(z), wo(x), T, and K, so that it is possible to construct p', w'.
For integers n > 1, we set
Y, = {m: m is integer, and m + n is even},
A= [ [m=1),(m+1)] x {nh}.
n>1,mey,
We choose a point {am } € A randomly and define a,, , = {ml,0}, m even. For 0 <t < h
— 1l <z < (m+1)l, m odd, we define

(m
{pl(x, t) = phy(x, 1) + R (pf (w, 1), wh(w, t))t, (2.16)

0
w!(2,1) = wh(x, t) + ¥(ph(, ), wh(z, )1,

where p}(x,t) and w)(z,t) are the solutions of (2.11) with initial data
— 1)), wo((m — D)), = <ml,
po((m + 1)I), wo((m+ 1)), x> ml.

Suppose that p!, w' have been defined for t < nh. We define
pl(x’ t) = pf)(x, t) + é(pé(x, t), w%)(xv t))(t — nh), (2.17)
Ha,t) = wh(@,t) + U(ph(x, 1), wh(x, 1)) (t — nh) '
for nh <t < (n+1)h, ml <z < (m+2)l, where m € Y,,, p}(x,t) and w(x,t) are the solutions
of (2.11) with initial data (¢t = nh)

! Qm,n, W — )
V(’ O ) =

w! (@ n, nh — 0), x < (m+ 1),
w!(amt2,n,nh —0), ).

Pl (am+2,n; nh - 0);
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3 Estimates on the Difference Solutions

We recall that the Riemann invariants of the system are

1
] 1
"Te T, 2 + K2 2 2 2 1P (3.1)
11 c+v cK 1 1 cK 1 ’
S = — — — N = —=WwW — ———= 1np.
2 c—v 2+ k2 p 2 c? + K2 p

From [25], we know that there exists a C'! function 0 < g < 1 such that

d d(s —
on the 1-shock wave curve, a5 _ g, namely, (S 50) =g,
dr d(r —79)
d d(r —
on the 2-shock wave curve, @ g, namely, d(r —ro) —q
ds d(s — s0)

that is to say, all shock wave curves in the r, s-plane have the same shape, i.e., the 1-shock wave
curve starting from the point (rg, so) is given by

s—so=f(r—ro), 7 <ro, (3.2)
and the 2-shock wave curve is given by
r—ro=f(s—sp), s<so. (3.3)
Besides, the 1-rarefaction wave curve and the 2-rarefaction wave curve are given by
s—s50=0, 7>, (3.4)
and
r—ro=0, s> so, (3.5)
respectively. Therefore, the 1-wave curve can be expressed in the form:
s—so= f(r—ro), (3.6)
and the 2-wave curve can be expressed in the form:
r—ro= f(s—so0), (3.7)
where f(z) is a C%-function defined on the interval (—oo, +00) satisfying

flx)=0, Va>0, 0<f'(x)<1, f’(z)<0, mErPoo f(z) =

In order to estimate the total variation of difference solutions (p!,w') defined by (2.16) and
(2.17), we first consider the Riemann problem for system (2.8) with initial data

o, x <0, wy, <0,
_ = 3.8
po(a) {pr’ Ty w) {w " 39)

the solutions of which are denoted by po(z,t) and wo(z,t).
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Consider three constant state regions (pi, w;), (pm,wm) and (py, wy), where (p;, w;) and
(Pm, W) are connected by a l-wave, and (p,, w,,) and (p,,w,) are connected by a 2-wave.
Define 7y, si, T'm, Sms Tr, Sr by means of (3.1), and set

Ar=r, —1, As=35.—5,. (3.9)
Define
P(pi,wi, prywy) = —min(0, Ar) — min(0, As). (3.10)
Obviously, P > 0. And we can similarly prove as in [23] that
P(pi,wi, pj,w;) < P(pi,wi, pr, wx) + P(pr, Wi, pj, wy), (3.11)

where p;, w;, pr, Wk, pj, w; are arbitrary positive constants.
From (3.1) we know that

1
ro(x7t):_§w0+ 2+ 21np0)
1 CK
so(z,t) = —§w0 - mlnpoa

and (3.6) and (3.7) imply that

TV{TO( ' 7t)} + TV{SO( ’ 7t)}

(3.12)
< AP(pi, wy, prywy) + |ro(+00,t) — 1o(—00,t)| + |so(+00,t) — so(—00, ).

