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1 Introduction

The relativistic Euler equations for a perfect fluid in two dimensional Minkowski space-time

with source terms have the form:




∂t

(
(p+ ρc2)

v2

c2(c2 − v2)
+ ρ
)

+ ∂x

(
(p+ ρc2)

v

c2 − v2

)
= Φ(ρ, v),

∂t

(
(p+ ρc2)

v

c2 − v2

)
+ ∂x

(
(p+ ρc2)

v2

c2 − v2
+ p
)

= Ψ(ρ, v),

(1.1)

which models the balance laws of momentum and energy for relativistic fluids, where ρ > 0 is

the proper energy density, p is the pressure, v is the particle speed, and c is the speed of light.

The equation of state is

p = p(ρ),

where p(ρ) is a smooth function of ρ and satisfies

p′(ρ) > 0, p′′(ρ) > 0.

In the corresponding physical region V = {U : 0 ≤ ρ < ρmax, |v| < c} (ρmax = sup{ρ :

p′(ρ) ≤ c2}), the system is strictly hyperbolic, and is genuinely nonlinear with respect to all

the characteristics under certain assumptions on the pressure function p (see Lemma 2.1).

For the corresponding homogeneous systems (2× 2 or 3× 3), many mathematical problems

have been studied, such as, the construction of the models, the local existence of smooth

solutions, the global existence of BV solutions, the periodic solutions, the spherically symmetric
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solutions, the uniqueness and stability of solutions, the limit problems, and the kinetic schemes,

etc. (see, e.g., [1, 4–6, 9–13, 15–22, 25–28, 30]; also consult Chen [2]).

The homogeneous system corresponding to (1.1) is




∂t

(
(p+ ρc2)

v2

c2(c2 − v2)
+ ρ
)

+ ∂x

(
(p+ ρc2)

v

c2 − v2

)
= 0,

∂t

(
(p+ ρc2)

v

c2 − v2

)
+ ∂x

(
(p+ ρc2)

v2

c2 − v2
+ p
)

= 0.

(1.2)

For the initial data

t = 0 : ρ = ρ0(x), v = v0(x), (1.3)

where ρ0(x), v0(x) ∈ V are bounded functions with bounded variation, we study the Cauchy

problem of (1.1) with the equation of state

p = κ2ρ,

where κ < c is the sound speed. In this case, system (1.1) reduces to





∂t

(
ρ
(κ2 + c2

c2
v2

c2 − v2
+ 1
))

+ ∂x

(
ρ
(
(κ2 + c2)

v

c2 − v2

))
= Φ(ρ, v),

∂t

(
ρ
(
(κ2 + c2)

v

c2 − v2

))
+ ∂x

(
ρ
(
(κ2 + v2)

c2v2

c2 − v2

))
= Ψ(ρ, v).

(1.4)

The Cauchy problem of the non-relativistic version (the classical isentropic Euler system,

i.e., c = +∞) of (1.4) has been solved in [31]. They established the global existence of weak

solutions. The purpose of this paper is to solve the Cauchy problem (1.3)–(1.4) based on the

global existence of BV solutions for the homogeneous system (1.1) by Smoller-Temple [25] and

adopting the methods of Ying-Wang [31] and Chen-Wagner [3]. We will impose appropriate

conditions on the lower order source terms and establish the existence of the global entropy

solutions under these conditions.

We also assume that the variation of ρ0(x) and v0(x) vanishes outside a bounded interval,

namely, ρ0(x) = ρ0(+∞), v0(x) = v0(+∞) in a neighborhood of x = +∞ and ρ0(x) = ρ0(−∞),

v0(x) = v0(−∞) in a neighborhood of x = −∞.

We organize this paper as follows. In §2, we discuss the conditions on the source terms

and construct the approximate solutions by using the Glimm difference scheme and Picard

iteration; In §3, we establish estimations on the approximate solutions, that is, we show that

the approximate solutions are bounded functions of bounded variation and continuous in t in

the sense of L1; In §4, we prove that the limit solutions are the entropy solutions of the Cauchy

problem (1.3)–(1.4).

2 The Primary Properties and the Difference Scheme

Problem (1.3)–(1.4) fits into the following Cauchy problem for a general system of conser-

vation laws:
{
Ut + F (U)x = G(U),

t = 0 : U = U0(x),
(2.1)
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where

U =
(
ρ
(κ2 + c2

c2
v2

c2 − v2
+ 1
)
, ρ
(
(κ2 + c2)

v

c2 − v2

))⊤
= (U1, U2)

⊤,

F (U) =
(
ρ
(
(κ2 + c2)

v

c2 − v2

)
, ρ
(
(κ2 + v2)

c2v2

c2 − v2

))⊤
= (F1(U), F2(U))⊤,

G(U) = (Φ(ρ, v),Ψ(ρ, v))⊤.

The corresponding homogeneous system is

Ut + F (U)x = 0. (2.2)

We recall that the eigenvalues of the system are

λ =
v − κ

1 − vκ
c2

, µ =
v + κ

1 + vκ
c2

. (2.3)

It is easy to see that

Lemma 2.1 System (1.1) is strictly hyperbolic if and only if

√
p′(ρ) < c, (2.4)

in the case p = κ2ρ, namely, κ < c.

Moreover, under (2.4), system (1.1) is genuinely nonlinear if

p′′(ρ) ≥ −2
(c2 − p′)p′

p+ ρc2
.

We calculate that

dU ,
∂(U1, U2)

∂(ρ, v)
=

(
U1ρ U1v

U2ρ U2v

)
=




c4+κ2v2

c2(c2−v2)
(κ2+c2)2ρv

(c2−v2)2

(κ2+c2)v
c2−v2

(κ2+c2)(c2+v2)ρ
c2−v2



 ,

dU−1 =




c2(c2+v2)
c4−κ2v2 − 2c2v

c4−κ2v2

(c2−v2)c2v

(c4−κ2v2)ρ
(c4+κ2v2)(c2−v2)
(κ2+c2)(c4−κ2v2)ρ



 ,

dF ,
∂(F1, F2)

∂(ρ, v)
=

(
F1ρ F1v

F2ρ F2v

)
=




(κ2+c2)v

c2−v2

(κ2+c2)(c2+v2)ρ
(c2−v2)2

(κ2+v2)c2

c2−v2

(κ2+c2)2c2vρ

(c2−v2)2



 .

Then system (1.4) reduces to

dU
(
ρ

v

)

t
+ dF

(
ρ

v

)

x
= G(U),

namely,

(
ρ

v

)

t
+ dU−1dF

(
ρ

v

)

x
= dU−1G(U) =

(
Φ(ρ, v)
Ψ(ρ, v)

)
, (2.5)
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where

dU−1dF =




(c2−κ2)c2v

c4−κ2v2

(κ2+c2)c2ρ

c4−κ2v2

(c2−v2)2κ2c2

(c4−κ2v2)(κ2+c2)ρ
(c2−κ2)c2v

c4−κ2v2


 ,

dU−1

(
Φ(ρ, v)
Ψ(ρ, v)

)
=

(
Φ(ρ, v)
Ψ(ρ, v)

)
.

(2.6)

If we set

w = ln
c− v

c+ v
, (2.7)

then we have the one-to-one mapping: (ρ, v) → (ρ, w), and

∂(ρ, v)

∂(ρ, w)
=

(
1 0

0 −2cew

(1+ew)2

)
, D.

