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Abstract This paper is concerned with a class of semilinear hyperbolic systems in odd
space dimensions. Our main aim is to prove the existence of a small amplitude solution
which is asymptotic to the free solution as ¢ — —oco in the energy norm, and to show it
has a free profile as t — 4oc0. Our approach is based on the work of [11]. Namely we use
a weighted L°° norm to get suitable a priori estimates. This can be done by restricting
our attention to radially symmetric solutions. Corresponding initial value problem is also
considered in an analogous framework. Besides, we give an extended result of [14] for three
space dimensional case in Section 5, which is prepared independently of the other parts of
the paper.
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1 Introduction
This paper is concerned with the following system of semilinear wave equations:
0?u; — 2 Auy = F(ug) in R" x R,
{8,?1@ — c3Auy = G(uy) in R" x R,
where n > 2, ¢; and ¢y are positive constants,
F(ug) = |ug|? or |uaP " us, G(u1) = |ui|? or [uy|7'u; with 1 <p<gq.

In previous papers [13, 14], we studied the above system when n = 2 or n = 3, and proved the
existence of a global solution of the Cauchy problem for sufficiently small initial data, provided
I' > 0 and p* > 0. Here p* and I' are defined as follows:

. n—1 n+1 . n—1 n+1
p=—""P 5 o 1 =54 5

a=pg" -1, B=qp"—1, TI'=a+ps. (1.3)

(1.2)
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Moreover, under the same assumption as above, we proved the following: Let u; (z,t) € C%(R" x

R), i = 1,2 be solutions of the homogeneous wave equations
O*u; — c?Au; =0 in R" x R (1.4)

with small initial data at ¢ = 0. Then there exists uniquely a small amplitude solution (u1,us) €
(C?(R™ x R))? of (1.1) which is asymptotic to (uj,u;) as t — —oo in the energy norm. In
addition, there exists uniquely a pair of solutions (u],u3) € (C?(R"™ x R))? of (1.4) which
is asymptotic to (u1,u2) as t — oo in the energy norm. Namely, one can define a scattering

operator on a dense set of a neighborhood of 0 in the energy space by

(uy (2,0),us (2,0), Opuy (z,0), Opusy (x,0)) (1.5)
— (uf (,0),u3 (x,0), duf (x,0), dug (x,0)).

Thus we are interested mainly in the case where n > 4 in the present article. (As for the case
of the single equation 9?u — Au = |ul?, see [8, 17-19].)

First we focus on the Cauchy problem for (1.1) in R™ x (0,00). In [4], the problem was
studied when ¢; = ¢y, and the following condition was introduced besides I' > 0, in order to

show the existence of a global small solution for n > 4:

p—1 n—1 ) <2(n—|—1) n+3

.e. — . 1.6
pq—1>2(n—|—1)’ e n—1 (n—1)p (16)

Since solutions of the Cauchy problem generically blow up in finite time if I' < 0 even though
the initial data are small enough (see [3, 4, 6, 7]), and the blow-up occurs also when I' = 0 and
either n = 2 or n = 3 (see [1, 5, 15, 16]), we need to assume I' > 0 for the global existence.
While, it is an open problem whether (1.6) is an optimal condition to prove the existence result

or not.

n+1
n—37

solution is radially symmetric and n is odd (for the details, see Theorems 4.1 and 4.2 below).
Indeed, (1.6) with p < g yields 1 < ¢ < Z—fi’ This means that the admissible region for the
n+1

In the present paper we prove the condition (1.6) can be relaxed by ¢ < as long as the

exponents p, ¢ (1 < p < ¢) determined by I' > 0 and ¢ < is larger than that determined by

n—3
I' > 0 and (1.6), since Z'_"? < ;H_'é Besides, we show that the condition p* > 0 assumed in [14]
for n = 3 can be removed, as in [3] where the case of ¢; = ¢ was handled (see also Theorem
5.1 below).

Next we turn our attention to asymptotic behavior as ¢ — +oo of solutions to (1.1). The
aim here is to extend the result obtained in [13, 14] to the case where n is odd. Actually, we
can define the operator (1.5) when n is odd, provided that u; (z,0) and dyu; (z,0) are radially
symmetric and that I' > 0 and

3
¢ <1, ie, g< nt if ¢1 = co, (1.7)
n—1
. n+1 .
g <gq, ie., q< if ¢1 # ¢ (1.8)

n —

(for the details, see Theorems 3.1 and 3.2 below).
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The proof of these results is based on the basic estimates given by Theorems 2.1 and 2.2
below. Those estimates are the refinements of the corresponding estimates obtained by [10, 11]
in which the single equation 9?u — Au = |u|P was considered. In order to treat the system (1.1)
with the possibly unequal propagation speeds, we need to extend the previous estimates as in
the theorems.

Although in the present article we restrict ourselves to the case of odd space dimensions
n = 2m+3 with m a nonnegative integer, we can also obtain the analogous results in even space
dimensions n = 2m + 2, by strengthening the approach of [12]. (The details will be published
elsewhere.)

The plan of this paper is as follows. In the next section we derive a priori estimates for
radially symmetric solutions of the linear inhomogeneous wave equations in odd space dimen-
sions, which will play a crucial role in dealing with the system (1.1). Section 3 is devoted to
the study of the asymptotic behavior of radially symmetric solutions to the system (1.1). The
Cauchy problem for (1.1) in R™ x [0, 00) is discussed in Sections 4. We formulate the Cauchy
problem for the case of n = 3, independent of the other sections, and extend the result of [14]

to the case where p* < 0 in Sections 5.

2 Linear Wave Equations

This section is concerned with radially symmetric solutions of linear wave equations. First

we consider the homogeneous wave equation

n—1

Upy — 2 (uw ur) =0 1in Q, (2.1)

where c is a positive constant, Q = {(r,t) € R?; r > 0}, n = 2m+ 3 and m is a positive integer.
Let f € C?([0,00)) and g € C1(][0,00)). Then it is shown in [11] that a solution u(r,t) € C?(12)
of the equation (2.1) satisfying

u(r,0) = f(r), w(r,0)=g(r) forr>0 (2.2)
is given by
u(r,t) = Kc[f, g](r,t) for (rt) € Q,
1 |r4-ct] |T+Ct‘ (23)
K.[f,g](r,t) = - /Tct gV K (X, 7, ct)d\ + E% /T " K (A, ct)dA.
Here we have set
(_]_)m A\ 2m+l 9 1 \m m
with
SN t) =12 — (XN —1t)2 (2.5)

The following lemma is proven in [11, Section 2].
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Lemma 2.1 Let (\,r,t) € R3 and r # 0. Then we have

K(=\rt)=—-K(\rt), (2.6)
K\ 7, —t)=K(\r1t). (2.7)

Moreover, suppose that r >0, t >0 and |[r —t| < X <r+t. Then we have

|07 ™ (N, 1 t)| < Crm=lol for |o| < 2m, (2.8)
|07 K (A, )| < C(rmmmiamtl=lol 4 pmm=i=lolxm+ly g 5| < 2, (2.9)

where @ = (O, 0r, 04), and C is a constant depending only on m.

In order to state the decay estimates for solutions of (2.1)-(2.2), we introduce
Yiu(e) = {(f(r),g(r)) € C*([0,00)) x C'([0, 00)); sup(l + NS <k (2.10)

for e, p > 0, where ||(f, g)(r)| is defined by

1(/,9) |||—Z\( Y Ff 1+J+Z\( Y g4 (2.11)

In addition, for (r,t) € Q we set
wy(ryt) =1 4+r+1t), wrt)=1+]|r—ct]). (2.12)

Then we have the following.

Theorem 2.1  Let ¢, pu be positive numbers such that p # 1. If (f,g9) € Yu.(e), then
the Cauchy problem (2.1)—(2.2) admits uniquely a solution u(r,t) := K.[f,g](r,t) € C*(Q)
satisfying

Cer'™™(1+r) " hwy (r, [t)) ~we(r [t) 4, if p> 1,
lu(r, )] < . . - _ (2.13)
Cer'=™(1 +1r)" twy (ry t]) 7+, ifo<p<l,
|ou(r, )] < Cer™™(1 + ) Lwe(r, |t]) ™, (2.14)
|0%u(r, )| < Cer™™ Yw(r, |t]) " H (2.15)

for (r,t) € Q, where & = (0,,0;), C is a constant depending only on m, ¢ and p.

Proof When g > 1, the theorem follows immediately from [11, Theorem 1.1]. The case

where 0 < ¢ < 1 can be also proven analogously, if we make use of the estimate
t+r
/ (L4+1g) ™ dE < Cr(14+r+|t))~F for (rt) e Q, 0 < pu<1. (2.16)
t—r
Hence we omit the details.
Next we consider the inhomogeneous wave equation

n—1

ugy — ¢* (uw + ur) = F(rt) (2.17)
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in Q= {(r,t) € R%r >0} or Oy = {(r,t) € Q;t > 0}, where c and n are as in (2.1) and F(r,t)
is a given function. A solution of the Cauchy problem for (2.17) in Q4 with the zero initial

data at t = 0 is given by

r+c(t— 9)

L / ds/ A, $)K (A1, c(t —s))dh  for (r,t) € Qy, (2.18)
|r—c(t— G)I

provided F satisfies certain conditions. Moreover, a solution of (2.17) in 2 having the asymptotic

behavior |u(r,t)| + |Owu(r,t)] — 0 as t — —oo is given by

r+c t s
L.( / ds/l ,S) K (A1, c(t —s))dX  for (r,t) € Q, (2.19)

provided F' is chosen appropriately (see (2.72) below).
The aim of the present section is to prove the basic a priori estimates for L} (F) and L.(F)
which will be stated in Theorem 2.2 below.