We can define the approximate solutions of (2.8) with initial data (3.8) by difference scheme
(2.16)—(2.17) as follows:

pla,t) = po(x, 1) + B(po(x, t), wo(, 1))t 5.13)
w(z, t) = wolx, t) + U(po(x,t), wo(x, t))t. '
Define
or=r,. —1r;,, 08=S5S,— S, (3.14)
1 ~ ~
5rt—{—§(wr+\llrt) R pr—l—(I)t}
1 ~ CK
—{—i(wl—F‘I’zt)-F R n(p; + ®t) }
. N o (3.15)
55f:{—§(wr+\l’rt) 62—|— ) pr‘f’@t}
1 cK
—{—E(wl-l-\lflt) = 2 l-i-(I)lt }

where @, = ®(p,,w,), U, = U(p,,w,), O = 5IV>(pz,wz)7 Uy = U(py,wy).
<3

Lemma 3.1 If t

5 2 2
61— brl, 185, — bs] < SK (14 ;“ )(6r] + 18-
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Proof It follows from (3.13) and (3.14) that

1 ~ ~ 1+ .y
67 — 07| = | — =(U, — It + —— _1In ()
2 A+r? 14 (ﬁ)t
Pl

1~ =~ cK 1+ (&)t
<S[(U =)t + 5——|In (’lr)
2 c“+ R 1+(ﬁ)t
Pl
1 - 14 (=)t
< 5K (Jwr = w] + | m 2 e+ 5l G,r)
2 Pl c“+ K 1—}—(%)25
1 Pr CK 1 ~ ~
S—K(wr—wl + |In— )t—i— — D (uy, wy) — O (ug, wy
R | p1 62+n21+<1>(u*,w*)t| ( )= 2w, w)]
1 Or CK
< K (lwr —wil + lnE)tJr a2 K (lur = ] + fwr —wi)t
1 4dek Pr
< (5t 2 Y Ry + [ 2 )
- <2+02+H2) o = wi + npl
5 2+ K2
< Z
72K(1+ oo )(|5r|+|5s|)t,
where |<f>| = |%| < K, and the point (u*,w*) lies on the segment between (u;, w;) and (u,, w;.).

The estimate on |§s; — ds| is similar.
From (3.6)—(3.7), (3.9), and (3.14), we know
or = Ar+ f(As), ds=As+ f(Ar). (3.16)
The eigenvalues of matrix (f’(lAr) f’(lAS)) are 14 /f'(As)f'(Ar), and we have

Ar = p(or,ds), As=q(or,ds), (3.17)

from the fact that /f’(As)f/(Ar) < 1, where p,q € C2. Tt is easy to see that

I _ 1 9¢ __ —f'p)

oor  1—f'(p)f'(q)° 09or 1—f(p)f'(q)
o —f(a) 9 _ 1

dds 11— f'(p)fi(q)° 096s 1—f'(p)f'(q)

Now we consider the situation when only one wave is involved in the solutions pg(z,t),
wo(z,t); if we change py, wy, pr and w, to p;, wy, pi and wy, then r and s become r* and s*.

We denote

* *

* * ok *
or*=r:—r;, 05 =s,—s].

Taking the similar procedures as in [31], we can state the following lemma while omitting
the tedious proof.

Lemma 3.2 P(p;,w), pi,w;) < P(pf,wf, pi,wf) + 3(|0r* — or| + |ds* — ds]).
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For integers n > 1, and t = nh, let
F(nh+0,p', w')
= Z P(pl(amvn’ nh+0)’ wl (amm,; nh+0)a pl (am+2,n7nh+0)7 wl (am+27n,nh+0)). (318)

meYy

We denote
Zy =TU{amn | meY,},

where I is the set of all integers, then

Zy, ={zin: i integer, zin < Zitin},
and let
F(?’lh - 07pla wl)
_ L. I, .. (. (3.19)
= ZP(p (zin,mh —0), W' (zin,nh —0), p'(Zit1,n, nh — 0), W' (Zit1,n, nh — 0)).