Then (2.5), thus (1.4), reduces to

D
(
ρ

w

)

t
+ dU−1dFD

(
ρ

w

)

x
=

(
Φ(ρ, v)
Ψ(ρ, v)

)
,

namely,

(
ρ

w

)

t
+D−1dU−1dFD

(
ρ

w

)

x
= D−1

(
Φ(ρ, v)

Ψ(ρ, v)

)
=

(
Φ̃(ρ, w)

Ψ̃(ρ, w)

)
, (2.8)

with initial data

t = 0 : ρ = ρ0(x), w = w0(x) = ln
c− v0(x)

c+ v0(x)
, (2.9)

where





Φ(ρ, v) = Φ̃(ρ, w) = Φ̃
(
ρ, ln

c− v

c+ v

)
,

Ψ(ρ, v) = −
c2 − v2

2c
Ψ̃(ρ, w) = −

c2 − v2

2c
Ψ̃
(
ρ, ln

c− v

c+ v

)
.

(2.10)

The homogeneous form corresponding to (2.8) is

(
ρ

w

)

t
+D−1dU−1dFD

(
ρ

w

)

x
= 0. (2.11)

We assume that functions Φ̃(ρ, w) and Ψ̃(ρ, w) satisfy the following conditions: ∀ 0 < ρ <

+∞, −∞ < w < +∞, there exists a constant K > 0, such that




Φ̃(ρ, w), Ψ̃(ρ, w) ∈ C1,

|Φ̃(ρ′, w) − Φ̃(ρ, w)| ≤ K|ρ′ − ρ|,

|Φ̃(ρ, w′) − Φ̃(ρ, w)| ≤ Kρ|w′ − w|,

Φ̃(ρ, 0) = 0,

|Ψ̃(ρ′, w′) − Ψ̃(ρ, w)
∣∣∣ ≤ K

(
|w′ − w| +

∣∣∣ ln
ρ′

ρ

∣∣∣
)
.

(2.12)
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Remark 2.1 In order to illustrate the specific meaning of (2.12), we give two examples

satisfying conditions (2.12).

Example 2.1 For bounded solution (ρ, v) : −c < v < v < v̄ < c, 0 < ρ < ρ < ρ̄ < +∞, if

(
Φ(ρ, v)

Ψ(ρ, v)

)
=

(
0

αU2

)
,

then (
Φ̃(ρ, w)

Ψ̃(ρ, w)

)
=



− 2αc2v(κ2+c2)ρ

(c4−κ2v2)(c2−v2)

− 2αcv(c4+κ2v2)
(c4−κ2v2)(c2−v2)


 ,

(
H(v)ρ

K(v)

)
.

Thus we can see that H(v) and K(v) and their derivatives are bounded. Denoting K =

max{|H(v)|, |H ′(v) c2−v2

2c
|, |K ′(v) c2−v2

2c
|}, we have






|Φ̃(ρ′, w) − Φ̃(ρ, w)| = |H(v)||ρ′ − ρ| ≤ K|ρ′ − ρ|,
∣∣∣
∂Φ̃

∂w

∣∣∣ =
∣∣∣
∂Φ̃

∂v

dv

dw

∣∣∣ =
∣∣∣H ′(v)

c2 − v2

2c

∣∣∣ ≤ K,

Φ̃(ρ, 0) = 0,

|Ψ̃(ρ′, w) − Ψ̃(ρ, w)| = 0 < Kρ,

∣∣∣
∂Ψ̃

∂w

∣∣∣ =
∣∣∣
∂Ψ̃

∂v

dv

dw

∣∣∣ =
∣∣∣K ′(v)

c2 − v2

2c

∣∣∣ ≤ K.

Therefore, the conditions are satisfied.

Example 2.2 Since (
Φ(ρ, v)

Ψ(ρ, v)

)
=

(
αU1

βU2

)
,

we can similarly verify (2.12) for bounded solution (ρ, v) : −c < v̄ < v < v̄ < c, 0 < ρ < ρ <

ρ̄ < +∞.

If ρ(x, t) and w(x, t) are independent of the variable x, the problem (2.8)–(2.9) reduces to a

Cauchy problem for ordinary differential equations:





dρ

dt
= Φ̃(ρ, w),

dw

dt
= Ψ̃(ρ, w),

t = 0 : ρ = ρ0, w = w0,

(2.13)

where ρ0 and w0 are constants.

Lemma 2.2 Under conditions (2.12), ∀ T > 0, there exists a unique solution (ρ, w) of

problem (2.13) for t ∈ [0, T ], and a constant M1 > 0, such that, |w| + | lnρ| ≤M1.

Proof Under the one-to-one mapping: (ρ, w) → (u,w) = (ln ρ, w), (2.13) becomes





du

dt
= Φ̂(u,w),

dw

dt
= Ψ̂(u,w),

t = 0 : u = u0, w = w0,

(2.14)
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where u0 = ln ρ0, and

Φ̂(u,w) = e−uΦ̃(eu, w), Ψ̂(u,w) = Ψ̃(eu, w).

According to (2.12), we have





∣∣∣
∂Φ̂

∂u

∣∣∣ =
∣∣∣
∂Φ̃(ρ, w)

∂ρ
− e−uΦ̃(eu, w)

∣∣∣ =
∣∣∣
∂Φ̃

∂ρ
−

Φ̃

ρ

∣∣∣ ≤ 2K,

∣∣∣
∂Φ̂

∂w

∣∣∣ =
∣∣∣e−u ∂Φ̃(eu, w)

∂w

∣∣∣ ≤ e−uKeu = K,

|Ψ̂(u′, w′) − Ψ̂(u,w)| = |Ψ̃(eu′

, w′) − Ψ̃(eu, w)| ≤ K
(∣∣∣ ln

eu′

eu

∣∣∣+ |w′ − w|
)

= K(|u′ − u| + |w′ − w|).

It then follows the existence and uniqueness, as well as the upper bound estimate.

Now we use a difference scheme based on the Glimm scheme (see [8]) to construct the

approximate solutions (ρl, wl) for problem (2.8)–(2.9) with mesh length l and h which are

required to satisfy the condition

l

h
> sup

vl + κ

1 + vlκ
c2

, (2.15)

where vl = c 1−ew
l

1+ewl .

For any given T > 0, we will state that ρl ≥ δ0 > 0, where the constant δ0 depends only on

ρ0(x), w0(x), T , and K, so that it is possible to construct ρl, wl.

For integers n ≥ 1, we set

Yn = {m : m is integer, and m+ n is even},

A =
∏

n≥1,m∈Yn

[(m− 1)l, (m+ 1)l] × {nh}.

We choose a point {am,n} ∈ A randomly and define am,n = {ml, 0}, m even. For 0 < t < h,

(m− 1)l < x < (m+ 1)l, m odd, we define
{
ρl(x, t) = ρl

0(x, t) + Φ̃(ρl
0(x, t), w

l
0(x, t))t,

wl(x, t) = wl
0(x, t) + Ψ̃(ρl

0(x, t), w
l
0(x, t))t,

(2.16)

where ρl
0(x, t) and wl

0(x, t) are the solutions of (2.11) with initial data

ρ0(x) =

{
ρ0((m− 1)l),

ρ0((m+ 1)l),
w0(x) =

{
w0((m− 1)l), x < ml,

w0((m+ 1)l), x > ml.