Let p and a be positive numbers with p # 1. Let «, 8, v and § be nonnegative real numbers

satisfying
a<m+l, (2.20)
Y+ = p, (2.21)
atfB+y—(m+1)=p, (2.22)
a+fB+y+d—(m+1)>1+p. (2.23)
For a function F(r,t) € C(Q4) with 8, F(r,t) € C(Q4), we set
M*(Fa)= sup {[F(As)|+[00F(\ )AL+ X))
(X,8)eQ4
X A1+ NP1+ X +8)7(1+ |\ —as|)’. (2.24)
For a function F(r,t) € C(2) with 0,F(r,t) € C(€2), we also put
M(F,a) = sup {|F(\s)[+[0AF(\ s)|A1+ A"}
(A, 8)EQ
X XYL+ NP1+ X+ [s))Y (1 + |A —als]])°. (2.25)

Then the main result of this section is the following.

Theorem 2.2 Let p and a be positive numbers with u # 1. Assume that «, 3, v and ¢
fulfill (2.20) through (2.23).

(A) Let F(r,t) € C(R), 0, F(r,t) € C(Q) and M(F,a) < co. Suppose that either > 1 or
a # c. Then L.(F) € C?*(Q) and we have

|L(F)(r,t)] < OCM(Fya)r'=™ (1 +7)" @ (r, t; u, ), (2.26)
107 Lo(F)(r,t)] < CM(F,a)rt=™ 1ol (1 4 ) 724Dy (r, £ 1, €) (2.27)
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for (r,t) € Q and |o| = 1,2, where 0 = (0,,0;), and C is a constant depending only on u, m,
c, a, o, B, v and 6. Moreover ®1 and ®5 are defined as follows:

we (r, |[t) " we(r, )F,if > 1,

Py (rtp,c) = ol ||)_ 0 ,fM (2.28)
’LU.|_(’I", |t|) #, Zf 0<,u<17
e(r ) T rwe (r, ) 1 i > 1,

e A (229)
we(r, ), if 0<p<l.

Here wy(r,t) and we(r,t) are given by (2.12).
(B) Let F(r,t) € C(Q4), 0-F(r,t) € C(y) and MT(F,a) < co. Then LT (F) € C*(Q4)
and we have
[LE(EF)(r, )] < CMF(Fa)r' ™™ (1 + 1) @1 (r,t p, 0), (2.30)
07LE(F)(r,t)| < CM*(Fa)rt =" 71N (14 ) 720 @y (5 1, ) (2.31)
for (r,t) € Q4 and |o| = 1,2, where we have set
we(r, t)7H, if w>1,

1474 ct \O-mx
O ()
we(r?) 1+ |r—ct|

Dy (1, b5, ) = (2.32)

, if 0< <l

Here x=1ifa=cand a+ +~v— (m+1) <1, while x =0 otherwise.

Remark 2.1 When (r,t) € Q with ¢t < 0, we see from (2.12) and (2.28) that ®4(r,t; p,c)
is equivalent to (1 4 r + |t])~# for any u(# 1) and ¢ > 0.

Proof of Theorem 2.2 We begin with proving the part (A). It suffices to show the theorem
F(r.t)

for ¢ =1, since L.(F)(r,t) = L1(F.)(r, ct) with F.(r,t) = —z=*. We set
At
w(s,rt) = / F(X\ s)K(\ rt—s)dA (2.33)
[A-|
with Ay =¢ — s £ 7, so that (2.19) yields
t
Lyi(F)(r,t) = / w(s,r, t)ds for (r,t) € Q. (2.34)

First we show that Li(F) € C?(€2). Let [ be an arbitrary positive number and set
Q={(r,t) e Q:r+[t] <l}.
For (r,t) € Q; and s < t, we shall prove that there is a number 6 > 1 such that

[w(s,r,t)] < CM(F,a)(1+ |s|)~9r—m, (2.35)
|Orcw(s,rt)| < CM(F,a)(1+ |s|)70(r7m R (2.36)
|83’tw(s, r, )| < CM(F,a)(1+ |s|)*0{r7m 42y r*mfl(l + (A=)} (2.37)
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hold, provided either > 1 or @ # 1 (¢ = 1). Here ¢»(\) = 0 for A > 1 and we have set for
0< A<,

0, if a <m,
PY(A) =< |log |, if a=m, (2.38)
ATl it o> m.

Suppose that (2.35) through (2.37) are valid. Then we see from (2.34), (2.35) and (2.36)
that Li(F) € C1(y). If @ < m, then we have Li(F) € C%(€;), making use of (2.37). When
m < a < m+ 1, one can also show that Li(F) € C?(€2;), analogously to [11, Proposition 4.5].
Hence in order to prove Li(F) € C?(Q2), we have only to show (2.35) through (2.37).

We begin with proving them for § = > 0. It follows from (2.33), (2.9) and (2.25) that

At
[w(s,r.t)] < CM(F,a)r—! / AT 0TI+ A+ [s) 71+ A als|])T0dA
[A-]
At
= CM(F, a)r_m_l/ A1+ MW (N, s)dN for (r,t) €Q, s <t, (2.39)
(A

where C' is a constant depending only on m and we have set
WA s) = A1+ NP+ A+ [s)) 77+ [A—als|))~°. (2.40)
From (2.21) and (2.22) we get

WA s) <CA+A+]s|)"#A"™* for0< A <1, seR, (2.41)
WA s) <CA+A+[s) ™ {A+N"PH A +[N—als|]|)" 177} for A>1, s€R, (242)

where we have set
p=a+0+y+d—(m+1)— (14 p), (2.43)
and C' is a constant depending only on «, (3, v, §, 4 and a. Note that
p>0and p>9d—1, (2.44)

according to (2.22) and (2.23). Therefore we see from (2.39) and (2.20) that (2.35) holds for
0= p.
To derive (2.36), we use the following identity

At
Orqw(s,r,t) = F(X\ s)0rt KA,y t — s)dN+ F(Ay, s)K(Ay,r,t —s)
x|
— (Or gt A2 )F(IA ], 8)K(A_,r,t —s) for s <t, (2.45)

which follows from (2.33) and (2.6). By (2.9) and (2.25) we get

At
10y.4w(s, 7, t)] < CM(F, ) [r*mfl/ (1+ N7 (A, s)dA
A

At
+ 7‘—m_2/ AL+ NI 8)dA + TN+ XTI (), 8>|A:M]
A |
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Using (2.41), (2.42) and (2.20), we obtain (2.36) for § = p. Similarly one can also prove (2.37),
hence the detail is omitted (see also [11, Lemma 4.3]).

Next we show (2.35) through (2.37) for ¢ =1+ p, when > 0 and a # 1. If (r,t) € ; and
t>s>—=2l(1+|a—1|71t) — 2, then 1+ |s| is bounded by some constant which depends on [
and a. Therefore the previous argument shows that they are also valid for 6 =1 + p.

On the contrary, suppose that

s<=2(1+]a—1]"") —2. (2.46)
Then we see that

|s]

-1
e T ENEE

)

Hence we get

)\,zt—s—r2|s|—lz%21, (2.47)
-1
I\ —als|| > '“2 sl for D[ <A< Ay, (nf) € (2.48)

Indeed, (2.48) follows from the fact that |A — |s|| <1 for (r,t) € Q, s <0and [A_| <A< Ag.

Now we see from (2.23), (2.39), (2.42), (2.47) and (2.48) that (2.35) holds for 6 = 1 + p.
In a similar fashion, one can also prove (2.36) and (2.37) for # = 1 + u, making use of (2.45).
Thus we have shown that Lq(F) € C?(1Q).

In order to derive the estimates (2.26) and (2.27), we will repeatedly make use of the

following two lemmas.

Lemma 2.2 Let p and a be positive numbers with n # 1. Let o, 3, v and § be nonnegative
numbers satisfying (2.20) through (2.23). Suppose that either p > 1 or a # 1. Then for
(r,t) € Q we have

/ ds/ W (A, s)dA < Crdq(r,t;pu, 1), (2.49)
/ ds [ ATTW (A s)dA < C(1+ [r — 1) " (2.50)
A

where A\p =t —s=xr, W(A\'s) and ®1(r,t;u,c) are defined by (2.40) and (2.28) respectively,
and C' is a constant depending only on m, p, a, a, 5, v and 4.