We consider the initial value problem (2.13) with the initial data po(+oo) and wo(£o0),
and denote the solutions by p(£oo,t) and w(+o0,t) respectively. From the definition (3.1) of
Riemann invariants and Lemma 2.2, we know that

1
(oo, )|, |s(foo,t)| < §M1 < M, Vtel0,T].
Lemma 3.3 If h < L then

2K

F((n+1)h+0,p,w")

02+/~@2

< F(nh + O,pl,wl)(l T 60Kh(1 +

2 2
c—|—/~;)h

)) + 60KM1(1 + 5

Proof From the definition (3.18)—(3.19), we have
F((n -+ 1)h — 0, pbywb) = F(nh + 0,01, ). (3.20)

Let
1 CK

4 l l l

Inp', s =5V -5 3 Inp'.

r=—uw4+ ——-s
2 c? + K2

From Lemmas 3.1 and 3.2, we have

P (ammi1, (n+1)h —0), w(amni1, (n+1)h —0),
pl(am+2,n+1a (n+1)h —0), wl(am+2,n+1v (n+1)h—0))
< P(ph(ammi1, (4 1)h —0), wh(ammi1, (n 4+ 1)h —0),
p%)(am-l—Q,n—i-l; (n + 1)h - 0)7 wé(am+2,n+1v (n =+ 1)h - 0))
2+ K?
CR

+ 15K(1 + )(|5rl| + 105 |)h.
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Then we have
F((n+1)h— 0,0, )
2 + K>
2ck

){TV{rl( nh+0)} + TV{s!(-,nh+0)}}h,

< F((n+1)h -0, ph,wbh) + 15K(1 + ){TV{rl( S,nh4+0)} + TV{s'(-,nh +0)}}h
4+ K?
CR

where we use (3.20). From (3.11), it holds that

= F(nh—|—0,pl,wl)—|—15K(1—|—

F((n+1)h+0,p',w") < F((n+1)h—0,p",wh).
Thus, we obtain

F((n+1)h+0,p', w")
c? +/€2

CK

< F(nh+0,p'w') + 15K(1 + ){TV{rl( S nh+0)} +TV{s'(-,nh+0)}}h. (3.21)
Besides, we have, as in (3.12), that

TV{r'(-,nh+0)} + TV{s'(-,nh +0)} <4F(nh+0,p',w") + 4M;. (3.22)
Substituting (3.22) into (3.21), we finally arrive at

F((n+1)h+0,p",w")

2 2
< F(nh+0,p,w') + 60K(1 + £ 2;“ )(F(nh+ 0, o, w') + My)h
2 2 2 2
_ F(nh+0,pl,wl)(l+60Kh(l+ ¢ J;: )) +60KM1(1+ ¢ ;;: )h

which completes the proof.

Lemma 3.4 For any T > 0, if h < %, then there exist constants M > 0 and 69 > 0
depending only on po(x), wo(x), K and T, such that

TV{pl(-,t)} +TV{wl('at)} —l—TV{TZ(',t)} +TV{SI('at)} <M,
|0 (@, )] + |w! (2, 6)] + [r' (2, )] + |s' (2, 6)] < M,

pl(x,t) > 6y > 0.
Proof Let

F(0)= Y Plpo(ml), wo(ml), po((m + 2)I), wo((m + 2)I)).
meYy

We assume that "= Nh, set a =1+ 60Kh(1 + 0224(-:2)
If h < %, we have by induction, from Lemma 3.3, that

F(nh+0,p',w)

< F(0)a" + GOKMlh(l +

2 2
L 1 P
2c
2

A +k ) n
a
2ck

< F(0)a" + GOKMlnh(l n
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< (P(0) + 60K Minh (1 + CQ;CL:Q)) (1+ 60KT% (1+ 02;;;2 ))N
2 2

< (F(O) n 60KM1nh(1 4 € 2‘:: )) exp {60KT(1 n 622‘::2)}.

From (3.10) and (3.16), we have
F(0) <TV{re}+TV{so}.
This, together with (3.22), implies that
TV{r'(-,nh+0)} + TV{s'(-,nh +0)}

< 4(F(0) + 60K Minh (1 + 022;“2)) exp {60KT (1 + 622;”2 )}

2 2 2 2
< 4(Tvm £ TVso + 60KM1nh(1 Lot )) exp {60KT(1 Lot )}
2ck 2cK

It then follows from Lemma 3.1 that
TV} + TV () < Q,
where @ > 0 depends only on po(x), wo(z), K and T. Therefore,
[ (2, )] < | (£o0, 1) + TV{r' (-, )} < My +Q,
|'(2,1)] < |s'(Fo0,t)| + TV{s'(-,1)} < M1+ Q.

Returning to p and v by Definition 3.1 of the Riemann invariants, we complete the proof of
the lemma.