Suppose that ρl, wl have been defined for t < nh. We define
{
ρl(x, t) = ρl

0(x, t) + Φ̃(ρl
0(x, t), w

l
0(x, t))(t − nh),

wl(x, t) = wl
0(x, t) + Ψ̃(ρl

0(x, t), w
l
0(x, t))(t − nh)

(2.17)

for nh < t < (n+1)h, ml < x < (m+2)l, where m ∈ Yn, ρl
0(x, t) and wl

0(x, t) are the solutions

of (2.11) with initial data (t = nh)

ρl
0(x) =

{
ρl(am,n, nh− 0),

ρl(am+2,n, nh− 0),
wl

0(x) =

{
wl(am,n, nh− 0), x < (m+ 1)l,

wl(am+2,n, nh− 0), x > (m+ 1)l.



Entropy Solutions for Nonhomogeneous Relativistic Euler Equations 479

3 Estimates on the Difference Solutions

We recall that the Riemann invariants of the system are






r =
1

2
ln
c+ v

c− v
+

cκ

c2 + κ2
ln ρ = −

1

2
w +

cκ

c2 + κ2
ln ρ,

s =
1

2
ln
c+ v

c− v
−

cκ

c2 + κ2
ln ρ = −

1

2
w −

cκ

c2 + κ2
ln ρ.

(3.1)

From [25], we know that there exists a C1 function 0 < g < 1 such that

on the 1-shock wave curve,
ds

dr
= g, namely,

d(s− s0)

d(r − r0)
= g,

on the 2-shock wave curve,
dr

ds
= g, namely,

d(r − r0)

d(s− s0)
= g,

that is to say, all shock wave curves in the r, s-plane have the same shape, i.e., the 1-shock wave

curve starting from the point (r0, s0) is given by

s− s0 = f(r − r0), r ≤ r0, (3.2)

and the 2-shock wave curve is given by

r − r0 = f(s− s0), s ≤ s0. (3.3)

Besides, the 1-rarefaction wave curve and the 2-rarefaction wave curve are given by

s− s0 = 0, r > r0, (3.4)

and

r − r0 = 0, s > s0, (3.5)

respectively. Therefore, the 1-wave curve can be expressed in the form:

s− s0 = f(r − r0), (3.6)

and the 2-wave curve can be expressed in the form:

r − r0 = f(s− s0), (3.7)

where f(x) is a C2-function defined on the interval (−∞,+∞) satisfying

f(x) ≡ 0, ∀ x > 0, 0 ≤ f ′(x) < 1, f ′′(x) < 0, lim
x→−∞

f ′(x) = 1.

In order to estimate the total variation of difference solutions (ρl, wl) defined by (2.16) and

(2.17), we first consider the Riemann problem for system (2.8) with initial data

ρ0(x) =

{
ρl, x < 0,

ρr, x > 0,
w0(x) =

{
wl, x < 0,

wr, x > 0,
(3.8)

the solutions of which are denoted by ρ0(x, t) and w0(x, t).
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Consider three constant state regions (ρl, wl), (ρm, wm) and (ρr, wr), where (ρl, wl) and

(ρm, wm) are connected by a 1-wave, and (ρm, wm) and (ρr, wr) are connected by a 2-wave.

Define rl, sl, rm, sm, rr, sr by means of (3.1), and set

∆r = rm − rl, ∆s = sr − sm. (3.9)

Define

P (ρl, wl, ρr, wr) = −min(0,∆r) − min(0,∆s). (3.10)

Obviously, P ≥ 0. And we can similarly prove as in [23] that

P (ρi, wi, ρj , wj) ≤ P (ρi, wi, ρk, wk) + P (ρk, wk, ρj , wj), (3.11)

where ρi, wi, ρk, wk, ρj, wj are arbitrary positive constants.

From (3.1) we know that






r0(x, t) = −
1

2
w0 +

cκ

c2 + κ2
ln ρ0,

s0(x, t) = −
1

2
w0 −

cκ

c2 + κ2
ln ρ0,

and (3.6) and (3.7) imply that

TV {r0( · , t)} + TV {s0( · , t)}

≤ 4P (ρl, wl, ρr, wr) + |r0(+∞, t) − r0(−∞, t)| + |s0(+∞, t) − s0(−∞, t)|.
(3.12)

We can define the approximate solutions of (2.8) with initial data (3.8) by difference scheme

(2.16)–(2.17) as follows:

{
ρ(x, t) = ρ0(x, t) + Φ̃(ρ0(x, t), w0(x, t))t,

w(x, t) = w0(x, t) + Ψ̃(ρ0(x, t), w0(x, t))t.
(3.13)

Define

δr = rr − rl, δs = sr − sl, (3.14)






δrt =
{
−

1

2
(wr + Ψ̃rt) +

cκ

c2 + κ2
ln(ρr + Φ̃rt)

}

−
{
−

1

2
(wl + Ψ̃lt) +

cκ

c2 + κ2
ln(ρl + Φ̃lt)

}
,

δst =
{
−

1

2
(wr + Ψ̃rt) −

cκ

c2 + κ2
ln(ρr + Φ̃rt)

}

−
{
−

1

2
(wl + Ψ̃lt) −

cκ

c2 + κ2
ln(ρl + Φ̃lt)

}
,

(3.15)

where Φ̃r = Φ̃(ρr, wr), Ψ̃r = Ψ̃(ρr, wr), Φ̃l = Φ̃(ρl, wl), Ψ̃l = Ψ̃(ρl, wl).

Lemma 3.1 If t ≤ 1
2K

, then

|δrt − δr|, |δst − δs| ≤
5

2
K
(
1 +

c2 + κ2

2cκ

)
(|δr| + |δs|)t.



Entropy Solutions for Nonhomogeneous Relativistic Euler Equations 481

Proof It follows from (3.13) and (3.14) that

|δrt − δr| =

∣∣∣∣∣−
1

2
(Ψ̃r − Ψ̃l)t+

cκ

c2 + κ2
ln

1 +
( eΦr

ρr

)
t

1 +
( eΦl

ρl

)
t

∣∣∣∣∣

≤
1

2
|(Ψ̃r − Ψ̃l)|t+

cκ

c2 + κ2

∣∣∣∣∣ ln
1 +

( eΦr

ρr

)
t

1 +
( eΦl

ρl

)
t

∣∣∣∣∣

≤
1

2
K
(
|wr − wl| +

∣∣∣ ln
ρr

ρl

∣∣∣
)
t+

cκ

c2 + κ2

∣∣∣∣∣ ln
1 +

( eΦr

ρr

)
t

1 +
( eΦl

ρl

)
t

∣∣∣∣∣

≤
1

2
K
(
|wr − wl| +

∣∣∣ ln
ρr

ρl

∣∣∣
)
t+

cκ

c2 + κ2

1

1 + Φ̂(u∗, w∗)t
|Φ̂(ur, wr) − Φ̂(ul, wl)|

≤
1

2
K
(
|wr − wl| +

∣∣∣ ln
ρr

ρl

∣∣∣
)
t+

cκ

c2 + κ2
4K(|ur − ul| + |wr − wl|)t

≤
(1

2
+

4cκ

c2 + κ2

)
K
(
|wr − wl| +

∣∣∣ ln
ρr

ρl

∣∣∣
)
t

≤
5

2
K
(
1 +

c2 + κ2

2cκ

)
(|δr| + |δs|)t,

where |Φ̂| =
∣∣ eΦ

ρ

∣∣ ≤ K, and the point (u∗, w∗) lies on the segment between (ul, wl) and (ur, wr).

The estimate on |δst − δs| is similar.