Proof Fisrtly we shall prove (2.49). By (2.41) and (2.42) we see that the left-hand side of

(2.49) is estimated by some constant times a sum of the following integrals:
t P
I; :/ ds/ (14 X+ [s])7*(1+X)"1Pd),
—00 [X—]
t At
12:/ ds/ (1+ A+ |s]) (1 + | — als|)~1~7dA,
—o0 A=

(t—r+1)At 1AM
Ty :/ ds/ (1 + )" Am =2 dA.
‘ |

—r—1 A
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Here and in what follows we write
a Ab=min{a,b}, aVb=max{a,b} fora,beR. (2.51)
First we shall prove
I3 < Cr®q(r,t;u, 1) for (r,t) € Q. (2.52)
Let > 1. By (2.20) we easily have Is < C(1 + |t — r|)™#, which yields

L < CL+t]+r)7", if t >2r or t <0,
T Cr@ )T A ), i 0 <t < 2

Hence (2.52) follows when r > 1. While, it follows that
t—r+1 At
Iy < C(1+ [t r|)_“/ A+ D ds [ dh< Cr( 4]t —r)*
t—r—1 A
by (2.20). Since the above estimate implies (2.52) if 0 < r < 1, we have proved (2.52).
Next we shall prove

I + 1o < Cr®y(r, t;p, 1) for (r,t) € Q, (2.53)

or equivalently
t p
/ ds/ (14 XA+ [s) (1 + |\ — bls|[)~=Pd\ < Crds (r, £ 1, 1) (2.54)
—o0 IA—]

for (r,t) € Q, b> 0 and p > 0, provided either > 1 or 0 < < 1 and b # 1.
If 4 > 1 and b > 0, then the estimate follows from [14, Propositions 2.4 and 2.5]. Besides,
the proofs given there are still valid when g > 1 and b = 0. Therefore, we have only to consider

the case where
b#A1 and 0<pu<l1. (2.55)

When ¢ > 0, we divide the integral in (2.54) at s = 0 and denote by Ji the integrals over
+s > 0, so that the left-hand side of (2.54) is estimated by J + J_. If ¢ < 0, then we put
Jy+ =0 and J_ stands for the integral in (2.54) itself. Introducing new variables £, n by

E=A+s, n=A—s, (2.56)
we have
1 [Tt ¢ 1—b, 1+0b |\l
o = _/ (14 €)1de (1+‘—§+Ln) dy fort >0, (2.57)
2 |r—t] r—t 2 2
1o ° I1+b, 1—=0b \"1=r
= = 1 K 1 _— e — 2
J 2/t_r d¢ gv‘T_t‘( +n) ( +’ 5+ n) dn, (2.58)

where we have used the notation in (2.51).
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First we deal with J;. Let ¢ > 0. Since p > 0 and 1+ b # 0, we have

r+t
Jp <C (14 &)7"d¢,
[r—t]
which yields
Jp <Cr(l+r+t]) ™ forr>0,t>0, 0<p<l. (2.59)

Next we consider J_. Since (1+n)"* < (14 |¢]) Hforn > &V r—tland t —r <& <t+r,

we have
t+r
e avleh
t—r

by (2.55). Therefore, for (r,t) € @ and 0 < p < 1, we see from (2.16) that J_ has the same
bounds as in (2.59). Thus the desired estimate (2.54) follows. Now we get (2.49) from (2.52)
and (2.53).
Secondly we shall prove (2.50). From (2.21) and (2.22) we have
AW (A s) SC{A+ A+ [s) A+ X727
+(A+X+[s)THAF N —als|)TPY for A >1, s €R, (2.60)
where p(> 0) is the same number as in (2.43). By the above estimate together with (2.41), we

see that the left-hand side of (2.50) is evaluated by some constant times a sum of the following

integrals:
t Ar
14:/ ds/ (14 A+ [s]) (1 + \)"2Pd),
—0c0 [A_]

t )\+
Is :/ ds/ (L+ XA+ [s) 71+ X —als|) "t PN,
—00 A

t—r+1 1
Is :/ (1+|s|)’”ds/ Ammeslgy,
t

—r—1 A

It follows that
t—r+1

Is SC(1+I7"—t|)*"/ (L +P(A-[))ds < O+ |r —¢))7"

t—r—1
by (2.20). Here (X) is the function defined by (2.38). Applying (2.54) to I5, we get
Is <Cr®(r,t;1+p,1) <CA+|r—t)~*
by (2.28). Besides, thanks to the following inequality

IA_|+[s| > |r—¢t] fors<t, (2.61)

we get

¢ Ay
(1t |r— 1)L < / ds / (14 0)"22d) < C.
—o00 x|
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Thus we obtain (2.50) and the proof is complete.

Lemma 2.3 Suppose that the hypotheses of the preceding lemma are fulfilled. Then for
(r,t) € Q we have

t
/ WAy, s)ds < CPo(r, t; pu, 1), (2.62)
—0o0
¢

/ WA, s)ds < C(1L+ |r — )", (2.63)
where A\x =t —s=xr, W(A\'s) and Po(r,t;u,c) are defined by (2.40) and (2.29) respectively,

and C' is a constant depending only on m, p, a, a, 5, v and 4.
Proof First we shall prove (2.62). By (2.41) and (2.42) we see that the left-hand side is

estimated by some constant times a sum of the following integrals:

t
L= [ (A s (L A s

— 00

t
I, = / (1 A+ [s) (14 Mg — als|) ™ 7ds,

— 00

I3=0 forr>1,

t
I3 = / (14 s])7*(Ap)™ %ds for 0 <r <1.
t+r—1

From (2.20) we easily have
I3 <C(+r+|t)* for (rt) € Q. (2.64)
Next we shall prove
I + I < CPo(r,t;u,1) for (r,t) € 9, (2.65)

which follows, as is easily seen, from
t
/ (14 s + [s) (1 + Py — bs|) " Pds < CBa(r, t; 1, 1) (2.66)

for (r,t) € Q, b€ R and p > 0, provided either > 1 or 0 < p < 1 and b # —1.
By I we denote the left-hand side of (2.66). Since

Ay +s| > r+t| fors<t, (2.67)
it is easy to see that
T<(l4r+ |t|)*“/ (14|t +7— (1+b)s])"Pds,

which yields the desired estimate, if b # —1.
Therefore, it remains to consider the case where b = —1 and > 1. Then

tAO

V0
I= (1+|t—|—r|)717p[/ (T+ Xy —s)f”ds—i—/ (14 Xy +s)"Hds|.
0

— 00



518 H. Kubo and K. Kubota

Since p > 1, the above integrals are both evaluated by C(1 + r + [¢[)}~#, hence (2.66) follows.
Now we get (2.62) from (2.64) and (2.65).
Next we shall prove (2.63). By (2.41) and (2.42) we see that the left-hand side is estimated

by some constant times a sum of the following integrals:

t
I = / (L4 o]+ s) (L + A_]) " Pds,

— 00

t
I =/ L+ A+ s (1 + [IA-] = als[)) ™~ "ds,

(t—r+1)
Ty :/ (14 [s]) "M ™~ ds.
t

—r—1

From (2.20) we easily have
I3 <CA+|r—t)~" for (rt) e (2.68)

Next we shall prove that I; and Is have the same bound as in (2.68), which is a consequence of

/t L+ ]+ IsD ™ (L + A = bs)) ™ 7Pds < C(L+ |r —t)) 7" (2.69)

for (r,t) € Q, b€ R and p > 0, provided either g > 1or 0 < <1 and b # —1.
When b # —1, making use of (2.61), we see that (2.69) follows, as before.
If b = —1 and p > 1, then the left-hand side of (2.69) is estimated by

1+ — t|)*p+€*~/ (14 |s))%ds < C(1 + |r— t)~"
where we have used (2.61) and taken a positive number ¢ satisfying ¢ < p— 1 and € < p. Thus
we have proved (2.69), and hence (2.63) follows. The proof is complete.

We are now in a position to derive the estimates (2.26) and (2.27). First we deal with the
case where r > 1. It follows from (2.19), (2.25), (2.9) with |o| = 0 and (2.40) that

|Li(F)(r,t)] < CM(F,a) —ml/ ds/ W (A, s)d

Making use of (2.49), we get (2.26) for r > 1.
Next we shall prove (2.27) for |o| = 1. It follows from (2.34), (2.45), (2.9), (2.25) and (2.40)
that

0L, (F)(r,t)] < CM(F,a Z for (r,t) € Q, (2.70)

where

+

At
m2/ ds/ W(A
oo A=

A
-m= 1/ ds/ (14 N1 (N, 5)d),
Al

o0
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t

I3 = r_m_l/ WAy, s)ds,
~

I = r—m—l/ WAL, 5)ds

Making use of Lemma 2.2 for I;, I, and Lemma 2.3 for I3, I, we get

Il < Cr_m_lq)l(r7t; Hy 1))
I3 é Crimilq)?(n t; 1y 1);
L+1, <Cr ™ Y1+ |r—t) ™"

Thus (2.27) with |o] = 1 for » > 1 immediately follows, since ®(r,¢;u, 1) and (1 + |r —¢])~*
are dominated by ®o(r,t;u, 1) (recall (2.28) and (2.29)).
Finally we shall prove (2.27) for |o| = 2. Since if r > 1, then (2.9) implies

OK (A, r,t)| < Cr~™ 1IN (1 + \),

analogously to (2.70) we have

4
10,0 LA (F)(r,)] < CM(F,a) Y "1 for (r,t) € Q with r > 1, (2.71)
k=1

1=r " 3/ ds/ W (A, s)
= 1/ ds/ LA+ 07T (), s)dA
Is = r*mfl/ W (At s)ds
—oo
Iy = r*mfl/ W(|A=],s)ds

As before, we see that (2.27) holds for 9,0, L1 (F), if r > 1.
To estimate 97 L1 (F) we note that Ly (F) is a solution of (2.17) with ¢ = 1, namely

where

O2L, (F)(r, 1) = (af +

This identity can be derived from (2.34) based on the estimtes (2.35) through (2.37).