Remark 3.1 Lemma 3.4 tells us that, for any 7" > 0, if o > 0 is sufficiently small, then
the total variations of the functions p', w!, r* and s' are bounded uniformly for i and {am.n};
their upper and lower bounds, and the positive lower bound of p' are also bounded uniformly.

Now we come back to the Cauchy problem of system (2.5) with initial data (1.3), and the
Riemann problem with initial data

pi,  w<0, v, x<0,
— = 3.23
polc) {Pm x>0, vo() {vr, x> 0. ( )

From (2.10), we have

(p,v), ¥(p,v) € C",

(', 0) = @(p,v)| = [@(p,w) — (p,w)| < K|p' = p| < K'|p’ = pl,
!
o) =Bl 0) = [B(ptn ) = B )|
[@(p,v') — B(p, )| pin pin——
c—1 c—v
ng‘lnc_H}/—lnc_H}‘§KM’p|v'—v|§K’p|v’—v|, (3.24)

6(/)’0)20’
_ _ ez — 2 - . o 0
[B(f0) = B(p,0)] = B0, w) = B(pw)| < KM"|m 2| < K| m 2],

c p p

v U~ c—0 2 — 20U 2c
|15 ) S5 2 <k
‘ c p nc—i—v 2¢c Ow c2—v2/1— -
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where K’ = max{K, KM', KM" , KM"'} > 0. Because

L —B(p,0) = (),
% =V(p,v), w zan;z =h(v), v zcilzz = g(w),
14 ew)2 14 ew)2_ _
we know from the Picard iteration, that
R —
v”“At— vt g(w”“)At— g(w™) _ ,(wn)w”“At— w™ +om) (w”“A—t w")?

= T(p",v") + O(1)AL.

Then
" =" 4 T (p", ™)AL + O(1)(A)?.

Therefore, we can construct p', v! as constructing p', w' in §2:
For0<t<h,(m—1)l <z < (m+ 1), modd, we define

P, t) = ph(=, t) + D(ph (@, 1), vh(z, )L, (3.25)
ol (@, 1) = v (1) + Wlph(w, 1), vh (@, )t + O(1)E* |
where pl(z,t), v} (x,t) are the solutions of (2.5) with initial value
polz) = po((m — 1)), vo(z) = vo((m — 1)), = <ml,
po((m +1)I), vo((m+ 1)), x> ml
Suppose that p!, v! have been defined for ¢ < nh. Define
{pl(x,t) pé)( )+6(p6(x,t),vé(a:,t))(t—nh), (326)
v (@, t) = (@, t) + P (pf(x, 1), vy (2, 1)) (t — nh) + O(1)(t — nh)?

for nh <t < (n+1)h, ml <z < (m+2)l, where m € Y,,, and p},(z,t), v} (x,t) are the solutions
of (2.5) with initial value (¢t = nh)

. P (amn, nh —0), . v (@mn, nh — 0), x < (m+ 1),
,00(33) = 1 Uo(x) = 1
P (@mi2,n,nh —0), V' (@mi2.n,mh —0), x> (m+ 1)L

Lemma 3.5 Forany T > 0, and any X > 0, there exists a constant L > 0 depending only
onT, X, K, po(x) and vo(x), such that

X
/ [|pl(x,t2) — pl(x,t1)| + |vl(x,t2) - vl(x,t1)|]dx < L(lta —t1] + h), Vi1, ta €10,T].
e
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Proof Suppose that nh <t; <(n+1)h <--- <ty < (n+k+ 1)h. We have
X
[ 16 @ta) = )] oo 1) = o)l < o 8
-X

where

k+1 . X l ‘ l ‘
I = ;/an (2, (n + i)h +0) = pl &, (n + D)h — 0)|

+ [o!(z, (n +3)h + 0) — ! (z, (n + i)h — 0)|]dz,
k X
I, = ;/_Xﬂpl(x, (n+i+1)h—0) = p'(z, (n + i)h + 0)]
+ [v!(z, (n +i 4+ 1)h — 0) — vl (x, (n +i)h + 0)|Jdz

X
+ [t = b +0)] 4+ ol (o 12) = vl o+ 0o
-X

X
+ /_X[|pl(x,t2) — iz, (n+ k)b +0)| + [v'(z, t2) — v (x, (n + k)h + 0)|]dz.