From (3.6)–(3.7), (3.9), and (3.14), we know

δr = ∆r + f(∆s), δs = ∆s+ f(∆r). (3.16)

The eigenvalues of matrix
(

1 f ′(∆s)

f ′(∆r) 1

)
are 1 ±

√
f ′(∆s)f ′(∆r), and we have

∆r = p(δr, δs), ∆s = q(δr, δs), (3.17)

from the fact that
√
f ′(∆s)f ′(∆r) < 1, where p, q ∈ C2. It is easy to see that

∂p

∂δr
=

1

1 − f ′(p)f ′(q)
,

∂q

∂δr
=

−f ′(p)

1 − f ′(p)f ′(q)
,

∂p

∂δs
=

−f ′(q)

1 − f ′(p)f ′(q)
,

∂q

∂δs
=

1

1 − f ′(p)f ′(q)
.

Now we consider the situation when only one wave is involved in the solutions ρ0(x, t),

w0(x, t); if we change ρl, wl, ρr and wr to ρ∗l , w
∗
l , ρ∗r and w∗

r , then r and s become r∗ and s∗.

We denote

δr∗ = r∗r − r∗l , δs∗ = s∗r − s∗l .

Taking the similar procedures as in [31], we can state the following lemma while omitting

the tedious proof.

Lemma 3.2 P (ρ∗l , w
∗
l , ρ

∗
r , w

∗
l ) ≤ P (ρ∗l , w

∗
l , ρ

∗
r , w

∗
l ) + 3(|δr∗ − δr| + |δs∗ − δs|).
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For integers n ≥ 1, and t = nh, let

F (nh+ 0, ρl, wl)

=
∑

m∈Yn

P (ρl(am,n, nh+0), wl(am,n, nh+0), ρl(am+2,n, nh+0), wl(am+2,n, nh+0)). (3.18)

We denote

Zn = I ∪ {am,n | m ∈ Yn},

where I is the set of all integers, then

Zn = {zi,n : i integer, zi,n ≤ zi+1,n},

and let

F (nh− 0, ρl, wl)

=
∑

i

P (ρl(zi,n, nh− 0), wl(zi,n, nh− 0), ρl(zi+1,n, nh− 0), wl(zi+1,n, nh− 0)). (3.19)

We consider the initial value problem (2.13) with the initial data ρ0(±∞) and w0(±∞),

and denote the solutions by ρ(±∞, t) and w(±∞, t) respectively. From the definition (3.1) of

Riemann invariants and Lemma 2.2, we know that

|r(±∞, t)|, |s(±∞, t)| ≤
1

2
M1 < M1, ∀ t ∈ [0, T ].

Lemma 3.3 If h ≤ 1
2K

, then

F ((n+ 1)h+ 0, ρl, wl)

≤ F (nh+ 0, ρl, wl)
(
1 + 60Kh

(
1 +

c2 + κ2

2cκ

))
+ 60KM1

(
1 +

c2 + κ2

2cκ

)
h.

Proof From the definition (3.18)–(3.19), we have

F ((n+ 1)h− 0, ρl
0, w

l
0) = F (nh+ 0, ρl, wl). (3.20)

Let

rl = −
1

2
wl +

cκ

c2 + κ2
ln ρl, sl = −

1

2
wl −

cκ

c2 + κ2
ln ρl.

From Lemmas 3.1 and 3.2, we have

P (ρl(am,n+1, (n+ 1)h− 0), wl(am,n+1, (n+ 1)h− 0),

ρl(am+2,n+1, (n+ 1)h− 0), wl(am+2,n+1, (n+ 1)h− 0))

≤ P (ρl
0(am,n+1, (n+ 1)h− 0), wl

0(am,n+1, (n+ 1)h− 0),

ρl
0(am+2,n+1, (n+ 1)h− 0), wl

0(am+2,n+1, (n+ 1)h− 0))

+ 15K
(
1 +

c2 + κ2

2cκ

)
(|δrl| + |δsl|)h.
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Then we have

F ((n+ 1)h− 0, ρl, wl)

≤ F ((n+ 1)h− 0, ρl
0, w

l
0) + 15K

(
1 +

c2 + κ2

2cκ

)
{TV {rl( · , nh+ 0)} + TV {sl( · , nh+ 0)}}h

= F (nh+ 0, ρl, wl) + 15K
(
1 +

c2 + κ2

2cκ

)
{TV {rl( · , nh+ 0)} + TV {sl( · , nh+ 0)}}h,

where we use (3.20). From (3.11), it holds that

F ((n+ 1)h+ 0, ρl, wl) ≤ F ((n+ 1)h− 0, ρl, wl).

Thus, we obtain

F ((n+ 1)h+ 0, ρl, wl)

≤ F (nh+ 0, ρl, wl) + 15K
(
1 +

c2 + κ2

2cκ

)
{TV {rl( · , nh+ 0)} + TV {sl( · , nh+ 0)}}h. (3.21)

Besides, we have, as in (3.12), that

TV {rl( · , nh+ 0)} + TV {sl( · , nh+ 0)} ≤ 4F (nh+ 0, ρl, wl) + 4M1. (3.22)

Substituting (3.22) into (3.21), we finally arrive at

F ((n+ 1)h+ 0, ρl, wl)

≤ F (nh+ 0, ρl, wl) + 60K
(
1 +

c2 + κ2

2cκ

)
(F (nh+ 0, ρl, wl) +M1)h

= F (nh+ 0, ρl, wl)
(
1 + 60Kh

(
1 +

c2 + κ2

2cκ

))
+ 60KM1

(
1 +

c2 + κ2

2cκ

)
h,

which completes the proof.

Lemma 3.4 For any T > 0, if h ≤ 1
2K

, then there exist constants M > 0 and δ0 > 0

depending only on ρ0(x), w0(x), K and T , such that

TV {ρl( · , t)} + TV {wl( · , t)} + TV {rl( · , t)} + TV {sl( · , t)} ≤M,

|ρl(x, t)| + |wl(x, t)| + |rl(x, t)| + |sl(x, t)| ≤M,

ρl(x, t) ≥ δ0 > 0.

Proof Let

F (0) =
∑

m∈Yn

P (ρ0(ml), w0(ml), ρ0((m+ 2)l), w0((m+ 2)l)).

We assume that T = Nh, set a = 1 + 60Kh
(
1 + c2+κ2

2cκ

)
.

If h ≤ 1
2K

, we have by induction, from Lemma 3.3, that

F (nh+ 0, ρl, wl)

≤ F (0)an + 60KM1h
(
1 +

c2 + κ2

2cκ

)
(1 + a+ a2 + · · · + an−1)

≤ F (0)an + 60KM1nh
(
1 +

c2 + κ2

2cκ

)
an
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≤
(
F (0) + 60KM1nh

(
1 +

c2 + κ2

2cκ

))(
1 + 60KT

1

N

(
1 +

c2 + κ2

2cκ

))N

≤
(
F (0) + 60KM1nh

(
1 +

c2 + κ2

2cκ

))
exp

{
60KT

(
1 +

c2 + κ2

2cκ

)}
.

From (3.10) and (3.16), we have

F (0) ≤ TV {r0} + TV {s0}.

This, together with (3.22), implies that

TV {rl( · , nh+ 0)} + TV {sl( · , nh+ 0)}

≤ 4
(
F (0) + 60KM1nh

(
1 +

c2 + κ2

2cκ

))
exp

{
60KT

(
1 +

c2 + κ2

2cκ

)}

≤ 4
(
TV r0 + TV s0 + 60KM1nh

(
1 +

c2 + κ2

2cκ

))
exp

{
60KT

(
1 +

c2 + κ2

2cκ

)}
.