We also claim that

T)Ll(F)(r, t) + F(r,t) for (rt) € Q. (2.72)

|F(r,t)| < CM(F,a)r~™ Y (1 +r 4 |t))™" for (r,t) € Q. (2.73)
In fact, it follows from (2.25) and (2.20) that
|F(r,t)| < CM(F,a)r ™ Y1 4+ r)" =B 1 4 r + [t) (A + |r —alt|])™° for (r,t) € Q.

Using (2.22) (resp. (2.21)) when r > 1 and alt| < 2r (resp. 0 < r < 1 or alt| > 2r), we get
(2.73).
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Since we have already shown that (2.27) holds for 7 > 1 except for 82 L (F'), we can conclude
that it is also valid for 92 L;(F) from (2.72) and (2.73). Thus it remains to show (2.26) and
(2.27) for 0 < r < 1. This can be done if we show the following proposition.

Proposition 2.1 Suppose that the hypotheses of Lemma 2.2 are fulfilled and that F(r,t) €
c(Q), 0. F(r,t) € C(Q) and M(F,a) < co. Then for (r,t) € Q with 0 <r <1 and |o| <2 we

have
|87 Ly (F)(r,t)| < CM(F,a)r*=™= 1ol (1 + |¢[)=*. (2.74)

Proof In what follows we suppose that (r,t) € Q with 0 < < 1. From (2.34) we have for
lo| <2,

t—2r t

87 Ly (F)(r,t) = / 8 ju(s, . t)ds + / 8 yuls, . t)ds + xo F(r. ) (2.75)

—o00 t—2r

= Ao (r,t) + Bo(r,t) + xo F(r, 1),

where x, = 1if 97, = 92, while x, = 0 otherwise.

First we shall prove

|Ay(r, t)| < CM(F, a)rl_m_l"l(l +|t])™* for |o|] <2, (2.76)
which follows from
1 [
07 w(s,r,t)| < CM(F,a)r' == (= [ WA s)ds + W (he,s) + WO-,5)
A

for s <t—2r, |o] <2 (2.77)

by Lemmas 2.2 and 2.3, since 0 < r < 1.
It follows from (2.4) that K (A, r,t) is of the following form

K(A 7 t) =r 271N O o o™ (A, 1),

j=0
where C; are constants. Hence, if we set
)\+ . .
wj(s,r,t) = / NTELE(N, 8)R @™ (A, 7, t — s)dA, (2.78)
then (2.33) yields
w(s,r,t) =r 2m7! Z Cjwj(s,r,t) for s <t—2r. (2.79)

=0

Therefore, (2.77) follows from

At
07 55,7, 0) < CM(F,a)r™ 2717 (2 / WA $)ds + W(Ai, ) + WA, s))
A

for0<j<m, s<t—2r |o] <2. (2.80)
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Fisrt we consider the case 0 < j <m — 1. When A > A\_ > r, we get from (2.8)
07,5 ™ (N1t — s)| < Cr*m=i=lol < gpmtt=lol\m=1=0 for 0 < j <m -1, |o] < 2. (2.81)

Therefore, we obtain (2.80) for 0 < j < m — 1 from (2.78) and (2.25). The last two terms in
(2.80) appear from the estimate for the second derivatives of wy,_1(s,r,t).

Next we consider the case j = m. Integrating by parts, we have

At
Wi (8,7, 1) = / Fp(\, 8)00 L™ (A, 1yt — 8)d, (2.82)

where F,, (), 5) = —0\(A™T1F(), s)). Since (2.25) yields
|En(N, 8)] < CM(F,a)A™ (1 4+ NP1+ X+ ]s))77(1 + A —als]]) ™% for (), 5) € Q,

we get (2.80) for j = m, by using (2.81) with j = m — 1. Thus we have shown (2.76).
Next we shall prove

|Bo(r,t)| < CM(F,a)r' =™ 17l (1 + [t))™* for |o] < 2. (2.83)
Since 0 < r < 1, we have
Ao <A <3r<3 fort—2r<s<t. (2.84)
From (2.40), (2.84), (2.21) and 0 < r < 1, we get
WA, s) KON (14 t) ™" for M| <A< Ay, t—2r<s<t. (2.85)
Note that (2.9) yields
|07 K (N, s,t —s)| < Cr=m= I\ HI=lol for X < 3r, |o| < 2, (2.86)

where 9 = (Ox, Oy, O).
First we derive (2.83) for o = 0. It follows from (2.39), (2.85), (2.84) and (2.20) that
At

lw(s,r,t)| < CM(F,a)r=™ (1 4 |t[)~* d\
[A-]

SCM(F,a)r=™ (14 [t])™" fort—2r<s<t.

Therefore we get (2.83) for o = 0.
Next we deal with the case |o] = 1. Tt follows from (2.45), (2.25), (2.86) and (2.40) that

At

O vtw(s,r, )] < CM(F,a)r ™ [ [ WL s)aA+ AW (s, ) + A=W (A, 5)]

A1

By (2.85), (2.20) and (2.84), we see that (2.83) holds for |o| = 1.
Finally we deal with the case |o| = 2. As above we have

t 3
3" Bo(r,t)] < CM(F,a)r™ (1 + [t))* / [y e+ / XTI ds.
t—2r

|o|=2 / A-|
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Since the above integral is bounded for 0 < r < 1, according to (2.20), we thus obtain (2.83)
for |o] = 2.

Now the desired estimate (2.74) follows from (2.75), (2.76), (2.83) and (2.73) when (r,t) € Q
with 0 < 7 < 1. The proof is complete.

Since we have shown the part (A) in Theorem 2.2 so far, it remains to show the part (B).
The procedure is analogous to the proof of the part (A) when either 1 > 1 or a # ¢. Hence we

suppose in what follows that
a=c=1 and 0<p<l. (2.87)

Seeing the proof of (2.35) through (2.37) with 6 = 1 + u, we find that they are still valid for
0 < s <t Hence L (F) € C%(Q). As for the estimates (2.30) and (2.31), it suffices to modify
Lemmas 2.2 and 2.3 so that they include the case of a = ¢. In fact, the following estimates
(2.88), (2.89), (2.91) and (2.92) enable us to derive the same conclusion of Proposition 2.1 under
the assumption (2.87).

Fisrt we show that

/ ds/ W (A, 8)d\ < Cr®q(r, t; u, 1), (2.88)
/0 ds /IA A0S Ot (2.89)

hold for (r,t) € 24, a=1and 0 < g < 1. Since (2.59) holds for b =1, we have
/ ds/ (14 X+ 8)"H(1+ X =bs|) "1 PdN < Crdy (r, t; p, 1) (2.90)

for (r,t) € Q1,b>0,p>0,and 0 < p < 1. Therefore, repeating the argument in the proof of
Lemma 2.2, we get (2.88) and (2.89).

Next we prove
t
/ W(As, s)ds < CPo(r, t; p, 1), (2.91)
0
¢
[ Wt spds < Coafrtip ) (292)
0

for (r,t) € Qy, a=1and 0 < p < 1. Here ®3(r,t; u, 1) is defined by (2.32). Since (2.66) holds
for b =1, we get (2.91) analogously to (2.62).

To prove (2.92), we devide the argument into two cases. First suppose that
a+pf+y—(m+1)<1. (2.93)

Then x = 1 in (2.32). Seeing the proof of (2.63), we find that our task is reduced to the

following estimate:

¢
/ (L+ | A_] +8) (1 + Ao —bs|) "1 Pds < CP3(r, t; 1, 1) (2.94)
0
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for (r,t) € Qy,beR, p>0,and 0 < pu < 1.

When b # —1, making use of (2.61), we see that the left-hand side of (2.94) is estimated
by C(1 + |r —t|)~*. Hence (2.94) holds. On the contrary, if b = —1, then the left-hand side of
(2.94) is equal to

t
(I+1r— t|)717”/ (14 A_|+5)Hds < C(1+ |r—t))"17P(1 + 1)+
0

1+t 1-n
=C(+lr—th) ()
(1+|r =) T+ r—¢
which implies (2.94).
Next suppose that (2.93) does not hold. Then (2.43) yields § < p+ p. By (2.21) and (2.43),

we have
WAs) <C{A+A+s)HA+N)TP+ A4+ A+5)#1P(1 4|\ —as|)~°}

for A > 1 and s > 0. Employing this bound instead of (2.42), we see that it suffces to show
t
/ (14 | + )" (1 4 A — bs|)~Ods < C(1+ |r — )" (2.95)
0

for (r,t) € Q1, b e R and 0 < p < 1, provided p satisfies (2.44).

When b # —1, it is easy to see from (2.44) and (2.61) that (2.95) holds. While, in the case
where b = —1, we take a positive number ¢ so that ¢ <+ p — 6 and € < p. Then we see that
the left-hand side of (2.95) is equal to

t

t
(1+ |r—t|)_‘5/ (14 | +5)7=r=1=rds < C(1 + |r—t|)5_"—”/ (14 5)~1=<ds.
0 0

Thus we get (2.95), hence (2.92). This completes the proof of the part (B) in Theorem 2.2.