It is easy to know that

I < 4z([t2 - “} +3) s (VIR 0} + TV (-0,

and that there is an even integer m such that x € [ml, (m + 2)I] for any fixed z. Taking (3.24)
into consideration, we have
|p'(x, (n+ i+ 1)h — 0) — p' (2, (n +)h + 0)]
< |ph(@, (n+ i+ 1)h — 0) — ph(x, (n + i)k + 0)| + [& |1
. —I
< TVigm-v,enran{o(- (n+)h +0)} + [@'|h

and
[v!(z, (n +i+1)h —0) — o' (z, (n +i)h + 0)]
. —lI
< TViim-),(m+3)0{v6( - (n + )+ 0)} + [T |h + O(1)h?,
where
3 =B(ph(x, (n+i+ 1)h —0), vl (z, (n +i+ 1)k — 0)),
T =T(ph (2, (n + i+ 1)h — 0), v} (z, (n+ i+ 1)h — 0)).

‘We have similar results for

|pl(xvt1) - pl(x,nh + O)| + |'Ul(xvt1) - vl(x,nh + O)|

and

1P (z,t2) — pl(z, (n 4 k)h + 0)| + |} (2, t2) — v'(z, (n 4+ k)h + 0)].
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From the above estimates, we obtain

I < (41( sup [TV{pl(-,)} —I—TV{vl(-,t)}]) +2X (sup [B'] + sup |Tl|)h+0(1)h2)
0<t<T

([ +9)

The lemma follows immediately from the above estimates and Lemma 3.4.

Remark 3.2 From (2.6),

where dU is defined in §2. Then
(I)(p,’U) . U1p6—|—U2pE
\I/(/), U) a Ulv6 + UQUE .

Lemma 3.4 implies that Uy, Usp, Ury, Uy, @, and U are bounded, and satisfy the Lipschitz
conditions. Thus ®, ¥ are bounded and satisfy the following Lipschitz conditions:

{I‘P(P’, V) = @(p,v)| < K"(|p" = p| + [v" =),

(3.27)
(W (p',v') = W(p,v)| < K"(|p" = p| + [v" =),

where the constant K’ depends only on K and the bounds of p, v.

4 Existence of Entropy Solutions

We recall that an entropy-entropy flux pair for homogeneous system (2.2) is a pair of C*
functions (n(U), q(U)) satisfying

Vn(U)VF(U) = Vq(U).

Definition 4.1 A4 bounded measurable function U € VN {p > 0} is an entropy solution of
(2.1) in Iy :=[0,T) x R if U = U(t,x) satisfies the following:

(i) Ul(z,t) is a weak solution of (2.1), i.e., (2.1) holds in the weak sense in r: for any
¢ € Cy(Ily),

/ (U + F(U)dyd) da dt + / ~ Uo(2)6(0, )dz = 0 (4.1)
IIr —00

(ii) The Lax entropy inequality
n(U)e +q(U). < Vn(U)G(U) (4.2)

holds in the sense of distributions in Ilr, i.e., for any nonnegative ¢ € C}(Ilr),

oo

/000/00 ((U)¢e + q(U)de + V(U)G(U)¢) d dt +/ n(Uo(2))é(z, 0) dz > 0 (4.3)

— 00

for any C? convex entropy pair (n(U),q(U)).
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From (2.4), we see that

lv| + & c+ kK
1_|v\f~c SC( )

c2

AL ul <

C— K

We set h; = %, }lL—‘ = c(f_";), if 4 is sufficiently large, Lemma 3.4 implies that, the difference
scheme (3.25)—(3.26) in §2 is realizable.

If 7 is sufficiently large, the estimation of Lemmas 3.4 and 3.5 holds. we consider the
sequence {(p'i,v') : i = 1,2,3,---}; there is a subsequence which converges in L', on the
intervals [—X, X] of any horizontal line, uniformly for ¢ € [0, 7], and the limit functions of p'
and v’ are the bounded measurable functions p(x,t), v(x,t). To prove that p(x,t), v(x,t) are
the weak solutions of the Cauchy problem (1.4)—(1.3) for suitably chosen {a,, »}, we need to

show that

+oo pT +oo

1 /o (Uror + F1(U)pa + @(p,v)p) de dt + /7 Ui(z,0)p(x,0)dz = 0, (4.4)
+oo pT +oo

1 A (Uatpe + Fo(U)py + Y (p,v)¢) do dt+/, Us(z,0)9(z,0)dz =0 (4.5)

for any o(z,t), ¥(x,t) € C&(HT).