It then follows from Lemma 3.1 that

TV {rl( · , t)} + TV {sl( · , t)} ≤ Q,

where Q > 0 depends only on ρ0(x), w0(x), K and T . Therefore,

|rl(x, t)| ≤ |rl(±∞, t)| + TV {rl( · , t)} ≤M1 +Q,

|sl(x, t)| ≤ |sl(±∞, t)| + TV {sl( · , t)} ≤M1 +Q.

Returning to ρ and v by Definition 3.1 of the Riemann invariants, we complete the proof of

the lemma.

Remark 3.1 Lemma 3.4 tells us that, for any T > 0, if h > 0 is sufficiently small, then

the total variations of the functions ρl, wl, rl and sl are bounded uniformly for h and {am,n};

their upper and lower bounds, and the positive lower bound of ρl are also bounded uniformly.

Now we come back to the Cauchy problem of system (2.5) with initial data (1.3), and the

Riemann problem with initial data

ρ0(x) =

{
ρl, x < 0,

ρr, x > 0,
v0(x) =

{
vl, x < 0,

vr, x > 0.
(3.23)

From (2.10), we have





Φ(ρ, v), Ψ̄(ρ, v) ∈ C1,

|Φ(ρ′, v) − Φ(ρ, v)| = |Φ̃(ρ′, w) − Φ̃(ρ, w)| ≤ K|ρ′ − ρ| ≤ K ′|ρ′ − ρ|,

|Φ(ρ, v′) − Φ(ρ, v)| =
∣∣∣Φ̃
(
ρ, ln

c− v′

c+ v′

)
− Φ̃

(
ρ, ln

c− v

c+ v

)∣∣∣

≤ Kρ
∣∣∣ ln

c− v′

c+ v′
− ln

c− v

c+ v

∣∣∣ ≤ KM ′ρ|v′ − v| ≤ K ′ρ|v′ − v|,

Φ(ρ, 0) = 0,

|Ψ̄(ρ′, v) − Ψ̄(ρ, v)| =
c2 − v2

2c
|Φ̃(ρ′, w) − Φ̃(ρ, w)| ≤ KM ′′

∣∣∣ ln
ρ′

ρ

∣∣∣ ≤ K ′
∣∣∣ ln

ρ′

ρ

∣∣∣,
∣∣∣
∂Ψ

∂v

∣∣∣ =
∣∣∣
v

c
Ψ̃
(
ρ, ln

c− v

c+ v

)
−
c2 − v2

2c

∂Ψ̃

∂w

(
−

2c

c2 − v2

)∣∣∣ ≤ KM ′′′ ≤ K ′,

(3.24)
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where K ′ = max{K,KM ′,KM ′′,KM ′′′} > 0. Because

dρ

dt
= Φ(ρ, v) = Φ̃(ρ, w),

dv

dt
= Ψ(ρ, v), w = ln

c− v

c+ v
= h(v), v = c

1 − ew

1 + ew
= g(w),

dw

dt
=

(1 + ew)2

2cew

dv

dt
=

(1 + ew)2

2cew
Ψ(ρ, v) = Ψ̃(ρ, w),

we know from the Picard iteration, that

wn+1 − wn

∆t
= Ψ̃(ρn, wn),

vn+1 − vn

∆t
=
g(wn+1) − g(wn)

∆t
= g′(wn)

wn+1 − wn

∆t
+O(1)

(wn+1 − wn)2

∆t

= Ψ(ρn, vn) +O(1)∆t.

Then

vn+1 = vn + Ψ(ρn, vn)∆t+O(1)(∆t)2.

Therefore, we can construct ρl, vl as constructing ρl, wl in §2:

For 0 < t < h, (m− 1)l < x < (m+ 1)l, m odd, we define

{
ρl(x, t) = ρl

0(x, t) + Φ(ρl
0(x, t), v

l
0(x, t))t,

vl(x, t) = vl
0(x, t) + Ψ(ρl

0(x, t), v
l
0(x, t))t +O(1)t2,

(3.25)

where ρl
0(x, t), v

l
0(x, t) are the solutions of (2.5) with initial value

ρ0(x) =

{
ρ0((m− 1)l),

ρ0((m+ 1)l),
v0(x) =

{
v0((m− 1)l), x < ml,

v0((m+ 1)l), x > ml.

Suppose that ρl, vl have been defined for t < nh. Define

{
ρl(x, t) = ρl

0(x, t) + Φ(ρl
0(x, t), v

l
0(x, t))(t − nh),

vl(x, t) = vl
0(x, t) + Ψ(ρl

0(x, t), v
l
0(x, t))(t − nh) +O(1)(t − nh)2

(3.26)

for nh < t < (n+1)h, ml < x < (m+2)l, where m ∈ Yn, and ρl
0(x, t), v

l
0(x, t) are the solutions

of (2.5) with initial value (t = nh)

ρl
0(x) =

{
ρl(am,n, nh− 0),

ρl(am+2,n, nh− 0),
vl
0(x) =

{
vl(am,n, nh− 0), x < (m+ 1)l,

vl(am+2,n, nh− 0), x > (m+ 1)l.

Lemma 3.5 For any T > 0, and any X > 0, there exists a constant L > 0 depending only

on T , X, K, ρ0(x) and v0(x), such that

∫ X

−X

[|ρl(x, t2) − ρl(x, t1)| + |vl(x, t2) − vl(x, t1)|]dx ≤ L(|t2 − t1| + h), ∀ t1, t2 ∈ [0, T ].
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Proof Suppose that nh ≤ t1 < (n+ 1)h < · · · < t2 ≤ (n+ k + 1)h. We have

∫ X

−X

[|ρl(x, t2) − ρl(x, t1)| + |vl(x, t2) − vl(x, t1)|]dx ≤ I1 + I2,

where

I1 =

k+1∑

i=0

∫ X

−X

[|ρl(x, (n+ i)h+ 0) − ρl(x, (n+ i)h− 0)|

+ |vl(x, (n + i)h+ 0) − vl(x, (n+ i)h− 0)|]dx,

I2 =

k∑

i=0

∫ X

−X

[|ρl(x, (n + i+ 1)h− 0) − ρl(x, (n + i)h+ 0)|

+ |vl(x, (n + i+ 1)h− 0) − vl(x, (n+ i)h+ 0)|]dx

+

∫ X

−X

[|ρl(x, t1) − ρl(x, nh+ 0)| + |vl(x, t1) − vl(x, nh+ 0)|]dx

+

∫ X

−X

[|ρl(x, t2) − ρl(x, (n + k)h+ 0)| + |vl(x, t2) − vl(x, (n + k)h+ 0)|]dx.

It is easy to know that

I1 ≤ 4l
([ t2 − t1

h

]
+ 3
)

sup
0≤t≤T

(TV {ρl( · , t)} + TV {vl( · , t)}),

and that there is an even integer m such that x ∈ [ml, (m+ 2)l] for any fixed x. Taking (3.24)

into consideration, we have

|ρl(x, (n+ i+ 1)h− 0) − ρl(x, (n+ i)h+ 0)|

≤ |ρl
0(x, (n+ i+ 1)h− 0) − ρl

0(x, (n+ i)h+ 0)| + |Φ
l
|h

≤ TV[(m−1)l,(m+3)l]{ρ
l
0( · , (n+ i)h+ 0)} + |Φ

l
|h

and
|vl(x, (n+ i+ 1)h− 0) − vl(x, (n + i)h+ 0)|

≤ TV[(m−1)l,(m+3)l]{v
l
0( · , (n+ i)h+ 0)} + |Ψ

l
|h+O(1)h2,

where

Φ
l
= Φ(ρl

0(x, (n+ i+ 1)h− 0), vl
0(x, (n+ i+ 1)h− 0)),

Ψ
l
= Ψ(ρl

0(x, (n+ i+ 1)h− 0), vl
0(x, (n+ i+ 1)h− 0)).