Theorem 2.3 Let p and a be positive numbers with pu # 1. Assume that «, 3, v and 6
fulfill (2.20) through (2.23).
(A) Let F(r,t) € C(Q) and

M(F.a):= sup |[FOLs)AF 1+ 01142+ s + A —als|)? < 0. (2.96)
(A, 8)EQ

Suppose that either u > 1 or a # c. Then we have
|L(F)(r,t)| < C’J/\Z(F7 a)r~"®y(r,t; u,c)  for (r,t) € 9, (2.97)

where C' is a constant depending only on u, m, ¢, a, o, B, v and 9d.
(B) Let F(r,t) € C(Q24) and

M™T(Fya):= sup [FO\s) XA+ X "1A+ X +5)7(1 + |\ —as])’ < oo (2.98)
(X,8)eQ4

Then we have

|LE(F)(r,t)] < CM*(F, a)r "oy (r,t;pu, c)  for (r,t) € Q. (2.99)
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Proof We may assume ¢ = 1 without loss of generality. It follows from (2.33), (2.9), (2.96)
and (2.40) that
. At
lw(s,r,t)| < OM(F,a)r~™* W (A, s)dA.
A1
Therefore (2.97) with ¢ = 1 follows from (2.34) and (2.49). Moreover, we get (2.99) with ¢ =1,
if we use (2.88) instead of (2.49). This completes the proof.

3 Asymptotic Behavior

In this section we study asymptotic behavior as ¢ — +o00 of radially symmetric solutions to
the system (1.1) in odd space dimensions. For simplicity, we take F'(v) = |v|P and G(u) = |u]9.
We shall write the solutions as wi(x,t) = u(|z|,t) and ug(x,t) = v(|z|,t), so that u(r,t) and
v(r, t) satisfy the following system:

-1
wr) = ol

-1
n 'Ur) = |ul?

n
uﬁ-—C?(um~+
(3.1)

2
Vit — Co (Urr +

in Q, where n and Q are as in (2.1), and 1 < p < g.

First we prepare two preliminary lemmas.

Lemma 3.1 Let n = 2m + 3 with m a positive integer and let 1 < p < q. Assume that

conditions

I =T(p,q) >0, (3.2)

¢ <gq, e, < =1+ = (3.3)
m

hold, where T' and q¢* are defined by (1.3) and (1.2).
(A) If m > 3, then we have

n+1l m+2
>0, ie., > = —. 3.4
p ey P> = (3.4)

(B) If m =1 or m =2, then we have
1
T 3.5
pT> 3 (3.5)
If we assume in addition that

n+3 2
<1, e < =1+ — 3.6
¢ <1, de, ¢<mg =14, (3.6)

then (3.4) holds.

Proof First we prove (A). Suppose contrary that

p* <0. (3.7)
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It follows from (1.3) that
. LI'—=pg"+1+p
pr=—
ya
Therefore, (3.7), (3.2) and (3.3) give p > %, which is inconsistent with (3.7) if m > 3. Thus
(A) holds.
Next we prove the first part of (B). Suppose contrary that

1
p*+ 5 < 0 and either m =1 or m = 2. (3.8)
It follows from (1.3) that
. 1 2I'—2pg* +2+2p+pq
ptg= -
2 2pq
Therefore, p* + 3 <0, (3.2) and (3.3) give
2
(— - 1)p > 2. (3.9)
m

When m = 2, we have a contradiction immediately. While, if m = 1, then (3.9) yields p > 2.
This is contradictory to p* + % <0 when m = 1.
The second part of (B) can be shown similarly to the proof of (A). This completes the proof.

Lemma 3.2 Let 1 <p <gq. Assume that (3.2) is satisfied.
(A) Suppose that p* > 0. Then there exist positive numbers ki, ko satisfying the following

four conditions:

0< k1 <p*, (3.10)
0 < ko < ¢~, (3.11)
1+ k1 < p* + pko, (3.12)
1+ ko < g + gra. (3.13)

(B) Suppose that —% < p* <0. Then there exist a negative number k1 and a positive number
ke satisfying (3.11), (3.12), (3.13) and the following condition:

1
—5 <k <p" and k1 <O0. (3.14)
Proof Since (A) follows from [14, Lemma 3.1], we shall prove (B). Note that (3.2) yields
L1, 1
p" > —(—q +1+—).
q p
Since —% < p* <0, we can therefore take x1 satisfying (3.14) and
1, . N . . 1
H1>—(—q —|—1—|——), ie., ¢ +qgr1—1>-.
q p p
Hence, for such k1, there is ko such that

1
q*+q/{1—1>/$2>5.
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In conclusion we find that (3.11), (3.12) and (3.13) hold for 1, k2 chosen in the above. The

proof is complete.

In what follows we shall fix a pair of numbers k1 and ko satisfying conditions (3.11) through
(3.13) and either (3.10) or (3.14). Then we introduce two Banach spaces X; and X5 by

X; = {u(r,t) € CHQ); |lull; <o}, j=1,2. (3.15)
Here the norm is defined by

lullj = sup (Ju(r, )™ (1 +7) + |0 eulr, )r™ ){ P (r, [t 1+ k5, ¢5)} (3.16)
(r,t)eQ

where ®q(r,t; p, ¢) is given by (2.28).
Let (fj,9j) € Yi4x,(g) for e >0, j = 1,2, where Y, (¢) is defined by (2.10). If we set

ui(nt) = KCl [flvgl](rat)7 Uﬁ(rat) = K52[f2,g2](r,t), (3'17)
then we find from Theorem 2.1 that

e X NCAHQ), v e XynCHQ), (3.18)
[u™[lx1 < Coe, |lv™|l2 < Coe, (3.19)

where Cy is a positive constant depending only on m, ¢y, c2, k1 and ko, because

(L+ 1) we(r, [t) ™ < Oy (r, [t]; 1, ).

We are now in a position to state the main results in this section.

Theorem 3.1 Assume that conditions 1 < p < ¢, (3.2) and (3.3) are satisfied. Besides,
when m = 1 or m = 2, we suppose that (3.4) holds. Let k1 and ko be positive numbers
satisfying (3.10) through (3.13). Suppose that (fj,g;) € Yiix,(€) for e >0, j = 1,2. Then
there is a positive constant ey (depending only on m,c1,ca,p,q, k1 and k2) such that for any e

with 0 < e < g, there exists uniquely a solution (u,v) of the system (3.1) satisfying

ue X1NC3HQ), veXynCQ), (3.20)
lull +[[vll2 < 2(lu”[l1 + [[v”]2), (3.21)
E(u(t) —u=(t);c1) < ClollbA +[t) =% fort <0, (3.22)
E(v(t) —v™ (t);c2) < Cllul|f(1 4 [t) %  fort <0, (3.23)

where

. 1 e 1
91:m1n{p 7p+p"$2_]-a§+/€l}a 92:m1n{q ,Q+q51—17§+52}7

C is a constant depending only on m,c1,ca,p,q, k1 and k2, and we have set

E(w(t);c) = {% /Rn(|8tw(|x|,t)|2 + opu(fel,?)do } (3.24)
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for a function w(r,t) € C1(Q). Moreover we have for (r,t) € Q,

lu(r,t) —u™(r,t)] < Cllo|l5r' =™ (1 +r) " ®1(r, t; 1 + K1, 1), (3.25
107, (u(r,t) — u™(r, )] < Cllo|fsrt =717l (1 + )71 =20y (r, ;1 + 81, ¢1)  for o] = 1,2, (3.26
lw(r,t) — v (r,t)] < Cllull{r' =™ (1 +r) 7' 01(r, ;1 + K2, c2), (3.27
107, (v(r,t) — v~ (r,t)] < Cllullir' =717l (1 + 7)l712 @ (r, 151 + k2, 0)  for o = 1,2, (3.28

)
)
)
)

where @1 (r,t; u, ¢) and Po(r,t; u, c) are given by (2.28) and (2.29).
Furthermore there exist uniquely solutions u™(r,t) € X1 NC?(Q) and v*(r,t) € XoaNC?(Q)
of the homogeneous wave equation (2.1) with ¢ = ¢1 and ¢ = co respectively such that
E(u(t) —ut(t);c1) < C|w|5(1 +8)~%  fort >0, (3.29)
E(v(t) —vt(t);c2) < Cllul|1+1)~%  fort > 0. (3.30)

In addition, we have for (r,t) € Q,

lu(r,t) —ut(r,t)] < Cllv||br 1= ™1+ 7")*1<I>1(r, —t; 1+ K1, c1), (3.31)
07, (u(r,t) — u™(r, )] < Cllo|f5r* =71l 1 + )71 720y (r, ~t; 1 + &1, ¢1)  for o] = 1,2, (3.32)
[o(r,t) — o (r )] < Cllul|drt=™ (1 + 7)1y (r, —t; 1 4 K2, c2), (3.33)
107, (v(r,t) — v (r,8))| < Clluf|$r' =171 + 7)1 72 @y (r, =t 1 + K2, c2)  for o] =1,2. (3.34)

Remark 3.1 (1) The existence of positive numbers x; and ko satisfying (3.10) through
(3.13) is guaranteed by Lemmas 3.1 and 3.2.
(2) The extra assumption (3.4) for m = 1 and m = 2 can be removed when the propagation

speeds ¢ and ¢y are different from each other. More precisely we have the following