We consider the Riemann problem (1.4) and (3.23) again, assuming that there is a shock
wave, say, 2-shock wave, for the sake of definiteness. Denote by o the speed of the shock wave,

the Rankine-Hugiont conditions are

a[Uio] = [F1(Uo)], (4.6)
o[Uszo] = [F2(Uo)], (4.7)
where
Uio = Ui(po(z,t),vo(z,1)), Uso = Ua(po(z,t),vo(w,1)),

Fi(Uo) = F1(U(po(x,1), vo(x,1))),  F2(Uo) = Fo(U(po(z,t), vo(z,1))).
According to the difference scheme (3.25)-(3.26), we define for nh <t < (n + 1)h,

(P ( ’t)7UO(x’t))(t - nh)a

p(x,t) = po(x,t) +6 o\ (4 8)
’U(Z‘, t) = UO(xvt) +E(p0($,t>, UO(xa t))(t - nh) + 0(1)(t - nh)Qa .
which are the approximate solutions of the Riemann problem (1.4)—(3.23).
Lemma 4.1 [fO<t<h< %, then
lo[th] = [FL(U)]] < Lt(lpr = pml| + |vr — vml), (4.9)
|o[Us] = [F2(U)]] < Lt(|pr = pm| + [vr = vml), (4.10)

where L is a constant depending only on K, the upper and lower bounds of p(x,t) and v(x,t),
and the positive lower bound of p(x,t).
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Proof First we prove (4.9).

2

v = (" +1)] = (g )]

— (v + U,1)? — (Vm + U, 1)?
=(pr+ 0, 0)(My———=—+ 1) — (pm + Pput) | M, — +1
(p )( A o )= )(og_@%+wmp )
(TR n Tty
a ra_ (v + U,1)2 Pma _ (U + U, t)2

D, (v, + U,.1)? D, (U + Wint)? ] - =
— — - — + (pr — pm) + (&, — Py )1,
[02 (o L U2 2 — (o + Upt)? (pr = pm) + )

Fi(U)] = [p(s® + )|

(vp + W,t)
2 — (v, + W, )2

(U + Upnt) } .

— (pm + Dyt Ui
(p )c2 — (U + U, t)?

=M, {(p,, + ®,1)
Condition (4.6) is
'U? ’U?n 2 Uy Um
oot 1)z g 1)) o st

2 _ 2 2 _ _
¢t —v? c z vZ c 2

and, together with (3.24), we have
olth] — [F1(U)]

B |:O'M ( /1 2¢% (v, + Trtn)QETtd B /1 2¢% (v, + Tmtn)QTmtd )}
= o\ Pr 0 02 — (’UT + Ertn)Q n Pm 0 C2 — (’Um + Emtn)Q 7
Brt(vy + Urt)? DtV + Upnt)?
2 — (v + U, 8)2 2 — (v + Uput)?

1,2 T N2\, 1,2 T 2

r \Ilrt \Ijrt m \I/mt mt
el [ CECATE [ i Tt
o (2= (v, +¥,tn)?)? 0 (€ = (vm + Vpntn)?)?
D, t(v, + W, t) Dt (v, + Uot) ]

- C2M0|: — — —
= (v + V. 8)2 A2 — (v + Upt)?

)] + 0@ ~T)1

+ [JMO (

Hence, we have

|o[th] = [F (U)]]

1 = . \oT 1 = o
r + W tn)° Wt m + Untn)* W, t
< ‘QCQUMO (pr/ (o, & ¥y tn) dn — pm/ (O & ¥t dn)‘
0o 2 —(vy + U.tn)? 0 2 — (Um + Vptn)?
Brt(vy +01)*  Bnt(vm + TUpt)?
= (v +Ut)2 2= (v + Uppt)?
1.2 T 12\ 1,2 T 2
c + (v, + VUt v,.t c + (U, + W, t mt
(g [ CH T Oty [ Tt T
o (= (v + VUptn)?)? (¢? = (v + Untn)?)?

+ oo )| +10@, = B

n C2M0( D, t(v, + grt) B D, t (v, +E!mt) )‘
2 — (v +0,8)2 2 — (v + Uppt)?

=T 4+ Ty + 13+ 1y + 1.
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We first consider I:

1 T 42T 1 5 20
r+ Uotn) Wt m + Uontn)? Wt
I, = ‘(2020M0 (pr/ (vr + @ dn — pm/ (v + 77_) dn))‘
o ¢ — (v + V,tn)? 0 2 — (v + Uptn)?