We have similar results for

|ρl(x, t1) − ρl(x, nh+ 0)| + |vl(x, t1) − vl(x, nh+ 0)|

and

|ρl(x, t2) − ρl(x, (n + k)h+ 0)| + |vl(x, t2) − vl(x, (n + k)h+ 0)|.
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From the above estimates, we obtain

I2 ≤
(
4l
(

sup
0≤t≤T

[TV {ρl( · , t)} + TV {vl( · , t)}]
)

+ 2X(sup |Φ
l
| + sup |Ψ

l
|)h+O(1)h2

)

·
([ t2 − t1

h

]
+ 4
)
.

The lemma follows immediately from the above estimates and Lemma 3.4.

Remark 3.2 From (2.6),

(
Φ(ρ, v)

Ψ(ρ, v)

)
= dU

(
Φ(ρ, v)

Ψ(ρ, v)

)
,

where dU is defined in §2. Then

(
Φ(ρ, v)

Ψ(ρ, v)

)
=

(
U1ρΦ + U2ρΨ

U1vΦ + U2vΨ

)
.

Lemma 3.4 implies that U1ρ, U2ρ, U1v, U2v, Φ, and Ψ are bounded, and satisfy the Lipschitz

conditions. Thus Φ,Ψ are bounded and satisfy the following Lipschitz conditions:

{
|Φ(ρ′, v′) − Φ(ρ, v)| ≤ K ′′(|ρ′ − ρ| + |v′ − v|),

|Ψ(ρ′, v′) − Ψ(ρ, v)| ≤ K ′′(|ρ′ − ρ| + |v′ − v|),
(3.27)

where the constant K ′′ depends only on K and the bounds of ρ, v.

4 Existence of Entropy Solutions

We recall that an entropy-entropy flux pair for homogeneous system (2.2) is a pair of C1

functions (η(U), q(U)) satisfying

∇η(U)∇F (U) = ∇q(U).

Definition 4.1 A bounded measurable function U ∈ V ∩ {ρ > 0} is an entropy solution of

(2.1) in ΠT := [0, T ) × R if U = U(t, x) satisfies the following:

( i) U(x, t) is a weak solution of (2.1), i.e., (2.1) holds in the weak sense in ΠT : for any

φ ∈ C1
0 (ΠT ),

∫

ΠT

(U∂tφ+ F (U)∂xφ) dx dt+

∫ ∞

−∞

U0(x)φ(0, x)dx = 0; (4.1)

(ii) The Lax entropy inequality

η(U)t + q(U)x ≤ ∇η(U)G(U) (4.2)

holds in the sense of distributions in ΠT , i.e., for any nonnegative φ ∈ C1
0 (ΠT ),

∫ ∞

0

∫ ∞

−∞

(η(U)φt + q(U)φx + ∇η(U)G(U)φ) dx dt +

∫ ∞

−∞

η(U0(x))φ(x, 0) dx ≥ 0 (4.3)

for any C2 convex entropy pair (η(U), q(U)).
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From (2.4), we see that

|λ|, |µ| ≤
|v| + κ

1 − |v|κ
c2

≤ c
(c+ κ

c− κ

)
.

We set hi = T
2i ,

li
hi

= c
(

c+κ
c−κ

)
, if i is sufficiently large, Lemma 3.4 implies that, the difference

scheme (3.25)–(3.26) in §2 is realizable.

If i is sufficiently large, the estimation of Lemmas 3.4 and 3.5 holds. we consider the

sequence {(ρli , vli) : i = 1, 2, 3, · · · }; there is a subsequence which converges in L1, on the

intervals [−X,X ] of any horizontal line, uniformly for t ∈ [0, T ], and the limit functions of ρli

and vli are the bounded measurable functions ρ(x, t), v(x, t). To prove that ρ(x, t), v(x, t) are

the weak solutions of the Cauchy problem (1.4)–(1.3) for suitably chosen {am,n}, we need to

show that

∫ +∞

−∞

∫ T

0

(U1ϕt + F1(U)ϕx + Φ(ρ, v)ϕ) dx dt +

∫ +∞

−∞

U1(x, 0)ϕ(x, 0)dx = 0, (4.4)

∫ +∞

−∞

∫ T

0

(U2ψt + F2(U)ψx + Ψ(ρ, v)ψ) dx dt+

∫ +∞

−∞

U2(x, 0)ψ(x, 0)dx = 0 (4.5)

for any ϕ(x, t), ψ(x, t) ∈ C1
0 (ΠT ).

We consider the Riemann problem (1.4) and (3.23) again, assuming that there is a shock

wave, say, 2-shock wave, for the sake of definiteness. Denote by σ the speed of the shock wave,

the Rankine-Hugiont conditions are

σ[U10] = [F1(U0)], (4.6)

σ[U20] = [F2(U0)], (4.7)

where

U10 = U1(ρ0(x, t), v0(x, t)), U20 = U2(ρ0(x, t), v0(x, t)),

F1(U0) = F1(U(ρ0(x, t), v0(x, t))), F2(U0) = F2(U(ρ0(x, t), v0(x, t))).

According to the difference scheme (3.25)–(3.26), we define for nh < t < (n+ 1)h,

{
ρ(x, t) = ρ0(x, t) + Φ(ρ0(x, t), v0(x, t))(t − nh),

v(x, t) = v0(x, t) + Ψ(ρ0(x, t), v0(x, t))(t − nh) +O(1)(t − nh)2,
(4.8)

which are the approximate solutions of the Riemann problem (1.4)–(3.23).

Lemma 4.1 If 0 < t < h ≤ 1
2K′

, then

|σ[U1] − [F1(U)]| ≤ Lt(|ρr − ρm| + |vr − vm|), (4.9)

|σ[U2] − [F2(U)]| ≤ Lt(|ρr − ρm| + |vr − vm|), (4.10)

where L is a constant depending only on K, the upper and lower bounds of ρ(x, t) and v(x, t),

and the positive lower bound of ρ(x, t).
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Proof First we prove (4.9).

[U1] =
[
ρ
(κ2 + c2

c2
v2

c2 − v2
+ 1
)]

=
[
ρ
(
M0

v2

c2 − v2
+ 1
)]

= (ρr + Φrt)
(
M0

(vr + Ψrt)
2

c2 − (vr + Ψrt)2
+ 1
)
− (ρm + Φmt)

(
M0

(vm + Ψmt)
2

c2 − (vm + Ψmt)2
+ 1
)

= M0

(
ρr

(vr + Ψrt)
2

c2 − (vr + Ψrt)2
− ρm

(vm + Ψmt)
2

c2 − (vm + Ψmt)2

)

+M0t
[ Φr(vr + Ψrt)

2

c2 − (vr + Ψrt)2
−

Φm(vm + Ψmt)
2

c2 − (vm + Ψmt)2

]
+ (ρr − ρm) + (Φr − Φm)t,

[F1(U)] =
[
ρ(κ2 + c2)

v

c2 − v2

]

= c2M0

[
(ρr + Φrt)

(vr + Ψrt)

c2 − (vr + Ψrt)2
− (ρm + Φmt)

(vm + Ψmt)

c2 − (vm + Ψmt)2

]
.