Theorem 3.2 Let m =1 orm = 2, i.e, n =5 orn = 7. Assume that conditions
1 <p<ygq, (3.2), (3.3) and (3.7) hold. Moreover suppose that ¢y # cz2. Let k1 and ko be real
numbers satisfying (3.11) through (3.14). Suppose that (fj, g;) € Yi4x,(€) fore >0, j =1,2.
Then the conclusions of the preceding theorem are still valid, if we replace 61 and 62 by 03 and

04 respectively, where

1

1
93254-/{1, 94:min{q+ql€1—17—+f$2}- (335)

2
Remark 3.2 Since (3.3) and (3.13) imply ¢ + gk1 — 1 > ka, we see that 0, is positive.

The rest of the present section will be devoted to prove Theorems 3.1 and 3.2.
Proof of Theorem 3.1 First we shall look for a solution (u,v) € X; x X3 of the following
system of integral equations:
u(r,t) =u" (r,t) + Le, (|v]P)(r,t) in Q, (3.36)
v(r,t) = v~ (rt) + Le,(Ju|?)(r,t)  in £, (3.37)

where L.(F) is the linear operator defined by (2.19). The a priori estimates which will be given

in Lemmas 3.3 and 3.4 below are crucial in solving the system.
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Lemma 3.3 Suppose that p, q, k1 and ko satisfy the hypotheses of Theorem 3.1. Let u € X,
and v € Xo. Then L., ([v|P) € X1 N C%(Q), Le,(Jul?) € X2 N C%(Q), and we have

L, ([o[") 11 < Kollvll3, (3.38)
e (Ju D)2 < Kollullf, (3.39)

where Ky is a constant depending only on m, c1, ¢2, p, q, K1 and K.

Proof We shall prove only the assertions concerning L., (Jv|P), since the others can be
handled analogously. To this end we want to apply the part (A) of Theorem 2.2 by taking
F(r,t)=|v(rt)P,c=c,a=co, p=14+kr1,a=(m—1)p, B =~=pand § = pka.

First we examine conditions (2.20) through (2.23). Since (3.3) with p < ¢ implies

(m—1)p<m+1, (m—1)g<m+1, (3.40)
the condition (2.20) is satisfied. Moreover, (1.2) with n = 2m + 3 yields
(m+Dp=p"+m+2, (m+1l)g=q¢" +m+2. (3.41)

Hence (2.22) and (2.23) follows from (3.10) and (3.12) respectively. Furthermore we get (2.21)
by (3.12), since p > p* according to (3.3) with p < ¢g. Thus all hypotheses of Theorem 2.2 are
fulfilled.

For v € X5 we have |v(r,t)[P € C*(2) and

M(JvlP,e2) < (p+ Dol (3.42)
where M (F,a) is defined by (2.25). Indeed, since kg > 0, we have from (2.28)
Oy (r, i1+ Rz, ) = (L7 +[t) 7N+ |r — eat]) 772, (3.43)

Hence (3.16) with j = 2 implies (3.42).
Since k1 > 0, we see from the part (A) of Theorem 2.2 that L., (|v|?) € C?(Q) and that

L, (0) 01 < CM(oP,ca)r ™" (14 1) 810851+ ),
[0reLey (J0P) (r, )] < CM(Jof?, e2)r™™ (14 1) 7 Do (r, ;1 + k1, c1)
hold for (r,t) € Q. Since ®1(r, t; u, c) < @1 (r, |t]; u, ¢) and
(14 7r)" 0y (r,t; p,¢) < CPy(r,t;p,c)  for (r,t) € Q, u>0, (3.44)
we obtain (3.38) by (3.42) and (3.16) with j = 1. The proof is complete.

To show the existence of solutions to the system (3.36)-(3.37), we also need a Lipschitz

continuity of L., (| - |?) and L., (] - |7). To state this we introduce auxiliary norms by

lul; = sup |u(r, t)|r™{®(r, [t|;1 + kj,¢;)} "t forue Xj, j=1,2. (3.45)
(r,t)eq

Then we have the following
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Lemma 3.4 Let p, q, k1 and ko be as in the preceding lemma. Let u, u € Xy and v,
v € Xy. Then we have

Ly ([0]P) = Ley (J07) 1 < Kafo = ol ([[v]l2 + [[o]|2)P~, (3.46)
| Lo (Jul?) = Le, (1) < Kilu —aly (Jully + [|all)*~, (3.47)
1Ze, (J017) = Ley ([0P)11 < Kallo = Bllz(lJvllz + 18]2)P 7! + Kslo — 05~ (Joll2 + [[3]]2), (3.48)
1Ly (Jul?) = Ley ([al ) |2 < Kollu = allu(Jully + |1]2)7" + Kau = alf ™ (Jull + [[a]1), (3.49)

where K; (j = 1,2,3,4) are constants depending only on m, c1, ¢2, p, ¢, k1 and ke such that
Ks=0ifp>2 and K4 =0 if ¢ > 2.

Proof We shall prove only (3.46) and (3.48), since the others can be treated analogously.
First we prove (3.46). Let « = (m — 1)p, f = v = p and § = pra. We see from the proof
of the preceding lemma that such «, 3, v and ¢ satisfy conditions (2.20) through (2.23). For

convenience we set

F(r,t) = |v(r, t)|P — |o(r,t)]?, (3.50)
so that
Le, ([0[P)(r, ) = Le, ([07)(r,8) = Le, (F)(r, ). (3.51)
Besides, we have
M(F, ¢2) < plo = ol2([[vll2 + [[0]l2)P7, (3.52)

where M (F,a) is defined by (2.96). Indeed, we have
[E(\8)| < plo(A, ) =9\ 9)[(Jo(A, s)] + [9(A, s) )P~ for (A, 5) € . (3.53)

Therefore it is easy to see from (3.16), (3.45) with j = 2 and (3.43) that (3.52) holds.

Applying the part (A) of Theorem 2.3 as ¢ = ¢1, a = ¢, up = 1+ k1 to (3.51), we get (3.46)
by (3.52), (3.45) with j = 1.

Next we consider (3.48). The procedure is similar to the proof of (3.38). We let p < 2, since
one can more easily prove the estimate for p > 2. We keep the notation (3.50). Let & = mp—1,
B=1,~v=pand d = pra. Then (3.3) with p < ¢g implies (2.20) for « = mp — 1. In addition,
we see from the proof of the preceding lemma that such «, 3, v and ¢ satisfy conditions (2.21)
through (2.23). Therefore it follows from the part (A) of Theorem 2.2 with ¢ = ¢1, a = cg,
=14k, (3.44) and (3.16) with j =1 that

[ Le, (F)|l1 < CM(F, c2). (3.54)
Thus, by (3.51), it suffices to show
M(F,e2) < 2p{llo = oll2([[o]l2 + [[9]l2)"~" + [0 = 815 (ollz + [[9]2)}- (3.55)
Since 1 < p < 2, we have from (3.50)

V(A )] < plar(o(r, s) — B0, ) [o(, )P + 2plu(r, s) — B(A, )P~ OA5(, 8)]-
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Hence, recalling (3.53), we see from (3.16), (3.45) with j = 2 and (3.43) that (3.55) holds for
a=mp—1,8=1,~v=pand § = pra. Thus we get (3.48) by (3.54). The proof is complete.

We are now in a position to solve (3.36)—(3.37).

Proposition 3.1  Suppose that the hypotheses of Theorem 3.1 are fulfilled. Then there
is a positive constant ¢ (depending only on m,c1,c2,p,q, k1 and k2) such that for any e with
0 < € < eq, there exists uniquely a solution (u,v) of the system (3.36)—(3.37) satisfying (3.20)
and (3.21). Moreover we have (3.22) through (3.28) and (3.1).

Proof Using (3.18), (3.19) and Lemmas 3.3 and 3.4, one can find a positive number &g,
depending only on Cy, Ky, K7 and Ko, such that there exists a unique solution (u,v) of the
system (3.36)—(3.37) satisfying (3.20) and (3.21) for 0 < € < g¢ (for the detail, see e.g. [13,
Section 7]. Applying the part (A) of Theorem 2.2 to L, (|v|?), we see from (3.42) that (3.25)
and (3.26) hold. Analogously we have (3.27) and (3.28). Moreover we find from (2.72) that
(u,v) is a solution of (3.1).

Therefore it remains to show the estimates (3.22) and (3.23). First we deal with (3.22). We
see from [13, Proposition 8.1] that

1

E(u(t) — u=(t);c1) < C /_ ; ( /0 o S 2ar) ds, (3.56)

where C' is a constant depending only on m and ¢;. It follows from (3.16) with j = 2, (3.43),
(3.40) and (3.41) that the inner integral in the above is estimated by ||v|3” times

[ @ 20 s I = aalsl)
0

calsl
2

§C(1—|—|s|)‘2p—2p”’2/ (14 7)2=2" 24y
0

2ca|s| 0o

+C(1+|s|)’2”*’2/cz‘s‘ (Lt Ir = eofsl)™*2dr +-C | H(1+r)*2”“2p“2*2dr
2 Cc2|S8

< O(1+ ) 7272072 (14 |s|) B2 e 4 O (14 [s]) 727 72 (1 o [s]) 2P

Here we have used the follwing notation:
[a], = max{a,0}, A+ =1+1logA (3.57)

for a € R with a # 0 and A > 1. Therefore we see from (3.56) that (3.22) follows from the

following two inequalities:

t
[ Qs P s s < (1 ),

— 00

t
/ L+ [s)) 7P 711 + [s)B2PR2le )3 ds < O(1 + |ty min{pT 34w

— 00

for t < 0. By virtue of (3.12), those inequalities are the consequence of the following elementary
lemma.
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Lemma 3.5 Leta>1ifﬁ<0anda>1+§ifﬁZO, and let a > 0. Then we have

/ooﬂ +5)7((1+5)P)3ds < C(1+a) " (1 +a)lP)3, (3.58)

Thus we get (3.22). Since we can prove (3.23) analogously to (3.22), we omit the details.
This completes the proof.