/1 ( (vp + U,tn)% W, (Vm + U tn)? W, )d ’
pr 2 — (v, + U, tn)2 2 — (v + U,utn)2

< 2¢%|o| Mot

1 5 2T
(Vi + U pntn)? ¥,
+2020Mt‘ r—m/ = ‘
lo| Mot|(pr — pm) (o 1T
) /1 (U, —V,,)(v, +§Tt77)2d ‘
" 2 — (v, + WU,tn)?2
0 /1§ ( (vr +Tf’t7])2 _ (Um +Tmt77)2 )d ‘
! T\ e2 (v + W, tn)2 2 — (v + WU,utn)2

< 2¢%|o| Mot

+ 2¢%|o| Mot

(U + WUpntn) 2V, ’

1
+2020Mt’ — m/ —
lo| Mot |(pr — pm) (o LT

< Lit(|pr — pml| + [vr — vml).

Similarly, for Is, we have

D (v, + U,t)2 Dpt(vg + U pnt)?
IQZ‘O'M()( (v+_) B (v + ¥ ))’
2 (0 U022 (o + Upnt)?
N ) L —
< |a|M0t\M(q>r - @m)‘
2 — (vy + U,t)?
_ .+ U,.1)2 m + Unt)?
+ o Mot T ( ( + 9" (Ot Tmt) )|
2 — (v + 9, 1)2 2 — (U + Unt)?
S 7
BRSSP
2 — (vy + U, t)2

Vp + Uy + Ut + U, 0) (v — vy + (U, — U,)1) ’
(2 — (vp + U,1)2) (% — (v + Upnt)?)
< Lot(lpr — pml 4 [vr — vm]).

+ 02|0|M0t’Tm(

The estimates on I3, I and I5 are similar to I; and I, we omit them here. The proof of
(4.10) is similar to (4.9). Thus we complete the proof of the lemma.

We have stated the above lemma by assuming that there is a 2-shock wave. Now we assume
that there is a rarefaction wave, say, 1-rarefaction wave. The domain of this rarefaction wave is

Q:{(x,t):0<t<h,1w_i<f< Um_ﬁ}

A
Corresponding to Lemma 4.1, we have the following lemma about rarefaction waves:

Lemma 4.2 [fh < %, then

‘ /(Ulapt + Fi1(U)ps + ©(p,v)p)dxdt + Urpdz — F1(U)pdt
Q o9

< C1 3+ Coh®*(|pm — pi| + [vm — i), (4.11)
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\ /Q (U + Fo U)o+ Wlp,0)p)dadi + | U — F(U)

< C1 3+ Cob*(|pm — pil + [vm — i) (4.12)

for any p(x,t), ¥(x,t) € Ci(Ilr), and Cy and Cy are constants depending only on K, the upper
and lower bounds of p(x,t),v(z,t), p(z,t),¥(x,t), and the positive lower bound of p(x,t).

Proof Different from constructing p', v' in §2, we construct the approximate solutions p(@),
v(@ in the following way:

sk — g 5m — 81

+8l7 k:0;17"'7q'

We divide the domain € into ¢ + 1 parts using the line x = oyt, k =1, ---, ¢, and p®), v(¥) as
the approximations of the functions po(z,t), vo(x,t) in the sub-domain:

Qk:{(x,t):t>0, ok<§<0k+1}, k=0,1,---.q,

or, pP%) and v®) are defined as follows

v — K U — K
0o = 1 VR Og+1 = 1 VK )
T )

PO =p, VO =uy
1 . ¢+ o) ck
2 c—ovh) 24 K2

0k+1(U1(k+1) - Ul(k)) = F1(k+1) (U) - Fl(k)(U)) k = 07 1) o, q — 17

Inp® = sk k=1, ,q; (4.13)

o (USFTY Uiy = EMY ) - FP W), k=0,1,--,¢-1

where
2 2 (k)\2 (k)
(k) _ <k>(f'€ V) ) W) gy _ k)2, 2y W
Ul P 62 02 _ (U(k))Q + 1 ) Fl (U) =p (K +c )C2 _ (’U(k))27
(k) (k)2
(k) _ (k)(,.2 2 v (k) — (k)( 2 2 (Ui) 2)
U2 _p (K —|—C )CQ—(’U(k))Q, F2 (U)_p (K +C )CQ—(’U(k))Q +K .
We denote the approximate functions by (p(()q), véq))(x, t). Define
P (1) = pi (2, 1) + (o (2, 1), 0§ (. D)1, i)
0@ (2, 1) = 03 (2,1) + T(p{? (x, 1), v (x, £))t + O(1)¢2.