Condition (4.6) is

σ
(
ρr

(
M0

v2
r

c2 − v2
r

+ 1
)
− ρm

(
M0

v2
m

c2 − v2
m

+ 1
))

= c2M0

(
ρr

vr

c2 − v2
r

− ρm

vm

c2 − v2
m

)
,

and, together with (3.24), we have

σ[U1] − [F1(U)]

=
[
σM0

(
ρr

∫ 1

0

2c2(vr + Ψrtη)
2Ψrt

c2 − (vr + Ψrtη)2
dη − ρm

∫ 1

0

2c2(vm + Ψmtη)
2Ψmt

c2 − (vm + Ψmtη)2
dη
)]

+
[
σM0

( Φrt(vr + Ψrt)
2

c2 − (vr + Ψrt)2
−

Φmt(vm + Ψmt)
2

c2 − (vm + Ψmt)2

)]
+ [σ(Φr − Φm)t]

− c2M0

[
ρr

∫ 1

0

(c2 + (vr + Ψrtη)
2)Ψrt

(c2 − (vr + Ψrtη)2)2
dη − ρm

∫ 1

0

(c2 + (vm + Ψmtη)
2)Ψmt

(c2 − (vm + Ψmtη)2)2
dη
]

− c2M0

[ Φrt(vr + Ψrt)

c2 − (vr + Ψrt)2
−

Φmt(vm + Ψmt)

c2 − (vm + Ψmt)2

]
.

Hence, we have

|σ[U1] − [F1(U)]|

≤
∣∣∣2c2σM0

(
ρr

∫ 1

0

(vr + Ψrtη)
2Ψrt

c2 − (vr + Ψrtη)2
dη − ρm

∫ 1

0

(vm + Ψmtη)
2Ψmt

c2 − (vm + Ψmtη)2
dη
)∣∣∣

+
∣∣∣σM0

( Φrt(vr + Ψrt)
2

c2 − (vr + Ψrt)2
−

Φmt(vm + Ψmt)
2

c2 − (vm + Ψmt)2

)∣∣∣+ |σ(Φr − Φm)t|

+
∣∣∣c2M0

(
ρr

∫ 1

0

(c2 + (vr + Ψrtη)
2)Ψrt

(c2 − (vr + Ψrtη)2)2
dη − ρm

∫ 1

0

(c2 + (vm + Ψmtη)
2)Ψmt

(c2 − (vm + Ψmtη)2)2
dη
)∣∣∣

+
∣∣∣c2M0

( Φrt(vr + Ψrt)

c2 − (vr + Ψrt)2
−

Φmt(vm + Ψmt)

c2 − (vm + Ψmt)2

)∣∣∣

= I1 + I2 + I3 + I4 + I5.
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We first consider I1:

I1 =
∣∣∣
(
2c2σM0

(
ρr

∫ 1

0

(vr + Ψrtη)
2Ψrt

c2 − (vr + Ψrtη)2
dη − ρm

∫ 1

0

(vm + Ψmtη)
2Ψmt

c2 − (vm + Ψmtη)2
dη
))∣∣∣

≤ 2c2|σ|M0t
∣∣∣ρr

∫ 1

0

( (vr + Ψrtη)
2Ψr

c2 − (vr + Ψrtη)2
−

(vm + Ψmtη)
2Ψm

c2 − (vm + Ψmtη)2

)
dη
∣∣∣

+ 2c2|σ|M0t
∣∣∣(ρr − ρm)

∫ 1

0

(vm + Ψmtη)
2Ψm

c2 − (vm + Ψmtη)2
dη
∣∣∣

≤ 2c2|σ|M0t
∣∣∣ρr

∫ 1

0

(Ψr − Ψm)(vr + Ψrtη)
2

c2 − (vr + Ψrtη)2
dη
∣∣∣

+ 2c2|σ|M0t
∣∣∣ρr

∫ 1

0

Ψm

( (vr + Ψrtη)
2

c2 − (vr + Ψrtη)2
−

(vm + Ψmtη)
2

c2 − (vm + Ψmtη)2

)
dη
∣∣∣

+ 2c2|σ|M0t
∣∣∣(ρr − ρm)

∫ 1

0

(vm + Ψmtη)
2Ψm

c2 − (vm + Ψmtη)2
dη
∣∣∣

≤ L1t(|ρr − ρm| + |vr − vm|).

Similarly, for I2, we have

I2 =
∣∣∣σM0

( Φrt(vr + Ψrt)
2

c2 − (vr + Ψrt)2
−

Φmt(vm + Ψmt)
2

c2 − (vm + Ψmt)2

)∣∣∣

≤ |σ|M0t
∣∣∣

(vr + Ψrt)
2

c2 − (vr + Ψrt)2
(Φr − Φm)

∣∣∣

+ |σ|M0t
∣∣∣Ψm

( (vr + Ψrt)
2

c2 − (vr + Ψrt)2
−

(vm + Ψmt)
2

c2 − (vm + Ψmt)2

)∣∣∣

≤ |σ|M0t
∣∣∣

(vr + Ψrt)
2

c2 − (vr + Ψrt)2
(Φr − Φm)

∣∣∣

+ c2|σ|M0t
∣∣∣Ψm

(vr + vm + Ψrt+ Ψmt)(vr − vm + (Ψr − Ψm)t)

(c2 − (vr + Ψrt)2)(c2 − (vm + Ψmt)2)

∣∣∣

≤ L2t(|ρr − ρm| + |vr − vm|).

The estimates on I3, I4 and I5 are similar to I1 and I2, we omit them here. The proof of

(4.10) is similar to (4.9). Thus we complete the proof of the lemma.

We have stated the above lemma by assuming that there is a 2-shock wave. Now we assume

that there is a rarefaction wave, say, 1-rarefaction wave. The domain of this rarefaction wave is

Ω =
{

(x, t) : 0 < t < h,
vl − κ

1 − vlκ
c2

<
x

t
<

vm − κ

1 − vmκ
c2

}
.

Corresponding to Lemma 4.1, we have the following lemma about rarefaction waves:

Lemma 4.2 If h ≤ 1
2K′

, then

∣∣∣
∫

Ω

(U1ϕt + F1(U)ϕx + Φ(ρ, v)ϕ)dxdt +

∫

∂Ω

U1ϕdx− F1(U)ϕdt
∣∣∣

≤ C1h
3 + C2h

2(|ρm − ρl| + |vm − vl|), (4.11)
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∣∣∣
∫

Ω

(U2ψt + F2(U)ψx + Ψ(ρ, v)ψ)dxdt +

∫

∂Ω

U2ψdx− F2(U)ψdt
∣∣∣

≤ C1h
3 + C2h

2(|ρm − ρl| + |vm − vl|) (4.12)

for any ϕ(x, t), ψ(x, t) ∈ C1
0 (ΠT ), and C1 and C2 are constants depending only on K, the upper

and lower bounds of ρ(x, t), v(x, t), ϕ(x, t), ψ(x, t), and the positive lower bound of ρ(x, t).

Proof Different from constructing ρl, vl in §2, we construct the approximate solutions ρ(q),

v(q) in the following way:

s(k) = k
sm − sl

q
+ sl, k = 0, 1, · · · , q.