End of Proof of Theorem 3.1 The assertions concerning (u,v) follow from Proposition
3.1 except for the uniqueness. Besides, we find from [13, the proof of Theorem 5.1] that a
solution (u,v) of (3.1) satisfying (3.20) through (3.23) is unique.

Next we define u™(r,t) and v*(r,t) by

ut(r,t) = u(r,t) — Lo, (F)(r,—t), o7 (r,t) = v(r,t) — Le,(G)(r,—t) for (r,t) € Q, (3.59)

where F(r,t) = |v(r, —t)[P, G(r,t) = |u(r, —t)|?7 and L. is the operator defined by (2.19). Note
that v(r, —t) € Xy if v(r,t) € X5 and that M (|v(r, —t)|P,c2) = M(Jv(r,t)|?, c2). Besides, the
analogue for u(r, t) is also valid. Therefore, by repeating exactly the procedure in the proof of
Proposition 3.1, we obatin the assertions for (u*,v") except for the uniqueness. In addition,
we see from (3.29) and (3.30) that such solutions u™ and v of (2.1) are unique. Thus we finish
the proof of the theorem.

Proof of Theorem 3.2 The procedure is analogous to the proof of preceding theorem.
Hence we shall point out only the difference.

First we derive (3.38) and (3.39) under the hypotheses of Theorem 3.2. Since § < 1+x; < 1
according to (3.14), it follows from (2.28) that

Oy (rt; 1+ Ky, 1) = (L4 |t) 17 (3.60)

Thanks to the assumption that ¢; # ca, it is possible to apply the part (A) of Theorem 2.2 to
L., (Jv|P). Since (3.43) is still valid, we see that (3.38) can be shown as before.

To prove (3.39), we want to apply the part (A) of Theorem 2.2 to L, (|u]|?), by taking a = ¢4,
p=1+ry>1, a=(m—1)q, 6=4q,v=q+qrs and § = 0. Using (3.40), (3.3), (3.41) and
(3.13), one can show that (2.20) through (2.23) are fulfilled. Moreover, it follows from (3.60)
and (3.16) with j = 1 that

M([ul?,e1) < (1+ q)|ulld.

Therefore, by (3.44), we obtain (3.39).

Next we prove (3.46) through (3.49) under the hypotheses of Theorem 3.2. We have (3.46)
and (3.48) as before. Applying the part (A) of Theorem 2.3 with the same numbers «, 3, v and
0 as above, we get (3.47). The proof of (3.49) is similar to that of (3.39), if we take & = mg—1,
B=1v=q+ gk and 6 =0.

Finally we show that (3.22) and (3.23) with 6; and 65 replaced by 65 and 6, respectively.
Fisrt we deal with the former. Since % <1+ k1 <1, it follows from (2.29) that

Oo(r,t; 1+ ky,e1) = (L+7r+erft]) ™" fort <0. (3.61)
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Therefore we see from (3.24) and (3.26) with |o| =1 that

1
2

zxu@)—u—@xcg5;cmmg(émﬁﬂu-Fm—%1+r44ﬂy4—%uw) for t < 0.

Since —2 — 2k < —1 according to (3.14), we get the desired estimate due to (3.35).
Next we handle the latter. Analogously to (3.56) we have

E(w(t) — v~ (t);c2) < C/too (/000 |u(r,s)|2qr2m+2dr) %ds, (3.62)

where C' is a constant depending only on m and cs. It follows from (3.16) with j = 1, (3.60),
(3.40) and (3.41) that the inner integral in the above is estimated by [|u]|? times

| s e ar
0

(o]

Is] . .
SCO+MYM“W/‘O+N“%”W+C (14 7+ |s]) 20" 2w =2gy
0

Is]

<O+ |5|)—2q(1+m)(1 + |5|)[2q—2(f—1]+7

since —¢* — gr1 < —1 according to (3.13). Here we have used the notation (3.57). By (3.13)
and (3.3), we can apply Lemma 3.5. Hence (3.62) yields

E(v(t) — v~ (£);c2) < Cllull{(1+ [¢) 72 OF=0F (1 4 )P 700)3 for e < 0. (3.63)
In view of (3.13) and (3.35), we see that (3.23) with 6 replaced by 64 holds. This completes

the proof of the theorem.

4 Initial Value Problems

This section is concerned with the initial value problems in Q4 = {(r,t) € ;¢ > 0} for the

system (3.1) with initial conditions
(4.1)

for r > 0. Here (f},9;) € Yi4x,(€), Yu(e) is defined by (2.10), and «; will be specified later.
To state the main results in the present section, we shall modify the Banach spaces X; and
X defined by (3.15) as follows. We set

X;r = {u(r,t) € C*(Q) ; ||u||;r <oo}, j=1,2

where

lully7 = sup  (lu(r,)|r™ (1 + 1) + O ulr, O™ { o (r 651+ 55, 05)} 7 (4:2)
(rt)eQy

First we consider the case where (3.4) holds. Analogously to Theorem 3.1 we have the

following
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Theorem 4.1 Let the hypotheses of Theorem 3.1 be fulfilled. Then there is a positive
constant o such that for any e with 0 < € < gq, there exists uniquely a solution (u,v) of the
Cauchy problem (3.1)-(4.1) in Q4 satisfying

ue X NC%*0y), ve Xy NC*HOy),
lullf + llolly < 2(fla™[IF + 07 112), (4.4)

where u~ and v~ are defined by (3.17).

Remark 4.1 For the solutions u(r,t) and v(r,t) obtained in the above theorem, we can
show the existence of free profiles of them. Indeed, if we define u*(r,t) and v™(r,t) as in
(3.59) for (r,t) € Q4, then we see that u™ € X;" N C?(Qy), vT € X NC?*(Q4) and that u™
(resp. v1) is the solution of the homogeneous wave equation (2.1) with ¢ = ¢; (resp. ¢ = c2).
Moreover, they satisfy (3.29) through (3.34) with ||ul1, |[v]|2 and Q replaced by |lu|T, ||v|3
and {24 respectively. These assertions can be also proven analogously to the proof of Theorem
3.1.

Next we consider the case where (3.4) does not hold. Then we have the following

Theorem 4.2 Let m = 1 orm = 2, i.e, n = 5 orn = 7. Assume that conditions
1<p<gq, (3.2), (3.3) and (3.7) hold. Let k1 and ko be real numbers satisfying (3.11) through
(3.14). Suppose that (fj,9;) € Yiyn, () for e > 0, j = 1,2. Then the conclusions of the

preceding theorem are still valid.
Proof The following lemma is essential for the proof of the theorem.

Lemma 4.1 Suppose that p, q, k1 and ko satisfy the hypotheses of Theorem 4.2. Let
u € X; and v € XJ7. Then we have

ILE (P < Ko(llvlls)P, 1L (ul)ll3 < Ko(llullf)?, (4.5)

where Ko is a constant depending only on m, ci, ca, p, q, k1 and k2, and LT is the operator
defined by (2.18).

Proof Note that ®3(r,t;u,c) = Po(r,t; u,¢) for p > 1 and ¢ > 0. In view of Theorem 2.2
and the proof of Theorem 3.2, one can show the second estimate of (4.5).

Next we consider the first one. When ¢; # ¢o, one can prove it analogously to (3.38). Hence
we suppose from now on that ¢; = cs.

By (3.14) we have (3.60) for (r,t) € €, hence it suffices to show that

L () (r, )™ A+ ) (14 7+ 1) < C(lv]|F)P, (4.6)
[Or e L ([0P) (O™ (14 7+ 1) < C(|Jol]3)? (4.7)

1

for (r,t) € Q4. Applying the part (B) of Theorem 2.2 with the same choice of the parameters
as in the proof of (3.38), we get (4.6) and

|8T,tLj1(|v|p)(r, )] < C(||v||§r)pr*m(1 + 7")*1<I>3(7",t; 14 k1,¢1) for (r,t) € Q4 (4.8)
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because analogously to (3.42) we have
M* (ol e2) < (p+ 1)(IIv]13)"-

Note that (3.7) implies (2.93), for a4+ 8+~ = (m+1)p. Since £ <1+ £, <1 and ¢; = ¢y,
we have from (2.32)

(1+7r) ' 0s(rt; 1+ ky,e1) = (L4+7) YA+ r — ) TA 47+ et) ™™
<CA+r+t)7" for (rt) € Q4. (4.9)
Thus we obtain (4.7). The proof is complete.

End of Proof of Theorem 4.2 Seeing the proof of Lemma 4.1, one can establish a priori
estimates analogous to Lemma 3.4. Repeating a part of the proof of Theorem 3.1, we complete

the proof.