P9 (z,t) and v(9 (x,t) converge uniformly to p(z,t) and v(x,t) respectively as ¢ — +oo, for
0<t<h
Using the Green’s formula, we have

/ (UD g, + FO0)pn + Do, 0®)p) dar it + / U pdz — FO(U)pdt
Q o0

P h
- / (@(p, 0 @) — Do, oS dwdt + 3 / (~ (U)o + [FLOU) amopuipdt
Q =0

=Ji + Ja.
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From (3.27) and (4.14), we have

|(I)( (q) (q))_ (((1) (fl))|
<K"<|p<q>— p" |+ 0@ —w?))
K"([®(p§" (), o§” (2, ) [t + [T (05" (, 1), 0 (2, 1)) t)
< K"(max [B(p5 (1), v\ (2, 1) + max [T(p{? (z, 1), v§” (z,1)) )t
< (Ct.

Therefore,
|Jq] < C/ l[tdzdt < C1h3.
Q

In view of (4.13)—(4.14), we have
(=010 + [F” (U] e=ous

_ CQMOp(k) /1 (® + (v(k) +@(p(’f),v(k))tn) )@(p(k) ok ))
0 (c2 — (v®) 4T (pk), p(k))En)2)2

TR /1 (+ (D 4 T (p*D, D)) )T (ph—D, p (=1
0p 0 (€2 = (k=D 1 (ph=1), pk=D)tp)2)2
B, v )M +T(p™, vM)1)
— (v®) 4T (pk), (k) )1)2
a(p(kil) ’ v(k;fl))(v(kfl) + @(p(k*l) , v(kfl))t)
— (0= £ W(ptk=1) y(E=1))¢)2

dn

dn

+ CQM()t

— CzM()t

—(k) _
— o Motp™®) /1 etk _tn)Q\Il(p(k)’v(k))
0 @ — (0 (0, i)

1oe2(yk=1) L FE D2 (k1) 4, (k—1)
+O—kM0tp(k71)/ 2¢*(v + n)*w(p v )d77

0 2 — (U(kfl) _’_E(p(kfl)’v(kfl))tn)Q

v T (pk) pN)1)2H(pk) U(k)))

(
— Mt — (0 1+ TpR), p(k)))2

,U(kfl) + @(p(kfl) ’ ,U(kfl))t)QE(p(kfl) ’ ,U(kfl)) )

(
+ UkMot( 2 — (k=1 4 Wp(k=1) y(k=1))1)2

— ot (@(p™), v ™) = B(p*1 WD),
Hence, from (4.9), we obtain
H=[U D)ok + [FDU) b amore] < Ct(p™ — p*=D| 4 [p®) — pk=D)),

Then

P h
LD / ct{lo® — p* D]+ [0 — oDyt < Coh> (| — ol + [vm — il)-
_ 0
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Let ¢ — 400, and we obtain (4.11). The proof of (4.12) is similar.

Now we can prove (4.4) and (4.5). In fact,

+oo
’ // (Ulpr + FL(U)p, + ®(p,v)p) dz dt +/
0<t<T

— 00

Ul(x,0)¢(x,0) dx’
N 400
< Wl‘ Z:l /700 [U1(p!(z,nh — 0),v!(z,nh — 0)) — Uy (p!(z,nh + 0),v! (z,nh + O))]dm‘

W T R?
+ —;Clh?’ + —(Cg + —)hQ[ sup TV{p'(-,t)} + sup TV{v'(- ,t)}}
h h 2 t€[0,T) t€[0,T)

“+o0
+’1 o, 0)[U (,0) — Ul(,0)|dz

)

where T'= Nh, W7 is the upper bound of the function ¢(z,t), W is a constant related to the
measure of the support of p(z,t). When h = %, i — 400, the right-hand side of the above
inequality tends to zero for almost every a.,, , € A (see [8]). Thus (4.4) is proved. The proof of
(4.5) is similar.

Adopting the method in [3], we can show that, the weak solution U(z,t) also satisfies the
entropy inequality (4.3) (see [29] for details).

We conclude that

Theorem 4.1  Under conditions (2.12), there exists a global entropy solution U(x,t) of
the Cauchy problem (1.3)-(1.4) on t > 0.
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