We divide the domain Ω into q + 1 parts using the line x = σkt, k = 1, · · · , q, and ρ(k), v(k) as

the approximations of the functions ρ0(x, t), v0(x, t) in the sub-domain:

Ωk =
{
(x, t) : t > 0, σk <

x

t
< σk+1

}
, k = 0, 1, · · · , q,

σk, ρ(k) and v(k) are defined as follows





σ0 =
vl − κ

1 − vlκ
c2

, σq+1 =
vm − κ

1 − vmκ
c2

;

ρ(0) = ρl, v(0) = vl;

1

2
ln
c+ v(k)

c− v(k)
−

cκ

c2 + κ2
ln ρ(k) = s(k), k = 1, · · · , q ;

σk+1(U
(k+1)
1 − U

(k)
1 ) = F

(k+1)
1 (U) − F

(k)
1 (U), k = 0, 1, · · · , q − 1;

σk+1(U
(k+1)
2 − U

(k)
2 ) = F

(k+1)
2 (U) − F

(k)
2 (U), k = 0, 1, · · · , q − 1,

(4.13)

where

U
(k)
1 = ρ(k)

(κ2 + c2

c2
(v(k))2

c2 − (v(k))2
+ 1
)
, F

(k)
1 (U) = ρ(k)(κ2 + c2)

v(k)

c2 − (v(k))2
;

U
(k)
2 = ρ(k)(κ2 + c2)

v(k)

c2 − (v(k))2
, F

(k)
2 (U) = ρ(k)

(
(κ2 + c2)

(v(k))2

c2 − (v(k))2
+ κ2

)
.

We denote the approximate functions by (ρ
(q)
0 , v

(q)
0 )(x, t). Define

{
ρ(q)(x, t) = ρ

(q)
0 (x, t) + Φ(ρ

(q)
0 (x, t), v

(q)
0 (x, t))t,

v(q)(x, t) = v
(q)
0 (x, t) + Ψ(ρ

(q)
0 (x, t), v

(q)
0 (x, t))t+O(1)t2.

(4.14)

ρ(q)(x, t) and v(q)(x, t) converge uniformly to ρ(x, t) and v(x, t) respectively as q → +∞, for

0 < t < h.

Using the Green’s formula, we have
∫

Ω

(U
(q)
1 ϕt + F

(q)
1 (U)ϕx + Φ(ρ(q), v(q))ϕ) dx dt +

∫

∂Ω

U
(q)
1 ϕdx − F

(q)
1 (U)ϕdt

=

∫

Ω

(Φ(ρ(q), v(q)) − Φ(ρ
(q)
0 , v

(q)
0 ))ϕdxdt +

p∑

k=1

∫ h

0

{−[U
(q)
1 ]σk + [F

(q)
1 (U)]}x=σktϕdt

= J1 + J2.
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From (3.27) and (4.14), we have

|Φ(ρ(q), v(q)) − Φ(ρ
(q)
0 , v

(q)
0 )|

≤ K ′′(|ρ(q) − ρ
(q)
0 | + |v(q) − v

(q)
0 |)

= K ′′(|Φ(ρ
(q)
0 (x, t), v

(q)
0 (x, t))|t+ |Ψ(ρ

(q)
0 (x, t), v

(q)
0 (x, t))|t)

≤ K ′′(max |Φ(ρ
(q)
0 (x, t), v

(q)
0 (x, t))| + max |Ψ(ρ

(q)
0 (x, t), v

(q)
0 (x, t))|)t

≤ Ct.

Therefore,

|J1| ≤ C

∫

Ω

|ϕ|tdxdt ≤ C1h
3.

In view of (4.13)–(4.14), we have

{−[U
(q)
1 ]σk + [F

(q)
1 (U)]}x=σkt

= c2M0ρ
(k)

∫ 1

0

(c2 + (v(k) + Ψ(ρ(k), v(k))tη)2)Ψ(ρ(k), v(k))t

(c2 − (v(k) + Ψ(ρ(k), v(k))tη)2)2
dη

− c2M0ρ
(k−1)

∫ 1

0

(c2 + (v(k−1) + Ψ(ρ(k−1), v(k−1))tη)2)Ψ(ρ(k−1), v(k−1))t

(c2 − (v(k−1) + Ψ(ρ(k−1), v(k−1))tη)2)2
dη

+ c2M0t
Φ(ρ(k), v(k))(v(k) + Ψ(ρ(k), v(k))t)

c2 − (v(k) + Ψ(ρ(k), v(k))t)2

− c2M0t
Φ(ρ(k−1), v(k−1))(v(k−1) + Ψ(ρ(k−1), v(k−1))t)

c2 − (v(k−1) + Ψ(ρ(k−1), v(k−1))t)2

− σkM0tρ
(k)

∫ 1

0

2c2(v(k) + Ψ
(k)
tη)2Ψ(ρ(k), v(k))

c2 − (v(k) + Ψ(ρ(k), v(k))tη)2
dη

+ σkM0tρ
(k−1)

∫ 1

0

2c2(v(k−1) + Ψ
(k−1)

tη)2Ψ(ρ(k−1), v(k−1))

c2 − (v(k−1) + Ψ(ρ(k−1), v(k−1))tη)2
dη

− σkM0t
((v(k) + Ψ(ρ(k), v(k))t)2Φ(ρ(k), v(k))

c2 − (v(k) + Ψρ(k), v(k))t)2

)

+ σkM0t
((v(k−1) + Ψ(ρ(k−1), v(k−1))t)2Φ(ρ(k−1), v(k−1))

c2 − (v(k−1) + Ψρ(k−1), v(k−1))t)2

)

− σkt(Φ(ρ(k), v(k)) − Φ(ρ(k−1), v(k−1))).

Hence, from (4.9), we obtain

|{−[U
(q)
1 ]σk + [F

(q)
1 (U)]}x=σkt| ≤ Ct(|ρ(k) − ρ(k−1)| + |v(k) − v(k−1)|).

Then

|J2| ≤

p∑

k=1

∫ h

0

ct{|ρ(k) − ρ(k−1)| + |v(k) − v(k−1)|}dt ≤ C2h
2(|ρm − ρl| + |vm − vl|).
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Let q → +∞, and we obtain (4.11). The proof of (4.12) is similar.

Now we can prove (4.4) and (4.5). In fact,

∣∣∣
∫ ∫

0≤t≤T

(U l
1ϕt + F l

1(U)ϕx + Φ(ρ, v)ϕ) dx dt +

∫ +∞

−∞

U l
1(x, 0)ϕ(x, 0) dx

∣∣∣

≤W1

∣∣∣
N∑

n=1

∫ +∞

−∞

[U1(ρ
l(x, nh− 0), vl(x, nh− 0)) − U1(ρ

l(x, nh+ 0), vl(x, nh+ 0))]dx
∣∣∣

+
W2

h2
C1h

3 +
T

h

(
C2 +

R2

2

)
h2
[

sup
t∈[0,T ]

TV {ρl( · , t)} + sup
t∈[0,T ]

TV {vl( · , t)}
]

+
∣∣∣
∫ +∞

−∞

ϕ(x, 0)[U1(x, 0) − U l
1(x, 0)]dx

∣∣∣,

where T = Nh, W1 is the upper bound of the function ϕ(x, t), W2 is a constant related to the

measure of the support of ϕ(x, t). When h = T
2i , i → +∞, the right-hand side of the above

inequality tends to zero for almost every am,n ∈ A (see [8]). Thus (4.4) is proved. The proof of

(4.5) is similar.

Adopting the method in [3], we can show that, the weak solution U(x, t) also satisfies the

entropy inequality (4.3) (see [29] for details).

We conclude that

Theorem 4.1 Under conditions (2.12), there exists a global entropy solution U(x, t) of

the Cauchy problem (1.3)–(1.4) on t ≥ 0.
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