5 Three Space Dimensional Case

In this section we deal with the following initial value problem:

00
(5.1)
D2us — c3Aus = G(uy) in R3 x (0,00

uj(z,0) = fi(z), Ow;(z,0) =gj(z) forze R3 j=1,2, (5.2)

{aful — Auy = F(up) in R3 x

where ¢1, co, F and G are as in (1.1). The aim here is to show the global existence of a small
solution to the Cauchy problem by assuming only the condition (3.2), i.e., I' > 0, where T is
defined by (1.3) with p* = p — 2 and ¢* = ¢ — 2. This condition is optimal for the global
existence, since if I' < 0, then solutions of the Cauchy problem generically blow up in finite
time even though the initial data are small (see [1, 3-6, 15] for the case ¢; = ¢2 and [16] for the
case ¢1 # C2).

Since one can not expect that u;j(z,t) € C*(R? x [0,00)) in the case p* < 0, we say in what
follows that (u1,u2) is a solution of the Cauchy problem (5.1)-(5.2), if u;(z,t) € C*(R3x [0, 0))
for j = 1,2, (5.2) holds, and (uy,us) satisfies (5.1) in the sense of distributions on R? x (0, 00).
(See e.g. [12, Lemma 5.1]). As for the initial data, we suppose that f; € C3(R?) and g; € C?(R?)
for j = 1,2. Then we have the following

Theorem 5.1  Assume that the condition (3.2) as well as 1 < p < q holds. Then there
exists a small solution (uy,ug) of the Cauchy problem (5.1)~(5.2), provided the initial data are
sufficiently small and decay rapidly as |x| — co.

The theorem was proven in [3, 4] when ¢; = ¢o and the initial data are of compact support.
As for the case of general speeds of propagation ¢, ¢z, we proved it in [14] when p* > 0, i.e.,
(3.4) holds. More precisely, we showed in [14, Theorem 3.1] the following: Let x; and k2 be
positive numbers satisfying (3.10) through (3.13). Suppose that the initial data f; and g;,
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j =1, 2 satisfy the following condition

1+kK, £, 24K |9 £
sup [(1+ ) TS @)+ D (L [2)*T 05 f (@)
vere 1<]al<a

+ > (e oz (@) < fore >0, j=1,2. (53)
0<|a|<2

Then there is a positive constant gy such that for any € with 0 < & < g¢, there exists uniquely
a solution (u1,us) of (5.1)—(5.2) satisfying u;(z,t) € C*(R? x [0,00)) NY; for j = 1,2, and
[ur]1 + [uz]2 < 2([uy |1 + [uj]2), where Y, [u]; and uj are defined for j = 1,2 as follows:

[u]; = sup  fu(a, ){ @1 (|=], 61+ Ky, ¢5)} T, (5.4)
(z,t)ER3 x[0,00)

where ®q(r,t; p, ¢) is given by (2.28),

Y; = {u(z,t) € CH(R3 x [0, 00)); [87‘3‘tu]j < oo for |a| < 1}. (5.5)
Besides, we set
uj (v,t) = K¢, [f5,9;)(x,t) for (z,1) € R? x [0, 00), (5.6)
where
t d st
Kol ol 1) = o= /w_l oo+ ctw)dS, + o (- /M_1 flo+etw)ds,).  (57)

Note that (5.7) coincides with (2.3) if f(x) and g(z) are radially symmetric, since K (A, r,t) =
for m = 0. (For the proof see e.g. [18, Lemma 1] or [14, Lemma 2.1]). Thus it remains
handle the case where p* <0, i.e., (3.7) holds.

A
2r
to

Proof of Theorem 5.1 In what follows we suppose that conditions (3.2) and (3.7) as well
as 1 < p < ¢ hold. Then, since —1 < p* < 0, one can take a negative number x; and a positive
number o satisfying (3.11) through (3.13) together with

—1< k1 <p* and k1 <0, (5.8)

analogously to the proof of the part (B) in Lemma 3.2. We also keep using the notations (5.4)
and (5.5) for such k1 and ky. Note that the functions given by (5.6) are classical solutions
of the homogeneous wave equations (1.4) in R? x [0, 00) satisfying the initial conditions (5.2).

Moreover analogously to [18, Lemma 2] we see from (5.3) that
(07 u;]j < Coe fore >0, o <2, j=1,2, (5.9)

where () is a constant depending only on ¢; and r;.
To show the existence of solutions to the Cauchy probelm (5.1)—(5.2), we shall look for a

solution (u1,us) € Y1 x Y5 to the following system of integral equations:

{ul(x, t)
us(x, t)

uy (z,t) + LE (F(u2))(z,t) in R? x [0, 00),

(5.10)
uy (x,t) + L (G(uy))(z,t) in R® x [0,00),
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where we have set

1 t
LH(F) (2 1) = 4—/0 (t—s)ds/w_1F(x+c(t—s)w,s)d5w (5.11)

T
for (z,t) € R3 x [0,00) and F(z,t) € C(R3 x [0,00)). Then we have the following

Proposition 5.1 Assume that conditions 1 < p < q, (3.2) and (3.7) are fulfilled. Let
k1 and ko be real numbers satisfying (3.11) through (3.13) together with (5.8). Suppose that
(5.3) holds for e > 0, j = 1,2. Then there is a positive constant g such that for any € with
0 < e < e, there exists uniquely a solution (u1,us) of the system (5.10) satisfying

uj; €Y; forj=1,2, (5.12)
[url1 + [uz]2 < 2([uy |1 + [uy]2). (5.13)

This proposition can be proven as usual (see for instance [13, the proof of Theorem 5.1]), if

we make use of Lemma 5.1 below. Hence we omit the details.

Lemma 5.1 Suppose that p, q, k1 and ke satisfy the assumptions of Proposition 5.1. Then

we have
(L, (luz|")]1 < Koluols,  [L (lur|")]2 < Kolua] (5.14)
for uj(x,t) € C(R? x [0,00)) with [uj]; < oo, j = 1,2, where K is a constant depending only
on ¢y, C2, P, q, K1 and K.
To prove this we shall extend [14, Theorem 1.1] as follows:

Proposition 5.2 Let u and a be positive numbers with pn # 1. Let F(z,t) € C(R? x [0,00))

and

N(F,a,p,p) = sup  [yl(1+ [yl + )" (1 + |yl — as|) TP F(y, s)| < oo (5.15)
(y,8)ER3x[0,00)

for some p > 0. Then we have
|LE(F)(x,t)] < CN(F,a,p, p)®(|z|, t; ,c¢) for (z,t) € R® x [0,00), (5.16)
where C' is a constant depending only on u, p, ¢, a.

Proof When p > 1, the estimate (5.16) coincides with the case n = 3 of [14, Theorem 1.1].
The proof of the estimate for 0 < p < 1 is analogous to the case u > 1, hence we omit the
details.

Proof of Lemma 5.1 By (3.11) and (5.8) we have k3 > 0 and —1 < k1 < 0. Hence (5.4)
yields

{|u2(y, s): i [uzl2(1+ [yl + ) 711 +[ly| — cas|) 7", (5.17)

u(y, s)] < [urhi (1 + [yl + )71
for (y,s) € R? x [0,00). Taking

pr=p"+pra—1—k1, pa=q" +qr1—1— ko,



Asymptotic Behavior for Hyperbolic Systems 537

we see from (3.12) and (3.13) that p; > 0 for j = 1,2. Moreover, by (5.15) and (5.17) we get

N(Juzl?, c2,1+ k1, p1) < Clualh,
N(lu1|?, ¢1,1+ ko, p2) < Cluqli,

where C is a constant depending only on ¢1, ¢a, p, ¢, k1 and ka, because (5.8) and (3.13) imply

(L+ [yl + )77 < CA+ ||yl - cas)™ 7",
(14 [yl + )20 70 < L+ [Jy| = exs|)rma -

for (y,s) € R? x [0,00). Thus we obtain (5.14) from (5.16). The proof is complete.

End of Proof of Theorem 5.1 Let ¢ and (uj,u2) be as in Proposition 5.1, and let
0 < & < gg. Then we see that (u1,uz) is a solution of the Cauchy problem (5.1)—(5.2) by means
of the following fact: If F(z,t) € C(R?® x [0,00)), then L] (F)(z,t) € C(R? x [0,00)) and we
have

/ dt/ LT (F)(x,t)(0? — A)g(x,t)dr = / dt/ F(x,t)¢(x,t)dz
0 RS 0 RS
for any ¢ € C§°(R3 x (0,00)). Thus we complete the proof.

Remark 5.1 One can show that a solution of the Cauchy problem (5.1)—(5.2) which satisfies
(5.12) and (5.13) is unique, provided ¢ > 0 is sufficiently small. To see this, it suffices to prove

that such a solution (uy,usg) satisfies the system (5.10) in view of Proposition 5.1. If we set

ui (@, 1) —uy (x,t) = L (F(u2))(x, 1),
2(2,t) — uy (2, 1) = LE(G(u1))(x, 1)

vy (z,t)
va(z,t)

I
S

for (z,t) € R x [0,00), then we see from the proof of Theorem 5.1 that v;(z,t) belongs to
CH(R? x [0,00)) and satisfies the homogeneous wave equations (1.4) in R3 x (0, 00). Moreover,
we have v;(z,0) = dy;(z,0) = 0 for z € R, j = 1,2. These informations imply v;(x,t) = 0
for (z,t) € R3 x [0,00) (see e.g. [12, Lemma 5.1]), namely, (u1,uz) satisfy (5.10).
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